W CORA =

g/ﬁ%

Title Nonhydrostatic internal waves in the presence of mean currents
and rotation
Authors McCarney, Jordan

Publication date

2024-04-17

Original Citation

McCarney, J. (2024) ‘Nonhydrostatic internal waves in

the presence of mean currents and rotation’, Journal of
Mathematical Physics, 65(4), 043101 (10 pp.). Available at: https://
doi.org/10.1063/5.0176160

Type of publication

Article (peer-reviewed)

Link to publisher’s
version

10.1063/5.0176160

Rights

© 2024. Published under an exclusive license by AIP Publishing.
This article may be downloaded for personal use only. Any other
use requires prior permission of the author and AIP Publishing.
This article appeared in Journal of Mathematical Physics, 65(4),
043101 and may be found at https://doi.org/10.1063/5.0176160

Download date

2026-11-06 12:02:05

[tem downloaded
from

https://hdl.handle.net/10468/15819

University College Cork, Ireland
Colaiste na hOllscoile Corcaigh



https://hdl.handle.net/10468/15819

RESEARCH ARTICLE | APRIL 17 2024
Nonhydrostatic internal waves in the presence of mean
currents and rotation ©

Jordan McCarney &

’ '.) Check for updates ‘

J. Math. Phys. 65, 043101 (2024)
https://doi.org/10.1063/5.0176160

@ B

View Export
Online  Citation

Mathematical Physics

Y
o
©
c
p -
-
o
ﬁ

Journal of Mathematical Physics

Young Researcher Award:

Recognizing the Outstanding Work
of Early Career Researchers

Learn More! é Publishing

AIP AIP

é/_‘_ Publishing

15:02:€1 ¥20¢ Iudv €2


https://pubs.aip.org/aip/jmp/article/65/4/043101/3283077/Nonhydrostatic-internal-waves-in-the-presence-of
https://pubs.aip.org/aip/jmp/article/65/4/043101/3283077/Nonhydrostatic-internal-waves-in-the-presence-of?pdfCoverIconEvent=cite
javascript:;
https://orcid.org/0009-0003-7799-1121
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0176160&domain=pdf&date_stamp=2024-04-17
https://doi.org/10.1063/5.0176160
https://servedbyadbutler.com/redirect.spark?MID=176720&plid=2063253&setID=592934&channelID=0&CID=754915&banID=520996574&PID=0&textadID=0&tc=1&scheduleID=1989154&adSize=1640x440&data_keys=%7B%22%22%3A%22%22%7D&matches=%5B%22inurl%3A%5C%2Fjmp%22%5D&mt=1713878457448516&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Fjmp%2Farticle-pdf%2Fdoi%2F10.1063%2F5.0176160%2F19886091%2F043101_1_5.0176160.pdf&hc=df658c1aeb5c03245b440f92ebd5a3c7f8add8c6&location=

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

Nonhydrostatic internal waves in the presence
of mean currents and rotation

Cite as: J. Math. Phys. 65, 043101 (2024); doi: 10.1063/5.0176160 @ ity @
Submitted: 11 September 2023 « Accepted: 2 April 2024 « :
Published Online: 17 April 2024

Jordan McCarney”

AFFILIATIONS

School of Mathematical Sciences, University College Cork, Cork, Ireland

2 Author to whom correspondence should be addressed: jordanmccarney@umail.ucc.ie

ABSTRACT

In this paper we present a new exact solution that represents a Pollard-like, three-dimensional, nonlinear internal wave propagating on a non-
uniform zonal current in a nonhydrostatic ocean model. The solution is presented in Lagrangian coordinates, and in the process we derive
a dispersion relation for the internal wave which is subjected to a perturbative analysis which reveals the existence of two distinct modes of
wave motion.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0176160

I. INTRODUCTION

In this paper we present an exact, nonlinear, three-dimensional Pollard-like internal wave solution to the governing equations for geo-
physical flows. The constructed solution models internal ocean waves in the presence of a non-uniform zonal current. The ocean model being
considered is a more sophisticated model than the one recently presented in Ref. 41 which employed the simplified assumption of particles
having no motion immediately below the thermocline, and we now incorporate a series of transitional layers beneath the thermocline.

In 1970 Pollard*’ extended the two dimensional explicit solution presented in 1802 by Gerstner,'” to include the effects of the Earth’s
rotation, thereby constructing a nonlinear, three-dimensional solution to the governing equations of geophysical ocean flows. The planetary
rotation present in Pollard’s solution introduces a cross-wave tilt to the particle trajectories. The magnitude of this tilt is proportional to
displacement from the Equator, thus Pollard-like solutions are more suitable for describing non-Equatorial flows. The solution is given in
the f-plane approximation and therefore is valid for arbitrary but approximately fixed latitudes, excluding the poles. Instability analyses have
been carried out for both Gerstner”” and Pollard-like’® waves, while mass-transport properties of Pollard waves are investigated in Ref. 32.

A number of recent papers have used such explicit solutions to model a multitude of ocean flows near to the Equator,” "*****" as well
as for modeling geophysical internal wave solutions”*”*"*****> and azimuthally propagating flows.'"”>*>*° The solution presented here is that
12,18,37,38,43

of an internal wave propagating zonally in the presence of a non-uniform zonal current. Therefore, the azimuthally propagating
Antarctic Circumpolar Current (ACC) is a relevant physical example possessing many of the important features for which this paper is
relevant. Moreover, a variety of wave-current interactions have been modeled in Refs. 7-10, 14, 19, 20, 22, and 44.

The aim of this paper is to extend the model used in Ref. 41 to include transitional, nonhydrostatic layers beneath the thermocline as in
Ref. 30, thus constructing a new internal wave solution. A perturbation analysis of the resulting wave solution shows that the inertial wave
modes found in Ref. 41 are retained, however the dynamics of the particle trajectories are altered by the incorporation of the transitional
layers beneath the thermocline. We note that a recent paper’® has appeared subsequent to Ref. 41 which presents a similar nonhydrostatic
model, however this work exhibits a number of fundamental errors in its derivation of the related dispersion relation, and does not provide a
perturbative analysis revealing the resulting wave solutions.

Il. DESCRIPTION OF THE MODEL

The model that is to be investigated is that of a stably stratified ocean on a rotating Earth. In a stable stratification, there are two layers
of constant but differing densities p, > p,, separated by a thermocline. The thermocline oscillates in the shape of a trochoid, and the internal
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FIG. 1. Schematic of the nonhydrostatic model for a given latitude. The interface z = #,(x, y, t) represents the thermocline. The oscillation of the thermocline induces wave
motion in the layer . (t), and propagates with wavespeed c. Furthermore, there exists a uniform zonal current c, in the layer . (t). Beneath the thermocline there is no
wave motion, but a continuous transition to a uniformly flowing horizontal current in the layer 2(t). The layer & allows for a linear decay to particle motion with depth to a
still deep-water region.

wave solution presented here represents this oscillation and propagates above the thermocline. This paper presents a nonhydrostatic model,
which incorporates a transition in particle velocities from the uniform horizontal speed experienced on the thermocline to being motionless
as we extend downwards toward the deep-water region. The motion in the layer . (t) is dictated by zonally propagating waves induced by
the oscillation of the thermocline. In the following we construct a solution which prescribes fluid motion in the layer .#(t), while essentially
disregarding the fluid motion in the layer Z(¢), based on the physically realistic assumption that the motion induced by the thermocline is
likely to be (relatively) insignificant in the near-surface region. Of course, wave motion and wave-current interactions in the near-surface
region are subjects of vast importance in their own right, and we note that the derivation of exact solutions with the potential to model
such fluid motion has been the subject of much recent mathematical developments.'"'>***>* The novelty in this nonhydrostatic model
compared with the model presented by the author in Ref. 41 is the addition of transitional layers below the layer .#(t). Immediately below
the thermocline we introduce a uniform current layer, %(t), where particles move with a uniform horizontal velocity in the direction of the
internal wave propagation. Beneath %(t) exists the transitional layer 7, where the horizontal velocity of particles decreases linearly with depth
until the motionless layer . is reached, where particles are still (Fig. 1).

lll. GOVERNING EQUATIONS

In this paper we consider a geophysical fluid dynamics (GFD) model which incorporates a density stratification throughout the fluid on
a rotating Earth. The Earth is approximated in this model as a sphere with radius R = 6371 km that rotates with a constant angular velocity of
Q=729 x107° rad s! from west to east. The flow is then described with respect to a rotating Cartesian coordinate system that is fixed locally
to the Earth’s surface. In this framework we take the zonal coordinate x to point eastwards, the meridional coordinate y to point northwards,
and the vertical coordinate z to point upwards normal to the Earths surface. This reference frame is not inertial so the Coriolis force acts on
all particles within the rotating frame of reference. The ocean is assumed inviscid, and so the governing equations of motion for geophysical
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ocean waves are the Euler equations'”
. 1
Ur + Ul + vy + Wiz + 2Qw cos ¢ — 2Qv sin ¢ = ——Py,
p
. 1
Vi + Uvx + Wy + Wy, + 2Qu sin ¢ = ——P), (1)
p
1
Wt + uwx + vwy + ww, — 2Qu cos ¢ = —;)PZ -9
where ¢ denotes latitude, P denotes pressure and g = 9.81 ms™2 is the constant gravitational acceleration on the Earth’s surface. Since the
density is constant in each layer of the stratified ocean, the continuity equation,
Veu=uc+vy+w; =0, (2)

must be satisfied in each layer. The f-plane approximation, which is a geometrically motivated simplification of the Coriolis terms in (1), is
invoked to make the problem more tractable. This approximation is applicable away from the poles and in a relatively narrow ocean strip
less than a few degrees of latitude wide. Furthermore, additional restrictions on the latitudinal region of applicability are necessary due to the
structure of the prescribed internal wave solution presented here, and will be outlined in Sec. I'V B. Introducing the Coriolis parameters f and

fwhere
f=2Qsin ¢, f=2Q cos ¢, ?z%ztan(ﬁ,

allows the Euler equations to be written in the f-plane approximation as
Du
Px = _P[E +fW - fV:|)
Dy
Py =—-p| —+ , 3
,==p| oo+ f ®
Dw .
P, = 1)[5 - fu +g].
The pressure is assumed to be continuous across the thermocline and thus the pressure in the uniform flow layer must equal the pressure in
the layer ./ (t) when evaluated at z = #,. Finally, to prevent the mixing of particles between layers, we impose the kinematic condition
817,‘ 8111' 8111
= + +
Y= T ax T oy

onz = yi(x,y,t) fori=0,1,2,

and so, particles on the boundary remain on the boundary for all time.

IV. MAIN RESULTS
A. The motionless layer .7

The upper boundary of the motionless layer, .7, is defined as
z=m = —dr +fy, 4)
where d, > 0. The fluid is motionless, thus by the Euler equations yields
P(x,y,2,t) = Py — p+gz, z<—dy +fy,

where Py is a constant.

B. The transitional layer
The transitional layer 7 is bounded below by z = #, = —d> +?y and above by the boundary
z=mn1=—di +)~‘y, (5)

where d, > d; > 0. A suitable value at the Equator for the thermocline is 120 m, while suitable values at the Equator for d; and d; are 160 and
200 m respectively.” The dependence of the fluid boundaries #, and #, on fy is necessary for the continuity of pressure across the thermocline,
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and presents itself physically as the boundaries of the transitional layer 7 being inclined at an angle of ¢ with respect to the local meridional
axis. Furthermore, the form of the interfaces #, and #, prescribed in (5) and (4) respectively, presents additional restrictions due to the steep
tilt of the boundaries experienced at high latitudes. Moreover, high values of}; result in an additional consideration which will further restrict
the latitudinal variability of solutions at higher latitudes due to the raising (or lowering) of the fluid boundaries. In this layer, the horizontal
component of the particle’s velocities increase linearly with height, with the following conditions on the boundaries to ensure continuity
across each interface,

u=0 onz=-d; +fy,
u=c—-co onz=—-d; +7y,

leading to the following velocity field
Co

(w,v,w) = (u = dCz: a4 (z+ dy —]7)/),0,0).

To find the pressure in the transitional layer, the above velocities are substituted into the governing Eq. (3),

1 A C—Co

~\2
P:Ep+fd2_d1(z+d2—fy) - p+gz + Po.

C. The uniform flow layer % (t)

Existing between the transitional layer and the thermocline is a layer in which all particles experience a uniform horizontal motion. This
purely zonal current has the following velocity field
(u,v,w) = (¢ - ¢0,0,0),

which by way of the Euler equations for geophysical ocean flows gives rise to the pressure distribution

R ~ A1
P=p.f(c- CO)[Z —f}’} ~psgetpef5(c=co)(di+d2) + Po,
in the layer %(t).

D. The layer . (t), above the thermocline

The layer ./ (t) is bounded below by the thermocline, and above by z = #, (x, y, z). The internal wave motion in this layer is due to the
oscillation of the thermocline, and propagates above the thermocline. The solution that is constructed includes a uniform horizontal current
and is a Pollard-like internal wave in that it represents a periodic zonally traveling wave with a vertical amplitude that decays with height
above the thermocline. Furthermore, the positions of fluid particles (x, y,z) are described in the Lagrangian labeling variables (g, 7, s), where

x=q-be ™ sin[k(q-ct)] - cot,
y=r—de ™ cos[k(q-ct)], (6)
z=—dy+s—ae "™ cos[k(qg-ct)],
with do > 0 such that dy < d; < d», determining the depth of the thermocline, and where the Lagrangian variables are given by
(g:7.5) e Rx [=ro,10] % [s0(7),s4(7)],

with 7o chosen to satisfy the restraints imposed by the f—plane approximation and where s = so(r) > s* > 0 represents the thermocline and s
= s4(r) > so(r) represents the interface between the layers . (t) and #(t). For convenience, let

0 =k(g—ct).

The mapping from the particles position in our rotating Cartesian reference frame to the Lagrangian labeling variables has Jacobian

15:02:€) ¥20¢ Iudy €2

ox oy 0z
99 0Oq 0Oq 1-kbe™ cos 8 kde ™ sin @ kae™™ sin 0
Ox Oy Oz|_ 0 1 0 , )
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with determinant
J =1+ (am—bk)e ™ cos 8 — kmabe >™.

For the flow to be incompressible’ J,/J = 0 and so
am = bk, (8)

and 5
ambke "™ % 1.

The above constraint that J # 0 ensures that (6) is a valid local diffeomorphic change of coordinates by means of the inverse function theorem.
Since s > s* > 0, and we have that am = bk from (8), then

dmle ™™ < 1, 9)

and thus the maximum amplitude of a particle is given by )
Omax = —. (10)

m

Due to the explicit formulation of (6), it is possible to plot trajectories for the particles induced by this nonlinear wave-current interaction,
something which is much more involved in the Eulerian formulation.”*”” The solution is a parameterization of an internal wave propagating
zonally, with wave crests parallel to the meridional direction and with the particles moving in trochoidal orbits. The solution is Pollard-like
and thus describes particle paths as closed circles, that are inclined at an angle arc tan(—d/a) to the local vertical due to the Earth’s rotation.
We will later show that d is proportional to f, implying that the magnitude of the tilt increases with distance from the Equator. In what follows
we uncover relations that determine the values of b, d, ¢ in terms of a > 0, m > 0,k > 0. The velocities and accelerations of a particle are given
respectively through direct differentiation’ by

u= %): = kcbe™™ cos 0 - co,
v= %}t} = —kcde™™ sin 6,
= % = —kcae™™ sin 0,
and
% = K**be™ sin 0,
% = K*tde™ cos 0,
% =K*cae™ cos 6.

Which, upon substitution into the governing Eq. (3), yields
P, = ~po| ke(bke - af + df )™ sin 6],
Py = —po[ke(dke + bf)e™™ cos 6 - fco),
P, = —po[kc(akc —fb)e_ms cos 0+ feo +g].

The pressure gradient in the Lagrangian labeling variables is given by the change of variables

Ox Oy 0z
P, 99 9q 0q| (p
p|=|% & 0z |p]|
p or Or Or p
: Ox 0Oy Oz z
ds  Os Ds

Py = —po[k3cz(a2 +d - 172)6_2mS cos 0 sin 6 + (bk*c® - afkc + afkco — dfkco + dkfc + gak)e™™ sin 9],
P, = —po[kc(dkc +bf)e ™ cos 0 - fco],

15:02:€) ¥20¢ Iudy €2

_ 22 £ £ —ms 2 £ —2ms (11)
P, = —po[(ak ¢+ famco — fdmeo —fbkc+gam)e cos 0 + mkc(keb™ - fab + fbd)e
+mk*C (@ +d* - b*)e ™™ cos’ 0 + g +fc0].
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Assuming symmetry of second derivatives leads to the relations
dkc+bf =0. (12)
and
mkc® b+ medf = k*c’a. (13)

From the pressure gradient (11), the pressure is found as

P(q,r,s) =Py — po[—fcor + (g +fco)s - %(bzkzc2 — fabke + fbdkz:)(fzmS
(14)
— (bke® - afc + afco —dfcy+dfc+ga)e™ cos 0 - %kzcz(aZ +d - hz)e_zmS cos’ 9].

It is required that the pressure be continuous across the thermocline, that is the pressure in . (t) must equal the pressure in %(t) when
evaluated on the thermocline. Thus for a given latitude r, and the pressure evaluated on the thermocline s = so(r), we define that

~ 1 R s R .
Py— Py = Epobkc(bkc— af + df)e ° - (p+fc— (p+ —po)g)so + (p+ — po)fcoso
1 A A
+pofer = (ps = po) feor =5 (e = co)pf (da + i) + dop. (f(e ~ ) ~g),

where the thermocline at a given latitude is found by solving the above implicit equation for so(r). Furthermore, continuity of the pressure
distribution across the thermocline also leads to the relations

a+d = (15)

bke* = PP [_afc+ afey - dfco + dfc + gal, (16)
po

Relations (8), (12) and (13), can be rearranged to yield the following

ma
=—, 1

b p 17)

fma
d=-"——, 18
e (18)

k'

2

= 19
m=az 2 (19)

It is noteworthy that the third equation above implies that on the equator (where f = 0) m = k and hence m can be thought of as a “odified
wavenumber.” The dispersion relation for nonhydrostatic internal water waves in the presence of a uniform zonal current induced by the
oscillations of the thermocline is found through substitution of the above parameters into the continuity Eq. (16), and takes the form:

2 2
- _ N 2
|:k263+M)f2(C_CO):| :(M) (kZCZ_fz)(g_f(C_CO)) ) (20)
Po Po
Note that in the absence of a mean horizontal current this result agrees with the dispersion relation found in Ref. 30.

V. PERTURBATIVE ANALYSIS OF THE DISPERSION RELATION

To analyze this dispersion relation further we first nondimensionalise it by introducing the nondimensionalised variables

k k f f
X: = X: ~> = T = F:iy 2
\/; ° \/; ek f =

g=gt P (22)

po

where
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A typical value'® for § at the Equator is 4 x 107> ms~2. This allows the dispersion relation (20) to be rewritten as

[)8 +s2(p+_p°)(xxo)]2 - (x? 782)[1 - sF(’”_pO)(XXO)]Z,

po Po

which can be expanded to yield the following polynomial of degree six

s il
Po po
(P+ Po) —eXy + ¢F (P+ PO) o x3
po po
_ 2 _ 2
+[(p+ Po) R (p+ Po) X, - 22 (p Po) X2+ (p+ Po) :|X2
Po Po Po Po
53(p+P0)[s(P+PO)Xo+F+£F (’)+ pO) ]X
Po po Po
2
te [(”* pO) Xé+1+25F(L_pO)X0+st2(L_pO) Xg]:
po Po po

The roots to the dispersion relation at mid-latitudes cannot be found analytically, however Fig. 2 suggests that roots may be found near
to X = +1 and X = +e. With this in mind we search for accurate approximations to the roots of P(X) through a perturbation expansion in the
small parameter ¢. Let

X:xo+£x1+£2xz+£3x3+---
Subbing into P(X) and collecting different powers of &, it is found that to O(&")
Xo — Xp = 0,

and thus
x0 = {0, £1, +i}.

The roots to P(X) near to X = +1 correspond to internal Gerstner-like waves slightly modified by the Earth’s rotation. Since we are only
interested in physical roots, for the following analysis we assume that xo = 0, which results in the existence of two possible small roots mediated
by the presence of a nonhydrostatic mean zonal current, and are approximately given by

X—:I:s(l+€(p+ po) ) (23)
po 2

This gives an approximation of the wavespeed to O(e?) of

(24)
and therefore the period of this wave motion is

c ~ 7 =
where T; is the inertial period of the Earth, and so the wave motion described by (23) is that of an inertial wave. In light of the relation (19) it
is important to calculate further an approximation of the wavespeed to O(&*) to find that

&= J(22(1+8(P+ )X +O(s)).
k Po

Substitution of the above wavespeed into (19) yields
K
P+—Po ’
f ( Po )XO

me
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FIG. 2. (a) Plot of P(X) shows the existence of two O(1) roots. (b) Plot of P(X) shows the existence of two O(e) roots. P(X) was evaluated with parameters f ~
—13x107*s7", ¢y ~ —0.3ms~" and k = 6.28 x 10=2 m~", chosen to match the antarctic circumpolar current.

Reversing the nondimensionalisation (21), and substituting (22) and (24) into the above yields a value for the modified wavenumber

m in (25)

quantifying the rate of decay of the amplitude of the internal wave with height above the thermocline. The appearance of g in this relation
represents a significant change from the hydrostatic model*' where m is instead proportional to the reduced gravity coefficient g. Since g > g,
the amplitude of wave motion in the layer ./ (t) decays vertically above the thermocline much faster when transitional layers are introduced
beneath the thermocline. The velocity of a particle is calculated as

2. 22 —2m
mce

2 2 2 2 -
u+v +w =c+a * —2coamce™™ cos 6,
with maximum particle velocity of
ag
Vmax = Co + —»
o

through utilisation of the relations (8), (15) and (25). We can estimate the maximum lateral and longitudinal amplitudes. The lateral amplitude
can be expressed through the manipulation of (18), (24) and (25) to yield

dw~ iai.

feo

Similarly, the longitudinal displacement is found to be
b~ at.

feo

Therefore, the lateral and longitudinal displacement of a particle undergoing this wave motion greatly exceeds its vertical displacement. An
upper bound for the vertical displacement of particle motion was established in (10) and can be used along with (25) to estimate the maximum
lateral (and longitudinal) displacement as follows,

g 1
Amax ~ £ (~ bmax).
imfco ik( )

In comparision with the hydrostatic model presented in Ref. 41, an artifact of this more physically realistic model is that the presence of tran-
sitional layers beneath the thermocline compels the amplitude of particle motion to decrease more rapidly with height above the thermocline.
Furthermore, recalling relation (10), the maximum vertical amplitude attainable by a particle on the thermocline is diminished in the presence
of nonhydrostatic layers beneath the thermocline.
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