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Abstract. Symmetry is very necessary in flexure mechanisms, which can eliminate parasitic motions, avoid
buckling, and minimize thermal and manufacturing sensitivity. This paper proposes two symmetric and compact
flexure designs, in-plane 3-DOC (degree of constraint) mechanisms, which are composed of 4 and 6 identi-
cal wire beams, respectively. Compared to traditional leaf-beam-based designs, the two present designs have
lower stiffness in the primary motion directions, and have smaller stiffness reduction in the parasitic directions.
Analytical modelling is conducted to derive the symbolic compliance equations, enabling quick analysis and
comparisons of compliances of the two mechanisms. A prototype has been tested statically to compare with
analytical models.

1 Introduction

Flexure mechanisms utilise flexibility/deformation of ma-
terial to achieve desired functions associated with motion,
load and energy, rather than suppress the flexibility (How-
ell, 2001; Lobontiu, 2002; Howell et al., 2013; Smith, 2003).
They offer low cost, high performance, and miniaturization
for applications in which traditional mechanisms are not sat-
isfactory since they have no backlash and friction, no wear,
no need of lubrication, and reduced number of parts (How-
ell, 2001; Lobontiu, 2002; Howell et al., 2013; Smith, 2003).
Given their advantages, flexure mechanisms have become
one of the most popular research areas in mechanisms and
robotics over the last two decades. This paper focuses on the
design of in-plane 3-DOC (degree of constraint), i.e., out-
of-plane 2R1T (R: revolute; T: translational), flexure parallel
mechanisms. The 3-DOC flexure mechanism can be used as
a coordinating measuring machine (Liu et al., 2003), a pla-
nar compositional unit of the guiding mechanism of linear
actuators (Teo et al., 2015; Awtar and Slocum, 2005; Kim et
al., 2013), a compositional unit of the continuum robot (Qiu
et al., 2016), or an independent micro-/nano-manipulator (Yu
et al., 2004).

Symmetry is very desired in flexure mechanisms, helping
eliminate parasitic motions (Awtar and Slocum, 2005), avoid
buckling, and minimize thermal and manufacturing sensitiv-

ity (Panas and Hopkins, 2015; Hao and Li, 2016). From the
point of view of low-power input, avoiding stress concen-
tration and enlarging motion range, a distributed-compliance
design is always preferred. There are symmetrical diaphragm
in-plane 3-DOC flexure mechanisms used for designing lin-
ear guiding mechanisms (Teo et al., 2015; Awtar and Slocum,
2005). The diaphragm flexure is made from a piece of hol-
low circular plate (plate plane perpendicular to the linear ac-
tuation direction). Nevertheless, there may be three issues
with the diaphragm design. One is that the actuation stiff-
ness/actuation force is still relatively large due to using the
deformation of leaf beams (Teo et al., 2015). The second is-
sue is that the in-plane stiffness of the leaf beam in the plate
plane is relatively small since the leaf’s thickness in the DOC
(degree of constraint) direction is limited by the dimension of
the plate (Awtar and Slocum, 2005), and that this DOC stiff-
ness can degrade significantly over the primary motion (Ni-
jenhuis et al., 2015). The final issue is that modelling a leaf
beam is extremely complex when considering warping ef-
fect and effective modulus to be used (Nijenhuis et al., 2015;
Zettl et al., 2004). In order to address the above stiffness is-
sues, References (Hao and Kong, 2014; Merriam and How-
ell, 2016) have used wire-beam based design to replace the
leaf beam for the applications in an XYZ manipulator and in
a cross-axis flexure pivot, respectively.
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2 G. Hao: Design and analysis of symmetric and compact 2R1T flexure parallel mechanisms

Based on the above advances, this paper aims to design
and analyse a class of symmetrical and compact in-plane 3-
DOC flexure mechanisms (only considering purely parallel
mechanisms). This paper uses wire beams as the distributed-
compliance basic modules to design such flexure mecha-
nisms, which can avoid significant DOC stiffness decrease
over the primary motion as caused by the leaf-beam and en-
able simple modelling using the Young’s modulus directly.
Analytical expressions of two 3-DOC flexure mechanisms
are provided, allowing rapid assessment of various geomet-
ric parameters, and performance characteristics of the two
flexure mechanisms are compared. The remainder of this pa-
per is organised as follows. Section 2 designs symmetrical
and compact in-plane 3-DOC flexure mechanisms followed
by compliance modelling and analysis in Sect. 3. In Sect. 4,
a prototype is fabricated and tested, and actuation isolation is
discussed. Finally, conclusions are drawn in Sect. 5.

2 Design Considerations

Throughout this paper, all wire beams employed for the in-
plane flexure mechanism are specified to be identical with a
length of L and uniform square cross-sections (with a thick-
ness T ) for convenience. We set up a global coordinate sys-
tem (O-XYZ) at the body centre of the motion stage of a
flexure mechanism, where the Z axis is perpendicular to the
in-plane 3-DOC mechanism.

The exactly-constrained in-plane 3-DOC is a 3-wire-beam
parallel mechanism with a general arrangement based on the
complimentary theory (Fig. 1), which can be easily designed
using existing methods such as FACT or other screw-theory-
based methods (Hopkins and Culpepper, 2010a, b; Su and
Hafez, 2010; Su et al., 2009; Yu et al., 2011). To guarantee
an in-plane 3-DOC mechanism, the following conditions in
plane should be met:

1. To avoid translational motion in plane: not all beams can
be parallel or co-linear, i.e., there should be intersection
among beams;

2. To avoid rotational motion in plane: if there is intersec-
tion among beams (not infinitely far), there should be
more than one intersection points and the distance be-
tween two intersection points of beams should be large
enough.

Nevertheless, in order to design a symmetrical flexure mech-
anism, the number of beams should be even at least with the
minimal number of 4 where the wire beams should equally
distribute about at least one axis (X or Y axis). Moreover,
in order to obtain the most compact configuration, all beams
should uniformly distribute around the Z axis, i.e., the inter-
section points of all wire beams form the vertices of a regular
polygon. Figure 2 shows the two symmetric and compact de-
signs, composed of 4 and 6 wire beams, respectively, which
are the focus of this paper. Other symmetrical and compact
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Motion 
stage 

Figure 1. Exactly-constrained non-symmetric design of an in-plane
3-DOC mechanism.

in-plane 3-DOC mechanisms with more beams can be de-
signed in a similar way.

Note that the design method of this section in proposing
an in-plane 3-DOC flexure mechanism has been reported in
Hao (2017) in a similar way. In Hao (2017), the research
work is on the design and analysis of a symmetric 1-DOF
(degree of freedom) translational joint for guiding linear
actuators, the symmetric in-plane 3-DOC mechanism com-
posed of 4 or 6 wire beams is presented only as a composi-
tional unit of the 1-DOF mechanism. However, in Hao (2017)
there was no information on the design of most compact
mechanisms with any even number of wire beams, there was
no analytical modelling done for any in-plane 3-DOC mecha-
nism; there was no parameter study on the quick performance
assessment of any 3-DOC mechanism, there was no charac-
teristic comparison of two types of flexure mechanisms with
4 and 6 wire beams, respectively, and there was no experi-
mental testing for any 3-DOC mechanism. This paper will
carry out the above undone work for two symmetric and com-
pact 3-DOC mechanisms (Fig. 2).

3 Compliance Modelling and Analysis

This section proposes an analytical method (linear method)
to model the two symmetrical and compact flexure mecha-
nisms (Fig. 2), which enables a quick compliance analysis.

3.1 Modelling Method

The analytical modelling method is detailed in the following
steps.

1. Normalise geometrical dimension by the mechanism’s
characteristic length Lc (Lc = L in this paper, which is
the beam length), and normalise the force by EI/L2,
and moment by EI/L (E: Young’s modulus; I =

Mech. Sci., 8, 1–9, 2017 www.mech-sci.net/8/1/2017/
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Figure 2. Two symmetrical and compact 3-DOC mechanisms (w is the distance between two beams’ tips).

Table 1. Geometrical parameter relationships.

Beam 1’s local
coordinate system
position parame-
ters w.r.t the global
coordinate system

Beam 2’s local
coordinate system
position parame-
ters w.r.t the global
coordinate system

Beam 3 local’s coor-
dinate system posi-
tion parameters w.r.t
the global coordi-
nate system

Beam 4’s local coor-
dinate system posi-
tion parameters w.r.t
the global coordi-
nate system

Beam 5’s local
coordinate system
position parame-
ters w.r.t the global
coordinate system

Beam 6’s local
coordinate system
position parame-
ters w.r.t the global
coordinate system

4-beam
mechanism

dx1 =−w/2

dy1 =
(w+
√

2)
2

θ1 = π/4

dx2 =−w/2

dy2 =−
(w+
√

2)
2

θ2 =−π/4

dx3 = w/2

dy3 =−
(w+
√

2)
2

θ3 =−3π/4

dx4 = w/2

dy4 =
(w+
√

2)
2

θ4 = 3π/4

NA NA

6-beam
mechanism

dx1 =−w/2

dy1 = (1+
√

3w
2 )

θ1 = π/6

dx2 =−(
√

3
2 +w)

dy2 =−
1
2

θ2 = 3π/2

dx3 =−(
√

3
2 +

w
2 )

dy3 =−( 1
2 +
√

3w
2 )

θ3 = 5π/6

dx4 = (
√

3
2 +

w
2 )

dy4 =−( 1
2 +
√

3w
2 )

θ4 = π/6

dx5 = (
√

3
2 +w)

dy5 =−
1
2

θ5 = 3π/2

dx6 = w/2

dy6 = (1+
√

3w
2 )

θ6 = 5π/6

T 4/12: second moment of inertia of square cross-
section areas) with all normalised parameters repre-
sented by corresponding lower-case symbols (Hao and
Kong, 2013).

2. Establish a local coordinate system (Oi−XiYiZi) at the
mobile tip (centre) of each wire beam (Fig. 2). The stiff-
ness matrix of each wire beam with regard to the local
coordinate system is expressed as

K=


d 0 0 0 0 0
0 12 0 0 0 −6
0 0 12 0 6 0
0 0 0 δ 0 0
0 0 6 0 4 0
0 −4 0 0 0 4

 (1)

with d = 12/t2 and δ =GJ/(EI )= 1.69G/E in which
J = 2.25T 4/16 is the torsional constant considering
warping (ignoring warping constraint) of square cross
sections, and G is the shear modulus (Chen and Bai,
2016).

3. Determine the position parameters of each local coordi-
nate system with regard to the global coordinate system,
which are associated with a rotation variable θi and two
translation variables dxi and dyi . Table 1 lists all posi-
tion parameters for the two designs (Fig. 2).

4. Derive the transformation matrix for each wire beam
(Hao and Kong, 2013) and then obtain the mechanism’s
stiffness matrix:

TRi =


cos(−θi ) −sin(−θi ) 0 0 0 0
sin(−θi ) cos(−θi ) 0 0 0 0

0 0 1 0 0 0
0 0 0 cos(−θi ) −sin(−θi ) 0
0 0 0 sin(−θi ) cos(−θi ) 0
0 0 0 0 0 1




1 0 0 0 0 −dyi
0 1 0 0 0 dxi
0 0 1 dyi −dxi 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


=

[
R(−θi )3×3 R(−θi )3×3 ·D(dxi ,dyi )3×3

03×3 R(−θi )3×3

]
6×6

(2)

which transforms the local stiffness matrix of each beam
to a stiffness matrix with regard to the origin of the

www.mech-sci.net/8/1/2017/ Mech. Sci., 8, 1–9, 2017
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Table 2. Characteristic comparisons of the two mechanisms.

c11 = c22 (DOC) c33 (DOF) c44 = c55 (DOF) c66 (DOC) Dimension

6-beam is smaller, which
is better

4-beam is larger, which
is better

4-beam is larger, which
is better

6-beam is smaller, which
is better

4-beam is smaller, which
is better

1 
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Figure 3. Dimension comparison of two symmetric mechanisms.

global coordinate system. In such a way, we can obtain
the stiffness matrix of the symmetrical flexure mecha-
nism (parallel one) at the centre of the global coordinate
system as:

KFM =6[(TRi)T
·K ·TRi] (3)

5. Obtain the compliance matrix of the symmetrical flex-
ure mechanism: CFM = (KFM)−1, and then double
check if entries of the compliance matrix meet the fol-
lowing two criteria:

a. The compliance matrix should be a diagonal matrix
for ensuring symmetry as shown below

CFM =


c11 0 0 0 0 0
0 c22 0 0 0 0
0 0 [c33] 0 0 0
0 0 0 [c44] 0 0
0 0 0 0 [c55] 0
0 0 0 0 0 c66

 (4)

where c11, (c22 or c33) relates the translational dis-
placement along the X axis (Y or Z axis) and the
force along the same axis; c44, (c55 or c66) relates
the rotational displacement around the X axis (Y or
Z axis) and the moment around the same axis.

b. The diagonal entries corresponding to the three
DOC, c11, c22, and c66, should be much smaller
than the other diagonal entries associated with the
three DOF (degree of freedom), c33, c44, and c55.
The DOF entry is usually 102 times smaller than
the DOC entry (Hao and Kong, 2013).

Figure 4. Compliance comparisons of symmetric 4-beam mecha-
nism.

Mech. Sci., 8, 1–9, 2017 www.mech-sci.net/8/1/2017/
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Table 3. FEA comparisons for compliances.

c11 = c22 c33 c44 = c55 c66

4-beam
mechanism

Analytical:
4.62× 10−5

FEA:
4.80× 10−5

Analytical:
2.08× 10−2

FEA:
2.15× 10−2

Analytical:
5.01× 10−2

FEA:
5.24× 10−2

Analytical:
3.33× 10−5

FEA:
3.48× 10−5

Difference: 3.75 % Difference: 3.25 % Difference: 4.37 % Difference: 4.31 %

6-beam
mechanism

Analytical:
3.08× 10−5

FEA:
3.19× 10−5

Analytical:
1.39× 10−2

FEA:
1.44× 10−2

Analytical:
1.44× 10−2

FEA:
1.50× 10−2

Analytical:
4.31× 10−6

FEA:
4.51× 10−6

Difference: 3.45 % Difference: 3.47 % Difference: 4.00 % Difference: 4.43 %

3.2 Compliance Analysis

Based on the procedure in Sect. 3.1, a diagonal compliance
matrix for the 4-beam or 6-beam mechanism can be obtained,
and its entries in the diagonal can be symbolically expressed
by parameters (δ, d, w) as shown in

CFM−4 = diag
(

1
2(d + 12)

,
1

2(d + 12)
,

1
48
,

1

2(6w2+ 6
√

2w+ δ+ 4)
,

1

2(6w2+ 6
√

2w+ δ+ 4)
,

1

2dw2+ 2
√

2dw+ d + 4

)
(5a)

CFM−6 = diag
(

1
3(d + 12)

,
1

3(d + 12)
,

1
72
,

1

3(12w2+ 12
√

3w+ δ+ 10)
,

1

3(12w2+ 12
√

3w+ δ+ 10)
,

1

3(4dw2+ 4
√

3dw+ 3d + 4)

)
(5b)

where c33 is constant for both symmetric flexure mecha-
nisms. The c33 value for the 4-beam mechanism is 1.5 times
larger than that for the 6-beam mechanism, which means
the 4-beam mechanism requires less actuation force. For any
mechanism, c11, equal to c22, decreases with the increase of
d; c44, equal to c55, decreases with the increase of w or δ;
and c66 decreases with the increase of d or w. Since d is a
very large value (inversely proportional to square of the nor-
malised beam thickness) and is included in the denominator
of compliance entries of c11, c22 and c66, the three in-plane
motions are effectively constrained. Usually, aluminium al-
loy 6061 T651 with E = 69 GPa and G= 26 GPa is used for
fabricating flexure beams, so δ = 0.64 are adopted in the fol-
lowing analysis.

If w = 0, Eqs. (5a) and (5b) reduce to

CFM−4 = diag
(

1
2(d + 12)

,
1

2(d + 12)
,

1
48
,

1
2(δ+ 4)

,

1
2(δ+ 4)

,
1

d + 4

)
(6a)

CFM−6 = diag
(

1
3(d + 12)

,
1

3(d + 12)
,

1
72
,

1
3(δ+ 10)

,

1
3(δ+ 10)

,
1

3(3d + 4)

)
(6b)

The distance between the motion stage centre and vertex of a
regular polygon is r4-beam =

√
2/2+w for the 4-beam mech-

anism, or r6-beam = 1+2
√

3w/3 for the 6-beam mechanism.
If w is the same for the 4-beam and 6-beam flexure mecha-
nisms, the dimension ratio (r4-beam/r6-beam) between the two
mechanisms is plotted in Fig. 3. It can be seen that the di-
mension of the 4-beam mechanism is smaller than that of the
6-beam mechanism. The dimension ratio increases with the
increase of w.

Figure 4 shows the compliance comparisons in the 4-beam
mechanism. It is observed that c33 is much larger than c22 or
c66 as expected but it is comparable with c44. Figure 5 shows
the similar conclusion for the 6-beam mechanism. The addi-
tional compliance comparisons between the 4-beam and 6-
beam mechanisms are illustrated in Fig. 6. It can be seen that
c22, c44, and c66 in the 4-beam mechanism are larger than
those in the 6-beam mechanism, respectively. The smaller
the compliance entry associated with the DOC and the larger
the compliance entry associated with the DOF, the better the
mechanism is. Table 2 summarises the characteristic compar-
isons of the two mechanisms.

Linear FEA simulations using Comsol with fine and free
tetrahedral meshing for the two mechanism were carried out
for the case withw = 20.5/3 and t = 1/30. Compliance com-
parisons between FEA model and the analytical linear model
are shown in Table 3. It is observed that both models have
good agreement with less than 5 % difference and FEA re-
sults are slightly larger as predicted.

www.mech-sci.net/8/1/2017/ Mech. Sci., 8, 1–9, 2017
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Figure 5. Compliance comparisons of symmetric 6-beam mecha-
nism.

Figure 6. Compliance comparison of two symmetric mechanisms.

Mech. Sci., 8, 1–9, 2017 www.mech-sci.net/8/1/2017/
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(a) CAD design                                                       (b) Prototype and testing 
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Motion stage 

28.28 mm 

Loading 
scenario 2 

Loading 
scenario 1 

X 

Z 

Y 

Scenario 1 
using large 
probe 

Scenario 2 
using small 
probe 

Figure 7. A practical 2R1T design without actuation isolation.

Figure 8. Testing results of the in-plane 3-DOC mechanism in the
DOF directions.

4 Testing and discussions

The proposed symmetric and compact flexure mechanisms
(Fig. 2) can be used as independent in-plane 3-DOC (tip-
tilt-piston) mechanisms. Figure 7 shows a practical 4-beam
design using non-contact (such as magnetic) actuation for
such an application when w = 20.5/3 and t = 1/30 for L=
30 mm.

The prototype for such a design has also been fabricated
by CNC milling machining (Fig. 7b), and the testing results
comparing to the analytical models are shown in Fig. 8. A
single-axis loading bi-directional tester (TA.Hd plus texture
analyser) was used for conducting the testing, which can
apply a series of specific displacements on the mechanism
and record the corresponding reaction forces automatically.
A load cell of 5 kg with force resolution of 0.1 g and a load-
ing displacement increment of 0.05 mm were selected, and
the testing speed was controlled very lowly at 0.01 m s−1 to
eliminate any dynamic response. We implemented two load-
ing scenarios as indicated in Fig. 7b. The first scenario is to
exert displacement loading on the centre of the motion stage
(using a large probe) and obtain the corresponding reaction
force on the same centre, which is to test the compliance
in the Z axis with regard to the centre as shown in Fig. 8a.
The second scenario is to exert displacement loading on the
side (28.28 mm off the centre, using a very small probe) and
obtain the corresponding reaction force on the same point,
which is to test the resulting displacements caused by the
force along the Z axis (located at the centre) and the moment
(rotation) about the Y axis (Fig. 8b). The actual analytical
displacement Zoff (in mm) on the side point can be calcu-
lated below against the associated reaction force Foff (in N):

Zoff = c33×Foff/(EI/L2)×L+ c55

× (Foff× 28.28)/(EI/L)× 28.28(mm) (7)

From the plotted result comparisons in Fig. 8, we can ob-
serve: that the loading scenario 1 has a better match between
the testing and analytical models than the scenarios 2; that

www.mech-sci.net/8/1/2017/ Mech. Sci., 8, 1–9, 2017
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Base 

Motion stage 

Base 

Base 

Actuation

Actuation 

Actuation

(a) 2R1T positioning stage

(b) FEA rotational result by 
one actuation 

(c) FEA translational result by 
three equal actuations 

Base 

Figure 9. A 2R1T positioning stage with actuation isolation.

the scenario 2 shows a linear relation in testing as opposed
to the slightly-nonlinear relation in testing in the scenario 1;
and that the testing displacement is generally larger than an-
alytical one in both scenarios. The deviation between the two
models in Fig. 8 can be from the assumptions of small defor-
mation of flexure elements and of ideal-rigid-body of non-
flexure elements in the linear modelling (Sect. 3).

Contact actuation using linear PZT or VC actuators are
common in high-precision positioning control, therefore, a
new design with actuation isolation (linear actuators are
guided to tolerate transverse motion/load) should be consid-
ered as shown in Fig. 9. Here, three flexure legs are added
to the 2R1T 6-beam motion stage in parallel where each
one consists of an actuated translational joint (parallelogram
mechanism for instance) and a passive (5-DOF) wire beam
with its axis direction perpendicular to the plane of the mo-
tion stage. The wire beam in each added leg can offer the ro-
tational and slight transverse motions to decouple the motion
between the 2R1T mechanism and the actuation.The new de-
sign with actuation isolation is generated based on the fol-
lowing design rule: the addition of any number of 6-DOF
legs to an original n-DOF (parallel) mechanism results in a
parallel mechanism with the same number of DOF and more
legs.

5 Conclusions

Two symmetrical and compact 2R1T (in-plane 3-DOC) flex-
ure mechanisms have been designed in this paper for pro-
moting better performances. The two designs are composed
of 4 and 6 identical wire beams, respectively, which have
lower stiffness in the DOF directions, with smaller stiffness
reduction in DOC directions. Analytical modelling has been
conducted to analyse and compare compliances of the two

flexure mechanisms. A prototype has been fabricated with
testing results compared with the analytical models.

It is noted that other symmetrical and compact in-plane 3-
DOC mechanisms with more beams (even number) can be
designed and modelled using the method in this paper. Fur-
ther nonlinear analysis is to be investigated.
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