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ON INFINITESIMAL DEFORMATIONS OF CMC SURFACES OF
FINITE TYPE IN THE 3-SPHERE

M. KILIAN AND M. U. SCHMIDT

ABSTRACT. We describe infinitesimal deformations of constant mean curvature sur-
faces of finite type in the 3-sphere. We use Baker-Akhiezer functions to describe
such deformations, as well as polynomial Killing fields and the corresponding spec-
tral curve to distinguish between isospectral and non-isospectral deformations.

INTRODUCTION

The theory of constant mean curvature (CMC) surfaces, and more generally that of har-
monic maps has developed greatly over the past decades. One reason for this may be
that there are two main approaches possible towards the subject which cross fertilize each
other: geometric PDE methods and integrable system techniques. In the late 1990’s the
integrable system approach culminated in a very general (local) description of such har-
monic maps in terms of loop Lie algebra valued 1-forms by Dorfmeister, Pedit and Wu.
In particular, in the case of cMC tori, Pinkall and Sterling [9], and independently Hitchin
[8] showed that a solution to the structure equation (the sinh-Gordon equation) can be
represented by a hyperelliptic Riemann surface, the so called spectral curve. The solution
in this case is said to be of finite type.

Pinkall and Sterling [9] construct infinitesimal deformations of constant mean curvature
(cMe) tori in R3. We carry over their constructions to ¢Mc tori in S?. Such tori in S3
have non-isospectral deformations changing the mean curvature in contrast to CMC tori
in R3. For this reason we consider also deformations that change the mean curvature.
The corresponding normal variation then obeys an inhomogenuos Jacobi equation.

We briefly outline the contents of the paper: In the first section we recall some facts
about cMc surfaces in S? and introduce our notation. In particular, we recall the notion
of extended frame and spectral curve for CMC surfaces of finite type. In the second section
we construct Jacobi fields and parametric Jacobi fields for cMmc tori in S2. In the third
section we construct homogenous Jacobi fields in terms of the Baker-Akhiezer function of
the sinh-Gordon equation. Finally we show that the Fermi curve of the Jacobi operator
is isomorphic to the spectral curve of the sinh-Gordon equation. In the last section we
extend the deformation to a deformation of the corresponding polynomial Killing field,
and exhibit both isospectral, and non-isospectral deformations in terms of polynomial
Killing fields.

Mathematics Subject Classification. 53A10, 53C17. June 30, 2009.
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2 M. KILIAN AND M. U. SCHMIDT
1. CONFORMAL CMC IMMERSIONS INTO S?

1.1. Extended frames. We identify the 3-sphere S* C R* with S* = (SU(2) x SU(2) ) /D,
where D is the diagonal in SU(2) x SU(2). The Lie algebra of the matrix Lie group SU(2)

is su(2), equipped with the commutator [-, -]. For o, 8 € QY(TR?, 5u(2)) smooth 1-forms
on R? = TR? with values in su(2), we define the su(2)-valued 2-form

[a ABI(X, Y) = [(X), B(Y)] = [a(Y), B(X)],
for X,Y € TR% Let L, : h — gh be left multiplication in SU(2). Then by left
translation, the tangent bundle is TSU(2) = SU(2) x su(2) and 0 : TSU(2) — su(2), v, —
(dLg-1)4vy is the (left) Maurer-Cartan form. It satisfies the Maurer-Cartan equation

2d0+ [0 N0 =0. (1.1)

For a map F : R? — SU(2), the pullback o = F* also satisfies (1.1), and conversely,
every solution o € Q'(R?,su(2)) of (1.1) integrates to a smooth map F : R? — SU(2)
with a = F*0.

Complexifying the tangent bundle TR? and decomposing into (1,0) and (0,1) tangent
spaces, and writing d = 0 + 0, we may split w € Q'(M,su(2)) into the (1,0) part ',
the (0,1) part w” and write w = w’ + w”. We set the *—operator on Q'(M,sl(2,C)) to
*w = —iw'+iw”. Fix € € su(2) and let T = stab(e) be the stabilizer of € under the adjoint
action of SU(2) on su(2). We shall view the 2-sphere S? as the quotient S? = SU(2)/T.

We denote by (-, -) the bilinear extension of the Ad-invariant inner product of su(2) to
su(2)¢ = sl(2,C) such that (e, ¢) = 1. The double cover of the isometry group SO(4) is
SU(2) x SU(2) via the action X — FXG~!. Writing df = df’ + df" for the differential
of f, recall that an immersion f : R? — SU(2) is conformal if and only if

(df', df') = 0. (1.2)

If f:R? — S? is a conformal immersion and w = f~'df, then it can be shown (see e.g
[10]) that the mean curvature function H of f is given by

2d*w = H [wAw]. (1.3)
Suppose f : R? — SU(2) is a conformal immersion with non-zero constant mean curvature
H. Then 2d*w = H [wAw] and 2dw + [w Aw] = 0 combined give d*w + H td*w = 0,
or alternatively
(1—iH Ydw' + (1 +iH Ydw" = 0. (1.4)
Inserting 2dw” = —2dw’ — [w A w] respectively 2dw’ = —2dw” — [w A w] into (1.4) gives
4dw’ = (iH — 1)[w Aw] and 4dw” = —(1 +iH)[w Aw]. Then

ax=351 - A1 +iH)w + 31— N)(1 —iH)w"

satisfies 2day + [ax A ax] = 0 for all A € C*, and thus there exists a corresponding
extended frame Fy : R? x St — SU(2) with dFy = F)\ o, and F)\(0) = 1. Conversely, we
recall the following version of a result by Bobenko [2]. Our formulas are slightly different
to those of Bobenko [1, 2, 3], but the modifications in the proof are obvious.

Theorem 1.1. Let u : R2 — R be a smooth function and define
1 ( U, dz —uzdz i/\_le“dz+ie_“dz>

MN=3 e vdz+iretds  —u.dz+usdz
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Then 2day + [ax A ax] =0 if and only if u is a solution of the sinh-Gordon equation

d0u + % sinh(2u) = 0. (1.6)
Furthermore, for any solution u of the sinh-Gordon equation and corresponding extended
frame Fy : R?2 x St — SU(2), and Xo, \1 € S, Ao # A1, the map f : R? — SU(2) defined
by

f=F\Fy! (1.7)
is a conformal immersion with constant mean curvature
Ao+ A1
H = 1.8
vy (1.8)
conformal factor
2u
B e
= 1.9
e (1.9)
and Hopf differential Q dz% with
T, _ _
Q=100 AN, (1.10)
Corollary 1.2. Useful formulae obtained from equations (1.8), (1.9) and (1.10) are
v =4e>QQ, 4QQ(H?* +1)=1. (1.11)

The constant mean curvature surface f in S® corresponding to a solution u of the sinh-
Gordon equation satisfies the following equations with respect to the moving frame (f, 0f, Of, N):

ON = —HOf +2v2Q0f
AOf =2u.f —QN (1.12)
200f = —v? f+v?HN

1.2. Spectral curve. Let f : R? — SU(2) be a conformal cMC immersion with corre-
sponding extended frame Fy. For a translation 7 : R?2 — R? we write 7*f = f o7, and
define the monodromy of F) with respect to 7 as

M(r, \) =7"F\F!

Now suppose we have a conformal cMC immersion of a torus f : R?/T" — SU(2), with
lattice

I'= w1 Z D wo Z,
and corresponding extended frame Fy. If M7()\), My(\) are the monodromies of Fy with

respect to wi and wg, and w1, pe the corresponding eigenvalues, then the spectral curve
of the torus is

Yp={(X\ p1, p2) : det(pr 1 — My(N)) = det(ua 1 — Ma(X)) =0}

We recall the description of CMC tori in terms of spectral curves:

Let Y be a hyperelliptic Riemann surface with branch points over A = 0 (y™*) and A =
00 (y~). Then Y is the spectral curve of an immersed CMC torus in the three sphere if
and only if the following four conditions hold:
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(i) Besides the hyperelliptic involution o, the surface Y has two further anti-
holomorphic involutions  and ¢ = no o = o on, such that n has no fixed
points and n(y*) =y~ .

(ii) There exist two non-zero holomorphic functions u, p2 on Y \ {y*, y~} such
that for i =1, 2

o i = gt 0 i = s 0% = py
(iii) The forms dln u; are meromorphic differentials of the second kind with double
poles at y*. The singular parts at y+ respectively y~ of these two differentials
are linearly independent.

(iv) There are four fix points y1, yo = o(y1), ¥s, ya = o(y3) of o, such that the
functions p; and po are either 1 or —1 there.

We shall describe spectral curves of ¢MC tori in S? via hyperelliptic surfaces of the form

2 | Xa()) if giseven,
v a(N) if g is odd.

Here X\ : Y — CP! is chosen so that y* correspond to A = 0 respectively A\ = oo, and

oF\ = )\7 77*5\: )\—1’ Q*)\ _ )\—1’

and
g
a0 = [~ (A — )
i=1
with pair-wise different branch points aq, ..., ag € {A € C: |A\| < 1}. Hence n*a = a
and ¢*a = a. For |A| = 1 we have that a()\) > 0, and since 7 has no fix points, we have
v =-\"ly, o*v=A"1v, o'v=—-v ifgis even,
v =—v, U =v, oc*v=—v if gis odd.

Up to now, the parameter ) is only determined up to a rotation. Pick Ao, A; € St, A\; # 1,
and take the unique parameter A for which the points y; and y» = o(y;) correspond to
the the two points over A = Ag. Then the points y3 and y4 = o(y3) correspond to the
two points over A = Aq.

2. JACOBI FIELDS

An infinitesimal deformation of a cMC surface f by cMcC surfaces is given by a normal
vector field f = w N, where the function w : R> — R has to be a solution of a Jacobi
equation. For such a deformation in Euclidean 3-space, it turns out that w and the
infinitesimal change of the conformal factor solve the same homogeneous Jacobi equation.
We shall see that this is not the case for cMC surfaces in the 3-sphere. The reason for
this is that the mean curvature changes throughout a deformation in a non-trivial way,
introducing an inhomogeneity in the Jacobi equation for w.

Assume we are given a smooth one-parameter family f; : R> — SU(2), t € (—¢, €) of cMC
surfaces of finite type, with appropriate solutions wu; of the sinh-Gordon equation, mean
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curvatures Hy, and Hopf differentials Q; dz2, and normals N,. Denoting differentiation
with respect to t by a dot, and omitting the subscript ¢ when ¢ = 0, we then have

f=10f+00f+wN (2.1)
with smooth functions 7, o : C — C such that 7 = o, and a smooth funtion w : C — R.
The following is the analogue of Proposition 2.1 in Pinkall and Sterling [9].

Proposition 2.1. Every Jacobi field w N along f can be supplemented by a tangential
component T 0f 4o df to yield a parametric Jacobi field. Further, if (2.1) is a parametric
Jacobi field, then w solves the inhomogeneous Jacobi equation

50 + cosh(2u)w = — 1L (2.2)
w ~+ cos uw_Z(HQJrl)’ .
while u solves the homogeneous Jacobi equation
001t + cosh(2u) i = 0. (2.3)
Proof. Straightforward computations using (1.12) give
. 2 2 _ 2
of = —%f—l—(87’+278u—wH)8f+(80+%g)@f+(%H—rQ+8w)N,
_. 2 _ 200 _ _ _ 2 o
af = —%f+(87+j—f)aﬁ(aa+206u—wﬂ)af+(%H_0Q+aw)N.

Conformality (9f, df) = (8f, df) = 0 implies that (8f, df) = (8f, df) = 0, and

consequently for 7, o to supplement wN to a parametric Jacobi field they must satisfy

do=—-2v"2wQ,

_ _ 2.4
or=—-2v"2wQ. (2.4)
Hence the above expressions for 8f and 0 f simplify to
) 2 2
0f = =T 1+ (07 +270u — wH) Of + (%~ H—7Q + 0w) N,
2.5
= Tv? - = = Tv? — = (2:5)
of = 77f+(30+208u7wH)5f+(THfJQJr&JJ)N.
Differentiating v? = 2(0f, 0f) gives
v = (f, Of) + (8f, Of) = 20307 + 270u + Jo + 200u — 2wH),
and combining this with the derivative of equation (1.9) yields
1 1. - HH
= — — — H . 2'
U 237+7’8u+280+03u w +H2+1 (2.6)

From (1.12) we have 2 (00f, N) = v? H, and differentiating this gives on the one hand
(D0f, N)+ (dof, Ny = voH + % H.
Differentiating 200f = —v? f +v?H N gives
200f = —200 f — v f+200HN +v?HN +v*HN .
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Hence 2(5‘3f, N) = —v?w + 200H + v2H, and consequently
2(00f, N) = v*w.
On the otheriha.nd, differentiating the first equation of (2.5) with respect to z, and then
computing (99f, N) gives
(88f, N) =1(07 +270u — wH) v*H — Q(do + 2wv™%Q)
+ %U2H§U + ovovH — 01 Q + ddw,
and equating this with the first expression we obtained for 2 (ddf, N), we obtain (2.2).

Equation (2.3) is now proven by a direct calculation using equations (2.6), (2.2) and the
time derivative of the second equation in (1.11).

It remains to prove that the differential equations defining o, 7 are integrable. From
<Na f>:_<Na f) =W,
(N, 0f) = ~(N, 0f) = 7Q — o 'y H — dw,
<Na éf> :7<Na 5f> :O'QiT%H*ng
we compute
N=—wf+0v"220Q —m*H —20w) df + v 2(2rQ — ov?H — 20w) df . (2.7)
Differentiating Q = —(8%f, N) we have Q = —(9%f, N) —(8>f, N), and with (2.7) learn
that .
(0%f, N) = (27Q — ov*H — 20w) Ou.
Differentiating the first equation of (2.5) with respect to z and taking inner product
against IV gives
(82f, N) =wQH —2Q0T — 2Q70u + %UQH&T + ovHOv + 0*w,
and therefore Q = 2Q87 4 20u w — 9%w. Solving this equation for d7 gives
B Q + 6%w — 20udw
= 20 .
Finally, a straightforward computation proves that integrability for 7 holds automatically,
that is differentiating 07 in (2.4) with respect to z gives the same as differentiating 97

in (2.8) with respect to z. Also, the analogous statement then holds for o, that is
differentiating

or

(2.8)

= Q + 0%w — 20udw

Jdo = — .
2Q

with respect to z gives the same as differentiating do in (2.4) with respect to z. Hence

the functions 7, o that supplement the Jacobi field are unique up to addition of complex

constants. We compute 7, o explicitly in terms of Baker-Akhiezer functions in (3.3). O

(2.9)

The following is the analogue of Proposition 2.2 in Pinkall and Sterling [9]. We call a
parametric Jacobi field a Killing fields, if it is induced by an infinitesimal isometry of S3.

Proposition 2.2. A parametric Jacobi field is a Killing field if and only if @ = 0.
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Proof. The ’only if’ part is trivial. A parametric Jacobi field (2.1) is a Killing field, if
and only if there exists elements gg, g1 € su(2), such that

f=01f = fgo = Fx, (F5, )1 Fy, — Fy.lgoFy,) By (2.10)
Setting By = F);lgOFAO, By = F;llglFAl, then equation (2.10) reads
F;llfF)\O =B —By=1 (a\, —a},) +0 (o}, —af,) +we.
The derivatives together with equations (2.5) yield
F)\_llafFAO =By (o, —a),) — (o}, —ah,) Bo
= —200*1 4 (07 + 270u — wH) (o, — &y,) + (300°H — 7Q + dw) €,
F;lléfFAO =B (af, — ) — (4, — ah,) Bo
= —10v?1 + (90 + 200u — wH) (af, — o) + (Amv’H — 0Q + dw) €.
These equations can be solved and we obtain

1 _ _
=5 (01 +270u —w(i+ H)) e+ v 2(i0Q — 370*(1 +iH) — i0w) (ay, — )

— v (iTQ + %01)2(1 —iH) — i0w) (o/,\’1 — ozf\’o) ,

By

By = £ (01 +270u+w(i — H)) e + v *(i0Q + $70*(1 — iH) — i0w) (o, — a},)
— 07 ?(itQ — $ov*(1 +iH) —idw) (af, —af,) .

Consequently, setting g; = Fj, BjF/\_j1 for 7 =0, 1, we get

fgo= % (01 4+ 270u — w(i + H)) N4+ v 2(i0Q — %7‘1}2(1 +iH) —i0w) Of
— v 2(irQ + 20v*(1 — iH) — i0w) Of ,
g1 f=2(0r+2r0u+w(i— H)) N +v"%(icQ + 370*(1 — iH) — i0w) Of
— v 2(itQ — 200 (1 +iH) — i0w) Of.
It remains to prove that @ = 0 implies that dg; = dgo = 0, or equivalently that both
d(fgo) = dff~1fgo and d(g1f) = g1.ff'df hold. To this end it is useful to recall the
identities
of fror=0.  9fjaf =0,
Of [71of = =50 (f +iN),  Of f719f = —50*(f —iN),
NfYof =—-0ff N =iof, —Nfof =0ff N =idf.

The rest of the proof is now a straightforward computation. O
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3. THE HOMOGENEOUS JACOBI FIELDS

We next calculate a solution of the homogeneous Jacobi equation (2.2). Let u: R? — R
be a solution of the sinh-Gordon equation. Let 1) = (11, 15)! be a solution of

()72 (e %) ()
o - ix"le —Ou o )’

2
. (3.1)
o() =3 (% 5) ()
(o 2 \e ¥ ou (o ’
Then ¢ = (¢1, p2)! defined by
-
P2 =1 0/ \¥2
solves
o(2) =3 (e o) (2)
P2 2 \e —Ou P2 (3.2)

5% _ L (=0u e\ (¢
w2) 2 \ile* Ou wa )’

For every value of A € C* there exists a two dimensional space of such functions 1 and .
Assume u is periodic with period . Then we assume in addition to (3.1) and (3.2) that
these functions are eigenvalues of the translations by the period v. Hence we get for any
pair (A, ), such that p # £1 is an eigenvalue of the monodromy of v, a one dimensional
space space of such functions . A normalization of this function extends to a unique
function v on the spectral curve called Baker-Akhiezer function. Since the monodromy
of ¥ has determinant one, there always exist another solution o*v with inverse eigenvalue
of the monodromy. We shall assume that the translations by the periods acts on ¢ with
inverse eigenvalues as on . This of course can be only achieved with ¢ obtained from
another solution ¢*1) of (3.1). So we may assume that both ;¢ and 192 have trivial
multipliers with respect to ~.

Proposition 3.1. Let 1) = (11, 12)? be a solution of (3.1) and let ¢ = (p1, p2)t be a
solution of (3.2). Define w = 111 — Yoo and ¢ = 0w — 2Q7. Then

(i) The function y = Yy satisfies dy = 0.
(ii) The function w is in the kernel of the Jacobi operator, and can be supplemented to a
parametric Jacobi field with corresponding (up to complex constants)

a1 19102

T= , 0= ——=—.

evQ evQ)
(iii) For the parametric Jacobi field generated by w, T and o, the variation of the confor-
mal factor is

(3.3)

= O ;(i\(;)Q/\_l)Al) iw. (3.4)

(iv) Then (Ow)® — ¢% = A~ (y? — w?).
(v) Further, 0¢ = 20udw, and \~'w = 2¢ Ou — 0*w.
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Proof. (i) is a straightforward computation using (3.1) and (3.2). To prove (ii), we
compute

Ow = ie ooy — IN " e"h1pa,
00w = —w cosh(2u), (3.5)
0 (z'e_“wgcpl + i)\_le“z/Jlgz)Q) = w sinh(2u) .
Hence w is in the kernel of the Jacobi operator. From the O-derivative (2.4) of 7 and
0(—2QT + 0w) = —2Q0T + 00w = we 2" — w cosh(2u)
= —w sinh(2u) = -0 (z‘e*“wggal + i)\71€u1l)1g02) ,

we see that up to a complex constant —2Q7 + Ow = ie”"“Pop; + iIA"te% 1o, and
consequently obtain the formula for 7. A similar computation yields the formula for o.
To prove (iii) we compute

%87—&-7’811:—%(4}, %504—0('%:—%&%

From (2.6) we have @ = 107 + 70u + 300 + 00u — wH. A straightforward computation
using (1.8) and (1.10) now proves (3.4).

From equations (3.1) and (3.2) and (3.3) we obtain
0w = ie “p11hy — i Te ooty = QT+ A" e Qo
p=0w—-2Q7=-Q7+\'e*Qo.

Consequently 7o is equal to

1 A
= 50 (0w — @) 2055

On the other hand equations (3.3) yield

TO

(Ow + ¢) = v~ 2 ((8w)2 - ¢2) .

e—Qu —2u

_ ¢ "o 9y —2/92 2
Q§¢1¢2901<P2—4Q@(y w?) =077 (yF —w?)

and equating these proves (iv). To prove (v), we compute d¢ = 9?w — 2Q0T = *w —
Pw+20udw = 20udw, and (—A\" 1w = 2Q O +4Q TOuU = 0*w— P+ 20w Ou—2¢ Ou =
0%w — 2¢ Ou. O

TO =

3.1. Involutions. In the sequel we shall consider solutions u of (1.6) corresponding to a
spectral curve with involutions o, n and ¢ and not necessarily normalized Baker-Akhiezer
function 1. The maps ¥ = (11, 12)" as in (3.1) and ¢ = (¢1, p2)! as in (3.2) transform
as follows under the involutions of the spectral curve:

)~ o) () )~(h o) (2):
@)~ o)r@e G~ @)
()~ (5 b))
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If u is periodic with respect to at least one period +, then the eigenvalues of the corre-
sponding monodromy define the spectral curve with these involutions o,  and p. In this
case the solutions ¢ of (3.1) and ¢ of (3.2) diagonalize the translations by the periods
with inverse eigenvalues ;¢ and p~'. Hence up to normalization 1 is the Baker-Akhiezer
function.

Proposition 3.2. Let u be a solution of (1.6) with spectral curve and 1 = (11, o)
respectively ¢ = (p1, ©2)t be the corresponding solutions of (3.1) and (3.2). We define

wi

= Vo (3.7
Then
ou = %resA:O (A‘ld)\l/Q tr ((é _01> P)) ,
) (3.8)
ou = —% IéSx—oo ()\d)\_l/Q tr (((1) 01> P)) .
Proof. Define Jl, 7;[;2 and @1, P2 by the gauge
£)-05 2
V2 0 VAN (3.9)

9“0'1 B )\1/26—1/,/2 0 01
02) 0 e2 ) \ o2

Then 1}1, 1;2 and @1, @9 are solutions of
P\ _ 1 [ 20u  ixTV2\ (4 {p“ 1 0 iN2e20N (4
Uo ) 2 \UnTY2 —20u ) \ 4y ¢ T2 \ial/Zem2u 0 Uy ]’

g (@) _ 1 ( 20u XV (G 0 iNem (5
?2) 2 lix2 204 iNl/2¢2u 0 p2)

Hence the asymptotic expansions at A = 0 are

(%;) —exp (5A7172) <G) a2 (%Lu) +O()\)> |
)t o5 () -(3) o).

oV L) (0 0 oy
gtg 2\l 1 0 —Ju
and consequently

_ /\1/26—u/2 0 ﬁ A—l/Qeu/Q 0
- 0 et/? 0 e /2

1 1 A/2e—u , ou 0
- 2 <)\_1/26“ 1 ) — i ( 0 —(‘3u> +0(),

Then

(3.10)
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which implies the first equation in (3.8). Analogous computations at A = oo prove the
second equation in (3.8). O

Recall the iteration in Pinkall-Sterling [9] that generates a sequence of solutions to the
homogeneous Jacobi equation: Starting with the ’trivial’ solution w; = Ju, then ¢ =
(Ou)? and thus with the slightly different normalization in our setting we obtain 71 =
Ow1 — 1, which yields a second solution

wo = Pu — 2(0u)?

of the homogeneous Jacobi equation. This iterative procedure at each step requires for
a given w, to find 7, solving both

a7, = 0w, — 20w, 0u

OTp = —4QQv 2w, = —e~*"w,.

and then defining w,,+1 = 07, + 27,,0u. To solve these equations for 7, it is useful to
introduce the auxiliary functions ¢,, such that

Tn = 0wy — Pny. (3.11)
Then ¢,, satisfies
¢y = 20w, 0u,
Obp = —wh, sinh(2u),

To supplement w, and 7, at each step to a parametric Jacobi field requires finding a
function o,, satisfying

80” = _4Q@U72wn )
50n = 52wn — 25wn5u.

In analogy to Lemma 3.2 in Pinkall and Sterling [9], we obtain the formula
On=—€ 2" (Owp_1+ bp_1) - (3.12)

We shall now see, that all these solutions fit together in the Taylor expansions of the
functions w, 7, ¢ at A = 0:

Let
o= i(q)%nv, 0= i(q)%nv.
n=0 n=0

Proposition 3.3. Let y = ¢'p. Then the entries of

p— Yo' 1 (1/)1501 1/)1902>

oty \Yap1 Yapo
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have at A = 0 the asymptotic expansions

W 1 "
TP Il

iQT JR
*L; =€ “Pop1 = 7)\ an(—)\)”7
: = (3.13)
1Qo 1
ST e = = S o (<A,
) Y12 5 nz::l (=A)
Cip QT =i Qo —e "o — A lehipy 1 i¢ (=A)"
2y 2y 2y VA= '

Proof. Due to (3.6) the coefficients of the series in (3.13) obey the equations (3.11) and
(3.12). Hence it suffices to show that these Taylor coefficients obey the recursion formula
[9, Proposition 3.1]. The first and last equations in (3.13) read w = 2yiA~'/2Q and
¢ = 2yiA~1/2®. From Proposition 3.1 (iv) we have (dw)® — ¢2 = A1 (y? — w?) and thus
% — (0Q)% =+ + X710, or in terms of series

[ee] 2 (oo} 2 oo 2
<Z(—1)"¢n)\”> - (Z(_n"awnv) = i + A7t (Z(—U%nxl) .

n=0 n=1
Due to (3.10) we conclude ¢y = —%. Consequently, for all n € Ny the coefficient ¢,,41 is
equal to the coefficient of (—\)"*! of the series

(Z(l)”¢nA”> (Z(mawnv) -t (Z(n%nA") .

n=1 n=1 n=1
O
The involution o allows us to compute the asymptotic expansions at A = oo from the the
asymptotic expansions at A = 0. Note that 7 = ¢ and thus g*(%) = % and g*(%) = %
We summarize the asymptotic expansions at A = oo in the following
Corollary 3.4. At A = oo we have the asymptotic expansions
. oo
w .
5 = AVZN (1) AT
n=1
QT =
i )\1/2 Z(_l)ng—n)\—n’ (314)
Yy n=1
oy oo
1Qo 1/2 o
o _ i S Cayrma
Yy n=0
Utilizing the fact that
w
—=tr((6%)P), (3.15)

we obtain the following
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Corollary 3.5. We have the asymptotic expansions
tr ((§ %) P) =222 (=X 0u + N (8%u — 2(du)®

0 ) %) atA=0,
tr((§ %) P) = —2i\Y/2 (=A""0u+ A (0%u — 2(Ju

+ 00
)+ 0(A?)  atA=o0.

The poles of P are at the branch points of the spectral curve. Clearly the function
y = Yty is antisymmetric with respect to the hyperelliptic involution, and has zeroes at
the branch points aq, ..., azg. For double periodic solutions u of (1.6) the differentials
dlnpg, k=1, 2 can be locally written as

dIn py = Br(y) dy,

and if y; and -, denote the periods, there exist two differentials dp* which are holomor-
phic at A = oo respectively A = 0 and

dInpy =y dp™ + . dp~ . (3.16)
If T is the lattice generated by 1 and 2, T = C/T, and f : T — C, then we denote

1
)= area(T) /deS'

Proposition 3.6. The differentials dp™ have the following asymptotic expansions

dpt = d\VE (= IXTE —i((0u)?) + O(N)) at A\=0,
dp~ = d\"? (£(cosh(2u)) + O(N)) at A=0,
dpt =dx—1/? (% (cosh(2u)) + O(A™ ) at A = oo,
dp~ =d " (—4 u)?) + O(A71) at A =o00.

Proof. Let ¢ = (1/11, 1/12) as in (3.9) and define ¢ by = exp(p Z+p~z)1. Since py is
the automorphy factor of z/; with respect to v, then Awi/) = 0, and we expand

(A = ZPZ_ A2 p~(A\) = Zp; A2 and pfl = %'7 p-,=0.

The differential equations for 1Z and comparison of like coefficients yields

oa,, = b, 0u — pran_l - ... —p;rao ,
Tbpy1 = ap0u — pfbn_l - .= p;’;_lbl — 0b,, ,
dan = —py an—1 — ... —p,ag+ (an_1 cosh(2u) — b,_ sinh(2u)),
Oby, = —pibp_1 —p3 by — ... — pi_1b1 + (an_1sinh(2u) — b,_q cosh(2u)).
In particular, by = —idu. Further da; = —i(Ou)? — p, so integration yields p =

—i((0u)?). Thus da; = —i(Ou)? — i((Ou)?) which gives
dday = idusinh(2u) = 9% cosh(2u)
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and therefore da; = —p; + % cosh(2u) and consequently p; = (% cosh(2u)). This proves
the asymptotic expansions at A = 0. The asymptotic expansions at A = oo follow from
the fact that

o'dInp = —dln p,
and therefore p*dpt = —dp~ and o*dp— = —dp™*. O
We now compute the variation of the Baker-Akhiezer function 1 that corresponds to the

solution 4 = (Y11 — Y2p2)|,_, of the homogeneous Jacobi equation at some fixed value
A=aecC*.

Proposition 3.7. Let u be a solution of the sinh-Gordon equation (1.6). Let &; =

(Yig;)], and @ = &1 — &2 be given in terms of solutions ¢ = (1, 12)" of (3.1) and ¢ =
(01, @2)t of (3.2) for a fived value A = a € C*. Then the variation of the corresponding
solution ¥ of (3.1) is given by

(3 1 (A+a)én 2X&12 (i
(¢2> A—a < 2a &1 A +a) 522) <¢2> ’ (3.17)
Proof. By (3.1) we have that
1/)1 1 ou ie” ¢1 1 8u —tue” "\ [
o 2 \ix7ter —ou) \4y 2 \iax"te —0u o )
1/)1 1 —0u z)\e 1/)1 1 Y e\ [
o) 2 \de™® 5 —ite™™  Ou Yo |

Consequently,

_|_

6’(1, = i€7u§21 - iaile“&g s 5u = iae“§21 — ieiuflg . (318)
Let X = (: 'g) be the matrix such that 1) = X 1. Then

I6] a [ ou e - o —ine "
28(7 5> + Ky 5)’ <i/\_1e“ —au” = (mxleu i > !
sfa f a f —Ou  ide _ —0u  iule®
20 <’y 5) + [(7 5) ’ <ie‘“ ou >} o (—izle_“ ot ) '
We compute the commutators
a f ou ie”™\ | _ Bidlet — ~yie™ (o — §)ie™™ — 280u
v 8) \idxTter —0u) | T \2v0u+ (8 —a)ixTlet  qyieTU — BixTlet )
a f —Ju e\ | _ Bie " — 'yi)\e (a — d)ire® + 2B0u
v 6) \ie ™ Ou ~ (6 — a)ie™" — 2y0u yide¥ — Bie™ ¥ ’
Thus equations (3.19) read

99 (a ﬂ) _ ((’y +&o1)ie™ " — (a7 g + BATL)iet (Eo2 — &11 — a4 6)ie ™ + 2[80u )
v 9 (i1 — &+ a—0)ixte" —290u  (a o+ BAY)ie" — (&1 4+ y)ie v )’
9 5 (a ﬁ) _ ((512 — ﬁ)ie‘“ + (’Y)\ — aggl)z'g“ (511 — €22 — o+ 5)2)\6“ — 2ﬁ8u>
¥ 1) (O( — 0+ Eoo — 511)Z'€_u + 278u (ﬂ — flg)ie_“ + (0{21 — 'y)\)ie“

(3.19)
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We make the Ansatz « = A&7, § = B&a, v = C& and § = A&yy, and use the fact
that

20611 = &orie” " — a ' Epgie”, 20611 = —&pie” " + abarie,
20612 = 212 0u+ (&2 — En1)ie™™, 20612 = —2&12 Ou + a(Eaz — &1 )ie",
20651 = —2&1 0u+a (&1 — az)ie™, 2061 = 2& Ju+ (&1 — Eo)ie ™,
206y = —Earie™" + a 'Eioie", 20€ = E2ie” " — a” 'Earie® .

—Uu

Comparison of coefficients of e

A-C=1, B x'=a'(A-1)and B=A+1.

, e reduce to the three equations

Solving these yields the claim and concludes the proof. O

The Fermi curve contains a lot of information of the spectral theory of the Jacobi oper-
ator. In particular, it should be possible to determine the Maslov index in terms of the
spectral curve of the solution of the sinh-Gordon equation.

Lemma 3.8. Let u be a doubly periodic solution of the sinh-Gordon equation, and let
W = (1, P2)t be a solution of (3.1). Then 11)o is the Baker-Akhiezer function of the
Fermi curve of the Jacobi operator.

Proof. A straightforward computation shows that if ¢ = (11, 12)? solves (3.1), then
1119 is in the kernel of the Jacobi operator. With respect to the two periods 1, 2 of u
we have ¥(z + ;) = p; ¥ (2), and thus for j =1, 2 we have

(P192) (2 + ;) = 115 (1ea) (2). (3.20)

Hence the spectral curve is a finite covering of the Fermi curve of the Jacobi operator.
By Theorem 17.9 in [7], the kernel of the Jacobi operator is generically one dimensional,
and therefore the spectral curve is a simple covering of the Fermi curve. (Il

Let us finally indicate, how we may construct inhomogenous Jacobi fields. Denote the
real quantity
H Q
2(H2+1) 2HQ'
Let @ = wt +w™ where wt = § (z Oou — %) and w™ =9 (Z Ou — %) A straightforward
computation shows that & is also solution of the inhomogeneous Jacobi equation (2.2).
The corresponding 7 = 71 + 7~ and 0 = ‘71' o~ that supplement @ to a parametric
Jacobi field are given by o+ = 7~ and 0~ = 7+, where
o owt 9 2 (0u)? 9
2Q 2Q 4Q Jo
TT =9HHz+ %2672“.
For all periods 7 let A, denote the period defect, which is the difference between the
identity operator and the translation by . The period defects of these functions are

,6:

2(0u)? dw — cosh(2u) diwv ,
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given by
z+y
A, (ot +710u) = % (0%u —2(0u)®) — % 2(0u)? dw — cosh(2u) div ,
Ay (%87'_ +7_8u) =$HH~you, A, (%50+ +U+5u) :,‘F)Hﬁgu,

5 et
512“ 2(0u)? div — cosh(2u) dw .

We may add to these inhomogenous Jacobi fields homogenous Jacobi fields with the same
period defects and obtain periodic inhomogenous Jacobi fields.

A, (Y00~ + 0~ du) = %7 (30— 2(5u)*) +

4. POLYNOMIAL KILLING FIELDS

Let v = (8 é), and denote Laurent polynomials C* — sl(2,C) with a simple pole at
A = 0 and normalized leading coefficients, by
9 P
Ag={&:C* = sl2,0) | &) = 3 N M E1/N) = —€(A) and c_q = v}
j=-1

—t
The condition A9~1£(1/X) = —£()) is a reality condition which ensures that the shifted

polynomial A~ ¢ takes values in su(2) on S!, where

- %(g+1) if g is odd,
| 3(g—1) if gis even.

We denote these skew-hermitian loops by
Agsu(2) = {M"& | & e Ay}

By the Symes method [11], the extended framing F' : R? x C* — SU(2) of any harmonic
map R? — S? of finite type (see Burstall and Pedit [5, 4]) is given by the unitary factor
of the Iwasawa decomposition of

exp(z&)=FB (4.1)

for some & € Ay. The loop & € A4 is called a potential of the corresponding harmonic
map in the generalized Weierstrass representation of Dorfmeister, Pedit and Wu [6]. By
a result of Pinkall and Sterling [9], and independently Hitchin [8], all Gauss maps of cMC
tori are of finite type, so equivalently one may solve first solve the sinh-Gordon equation
to obtain some function u : R?> — R and then solve dF = F « with F(0) = 1 with «
as in (1.5) to obtain an extended framing. Recall that a polynomial Killing field in this
case is a map £ : R? — Agsu(2) which solves

dg = [& o], €(0) =% (42)
with § € Ay. The solution to (4.2) via the Iwasawa decomposition (4.1) is then £ =
F=IXNTl F =B B L

Proposition 4.1. Let & be a polynomial Killing field and g the eigenvector and pg the
transposed eigenvector of £(0):

E0)v=ve, ¢ E0)=ve' with v*=—det(£(0))= det().
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Then the eigenvector ¢ and transposed eigenvector o' of & are the solutions of

dp = —ayp with P(0) =o; do' = @' a with ¢'(0) = .

Proof. The unique solutions are given by ¢! = ¢l F and ¢ = F~1 )y, and are eigenvectors
of the polynomial Killing field. O

Conversely, assume we are given « as in (1.5) with some periodic finite gap solution of
the sinh-Gordon equation. Then 1, ¢! are the corresponding Baker-Akhiezer functions
if
do' = ' o and ' Mp = vt
dy =—a and Mpyp =vp.

where Mp is the monodromy of the extended framing with respect to the period. Note
that 1 and ¢! extend meromorphically into points where My is not semi-simple. Fur-
thermore, there exists a unique polynomial Killing field £ such that

Pl =ve'and £ = pip. (4.4)
We call ¢ a Killing field for ¢ and . If ¢'(0) = ¢f and ¥(0) = 3§, then Q =
solves dQ = [@, a] with Q(0) = v ¢h. Note that @ has rank < 1 everywhere. At the
zeroes of det £ (the branch points of the spectral curve), we shall describe the dynamics
of the spectral curve under the isoperiodic deformations in terms of the Baker-Akhiezer
functions v, ¢!

(4.3)

Let u be a solution of the sinh-Gordon equation, and 1 = (11, ¥2)! and ¢ = (¢1, p2)?
be solutions of (3.1) and (3.2) respectively. Let &§; = (vip;)|, and & = &11 — §22. Recall
from Proposition 3.7 that

o . 1 <(>\ +a)énn  2X& ) . (4.5)
)
)

—a 2a &1 (A+a) &

Let y be an arbitrary point on the spectral curve, a = A(y) and Q = ¥ (y)¢(y)". Then
an easy computation shows that the previous equation (4.5) can be rewritten as

b= ((3)Q+Q(3%) v (4.6)

Lemma 4.2. The transformation 1/1 is an infinitesimal isospectral transformation, that
is, w = (Y11 — Yapa)|, is isospectral. All isospectral transformations are obtained by
taking linear combinations of such transformations at all branch points a. The isospectral
transformations are a g-dimensional space, where g is the arithmetic genus of the spectral
curve.

Proof. Let € be a polynomial Killing field for ¢ and ¢, and a € C* any branch point of
the spectral curve. Then £(a) Q@ = v Q = Q&(a).

Since @, and the matrices (6\ 2) and (o )\) commute with ¢ at A = a, the commutator

[((329)Q+Q(aY%)), €] has azero at A =a.
From (4.6) and EY+ &Y =vy+ Y =i, we conclude that
E=x5 (B e+e(sR). ¢
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is a tangent vector in the complexified space of Killing fields at the point £ with 7 = 0.

Now we claim that all such transformations are linear combinations of such transfqrma—
tions at all branch points of the spectral curve. The meromorphic map P = ﬁfw has
poles only at the branch points. For g = 0, the space of Killing fields is zero dimensional,
and there are no infinitesimal isospectral transformations. For g > 1 there exists for each
point a meromorphic differential w with a first order pole at that point, and first order
zeroes at A = 0 and A = co. The sum over all residues of w P vanishes, and consequently,
the value of P at such a point is a linear combination of the values of P at the branch

points. This proves the claim.

Finally we remark, that for all holomorphic one-forms w, then sum over all residues of wP
vanishes. Therefore all non-trivial holomorhic one-forms yield a non-trivial relation on the
corresponding infinitesimal transformations. Therefore the space of these transformations
span a g-dimensional space of isospectral transformations. (Il

In the next lemma we exhibit the generators for which @ = 9(¢112)|, is non-isospectral.

Lemma 4.3. Let u be a solution of the sinh-Gordon equation, and 1 = (1, 1)t and
© = (1, p2)t be solutions of (3.1) and (3.2) respectively. Let

Q= d% (dj ‘T*Wt)|,\:a (4.7)

be the derivative with respect to a local parameter y at some branch point A = a € X,.
Then

=55 ((30)Q+Q(5R)) v (4.8)

is an infinitesimal non-isospectral transformation that only moves the branch point a while
keeping all the other branch points fized. The space of all these deformations generates
the space of all non-isospectral transformations.

Proof. Since the branch points are zeroes of d\, the derivative of A with respect to y
vanishes. Hence we may apply Proposition 3.7 in this situation. Since the square of the
eigenvalue v of ¢ is equal to A~! times a polynomial with respect to A, whose roots are
the branch points in C*, we have to show that 2v vanishes at all branch points in C*
with the exception of A = a. Hence © has to be proportional to det(§)/(v(A — a)). From
(4.6) and EYp+Ep=vi+rY=riand det(£)¢~1 = —xi, we conclude that

[((39)Q+Q(59)). ¢

has to be proportional to £ at A = a. If we differentiate the equations

& = v o' = voTy!
at the branch points, we obtain that the commutator [@, ] is at A = a proportional to
&. This implies the claim. O

With the help of the inhomogenous Jacobi fields described at the end of the last section,
one may construct non-isospectral deformations of cMcC tori in S3.
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