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1.1 Schematic of typical leaky integrate and �re neuron found in the
brain. x j are the input signals, each spike has a weight! j and a
delay � j . The signals are joined at the stoma and then the signal
I app is sent to the axon hillock. If the inputs exceed a threshold
the activation function is �red. There is some rest time before
the neuron can �re again. . . . . . . . . . . . . . . . . . . . . . 4

1.2 Schematic showing some of the different ways carriers can scat-
ter between a quantum dot and the wetting layer. B w is the rate
at which carriers fall from the wetting layer into the ES. The car-
riers can then fall to the GS at a rate of B . The carriers that
scatter out of the GS and into ES do so at a rate ofC and the
rate of scattering from the ES to the wetting layer is Cw . The
occupation probabilities of the GS (ng) and ES (ne) and the car-
rier density in the wetting layer ( nw). The subscripts indicate if
the densities relate to electronse or holes h [46]. Carriers can
radiatively recombine from from either the GS or the ES. . . . . 7

1.3 Common bifurcations observed in laser systems. Black dots rep-
resent stable points and white dots represent unstable points.
The top panel shows Type I excitability and the bottom shows
Type II. The dashed lines represent perturbations and the solid
lines are excitable trajectories and the arrows show the direction
of rotation [64]. . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.4 Analytic stability diagram for an optically injected QD laser us-
ing QD rate equations. � is the normalised injection strength
and � is detuning. The saddle-node and Hopf bifurcation points
are denoted by SN and H, respectively. The shaded region cor-
responds to region of steady-state bistability. The dots indicate
where where Hopf and SN bifurcation lines merge to create are
fold-Hopf points. The inset shows a stability diagram for an in-
jected Class A laser [71]. . . . . . . . . . . . . . . . . . . . . . . 14

2.1 Basic setup of an optically injection experiment. A QD laser is
acting as the secondary laser (SL). The primary laser (PL) is a
tunable laser source. A polarisation controller (PC) is used to
maximise coupling. A circulator shines light from the PL into the
SL, the light that is emitted from the SL into the circulator is sent
to a 12 GHz detector connected to an oscilloscope (OSC). . . . 18

2.2 Extracts taken from 20 ms timetraces. (a) shows randomly sep-
arated pulses at -6.4 GHz detuning. (b) shows periodic squares
at -4.8 GHz detuning and (c) shows square dropouts appearing
randomly at -3.4 GHz detuning. The bottom row zooms in on a
square event from the top row. . . . . . . . . . . . . . . . . . . 20
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2.3 Heat map of (a) 2016 pulses and (b) 1818 dropouts plotted on
top of each other. The pulses/dropouts are taken from same
20 ms timetraces as the squares shown in Figure 2.2 (a) and
(c) at -6.4 GHz and -3.4 GHz detuning, respectively. The pulse
widths are extremely regular and approximately 0.4 � s long.
A deterministic trajectory appears to be responsible for these
square events. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.4 Histograms of the interpulse/dropout times taken over 20 ms
with detuning values of -6.4 GHz and -3.4 GHz. (a) shows the
interpulse time distribution of 2016 pulses shown in Figure 2.2.
The exponential shape indicates that these pulses are randomly
separated and induced by noise. (b) shows the distribution for
1818 dropouts. Again, the exponential shape is evidence that the
dropouts are noise-induced random events. The Kramer's escape
times were approximately 6.9 � s and 6.6 � s respectively. The
insets are the persistence plots of 100 pulses/dropouts. . . . . . 21

2.5 Histograms showing (a) the distribution of upper intensity state
lifetimes, (b) the distribution of lower intensity state lifetimes
and (c) a persistence plot of 100 pulses. The histograms corre-
spond to the time traces in Figure 2.2 (b) at detuning of -4.8 GHz.
The narrow distribution shown in (a) and (b) emphasises a de-
terministic cycle is in fact being undertaken. . . . . . . . . . . . 23

2.6 Heat map of periodic square wave train at detuning of -4.8 GHz,
corresponding to the extracts taken from 20 ms timetraces shown
in Figure 2.2 (b). The pulse widths are approximately 0.6 � s
long, with a tight distribution. This is a limit cycle and are not
noise induced square pulses. . . . . . . . . . . . . . . . . . . . . 23

2.7 Cartoon describing the optothermal effect. (a) and (b) show the
optical spectrum of the QD laser. The blue lines represent the
subthreshold modes. The red line represents the lasing frequency
of the QD laser, which remains �xed as the QD laser is phase
locked to the constant TLS! P . The grey dashed line,! S, is the
longitudinal mode that would lase in this single mode laser, in
the absence of optical injection. Detuning is de�ned as ! P � ! S.
The bottom panels show timestraces of the square wave train.
The circles indicate what part of the cycle the top panel is de-
scribing. As shown in (c) the system has just began emitting
from the lower intensity section. This increases the temperature,
decreasing the frequency of the longitudinal modes and! S, as
indicated by the arrows. Over the duration of the lower intensity
section the detuning has increased from -4 Ghz to -2 Ghz. . . . 24
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2.8 Cartoon describing the optothermal effect. (a) and (b) show
the optical spectrum of the QD laser. The blue lines represent
the subthreshold modes. The red line represents the lasing fre-
quency of the QD laser, which remains �xed as the QD laser is
phase locked to the constant TLS! P . The grey dashed line ,
! S, is the longitudinal mode that would lase in this single mode
laser, in the absence of optical injection. Detuning is de�ned as
! P � ! S. The bottom panels show timestraces of the square wave
train. The circles indicate what part of the cycle the top panel is
describing. As shown in (c) the system has just began emitting
from the upper intensity section. This allows the temperature of
the device to decrease. As indicated by the arrows, this increases
the frequency of the longitudinal modes and ! S. Over the du-
ration of the upper intensity section the detuning has decreased
from -2 GHz to -4 GHz. . . . . . . . . . . . . . . . . . . . . . . . 26

2.9 Experimental setup of an optically injected laser, where the sec-
ondary laser (SL) is a QD laser. The primary laser (PL) is a tun-
able laser source (TLS). A polarisation controller (PC) is used to
maximise coupling. A circulator shines light from the PL into
the SL, the light that is emitted from the SL into the circulator is
then sent into a 50/50 spliter. 50 % of light is sent directly to to a
12 GHz detector connected to an oscilloscope (OSC). The other
50% is sent to a 90/10 coupler, where it is mixed with light from
a second TLS. A polarixation controlled is used to maximise the
amplitude of the beat signal. 90% of the beat signal is sent to a
12 GHz detector connected to an oscilloscope and the remaining
10% is sent to an optical spectrum analyser (OSA). . . . . . . . 27

2.10 Cartoon describing the measurement of the optothermal effect,
similar to Figure 2.7. (a) and (b) show the optical spectrum of
the QD laser. The blue lines represent the subthreshold modes.
The red line represents the lasing frequency of the QD laser,
which remains �xed at ! P as the QD laser is phase locked to the
constant TLS. The grey dashed line,! S, is the longitudinal mode
that would lase in this single mode laser, in the absence of opti-
cal injection. The green line labelled ! T LS is a second TLS and
is used as a probe laser. When a subthreshold longitudinal mode
happened to receive more gain during the low intensity section
of the square wave train, as shown in (a), a beating tone is ob-
served showing the frequency difference between the sweeping
longitudinal mode and ! T LS . It changes from -12 GHz to -10 GHz
over the duration of the lower intensity section as indicated by
the timestraces in (c) and (d). The circles indicate what part of
the cycle the top panel is describing. . . . . . . . . . . . . . . . 28
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2.11 (a) The resulting intensity after a square wave train is mixed
with and a second TLS (with frequency of approximately 12 GHz
from the side mode). The longitudinal mode did not have suf�-
cient power in the upper intensity section to create a beat signal.
In the lower intensity section there was enough power from the
longitudinal mode to create a beat tone that could be detected.
The power of the longitudinal mode decreased over the duration
of the lower intensity section and thus the amplitude of the beat
tone can also be seen to decrease. (b) 10 ns widows were taken
and the FFT was calculated for each window. The resulting fre-
quencies are plotted in a heat map. The frequency recorded is
the frequency of the second TLS minus that of the subthreshold
longitudinal mode under investigation. These values are arbi-
trarily set but it's important to note that the QD laser undergoes
a 2 GHz sweep due to an optothermal effect. . . . . . . . . . . . 29

2.12 The basic setup shown in Figure 2.1 is repeated but more com-
ponents are added before detection. Experimental setup of an
optically injected QD laser acting as the secondary laser (SL).
Light from the primary laser (PL) which is a tunable laser source
(TLS) is split. 10% is sent into one arm of a 3� 3 coupler for
an interferometric phase measurement technique. 90% is sent to
a circulator and is then injected into a QD laser. A polarisation
controller (PC) is used to maximise coupling. The light emitted
from the SL into the circulator is sent to another arm of the 3� 3
coupler. The third arm is left empty. Polarisation controllers are
used to maximise the interference of the 3� 3 coupler input sig-
nals. All 3 outputs of the 3� 3 coupler are connected to 12 GHz
detectors connected to an oscilloscope (OSC). . . . . . . . . . . 30

2.13 (a) Timetrace of a noise induced excitable pulse at approximately
[Pleaseinsertintopreamble]6.6 GHz detuning. (b) The phase as-
sociated with the timetrace from (a). The phase undergoes a
change of 2.4 rad at the onset of a square pulse and over the
duration of the pulse the phase undergoes a slow change of ap-
proximately 1.4 rad before jumping back to the lower intensity
section. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.14 Phasor diagram for the secondary laser �eld, corresponding to
the pulse seen in Figure 2.13. The long streched out part corre-
sponds to the square pulse and the more concentrated section in
the lower intensity section. . . . . . . . . . . . . . . . . . . . . 31

2.15 (a) Intensity trace of periodic square wave train. (b) The phase
corresponding to (a). During the upper intensity section the
phase undergoes a slow 1 rad change. During the lower intensity
section there is a slow 0.4 rad change of phase. . . . . . . . . . 32
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2.16 The basic setup shown in Figure 2.1 is repeated but a LiNbO3
phase modulator (MOD) is introduced after the primary laser
(PL). The PL is a tunable laser source (TLS). The modulator is
driven by a pulse generator. This modulates the light being in-
jected into the QD secondary laser (SL). A polarisation controller
(PC) is used to maximise coupling. A circulator shines light from
the PL into the SL, the light that is emitted from the SL into the
circulator is sent to a 12 GHz detector connected to an oscillo-
scope (OSC). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.17 (a) and (b) show the output from the secondary laser. (c) and (d)
show the electric pulses of different amplitudes that were sent to
the phase modulator in order to perturb the injected light. (a) is
a successfully triggered optical square pulse and was triggered by
the electrical pulse (c) with an amplitude of 3.82 V. The smaller
perturbation (d) with an amplitude of 1.67 V, fails to excite a
square pulse as shown in (b). . . . . . . . . . . . . . . . . . . . 34

2.18 Ef�ciency curve for deterministically triggered square pulses. There
is a threshold at approximately 2.3 V. If the strength of the per-
turbation is greater that this than there is a 50 % probability that
a pulse would be �red. . . . . . . . . . . . . . . . . . . . . . . . 34

2.19 Numerical pulse/dropout trains. (a) shows the intensity at a
detuning of � 0:955; (b) shows the intensity at a detuning of
� 0:9225; and (c) shows the intensity at a detuning of � 0:89, K
is 0:7056. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.20 Zoomed in traces of the pulse/dropout trains shown in Figure
2.19. (a) shows the intensity at a detuning of � 0:955; (b) shows
the intensity at a detuning of � 0:9225; and (c) shows the inten-
sity at a detuning of � 0:89, K is 0.7056. . . . . . . . . . . . . . 37

2.21 The distribution of the interpulse times is shown in (a) and the
inset is a persistence plot of 100 consecutive pulses plotted on
top of each other illustrating the regular pulse width. (b) shows
the distribution for the square dropouts with a persistence plot
inset. The control parameters match those in Figure 2.19. . . . 38

2.22 (a) shows the distributions of the duration of the high intensity
plateaus. Similarly (b) shows the distributions of the low inten-
sity lifetimes. The narrow distributions indicate a consistent and
reproducible square wave train. (c) is a persistence plot of 100
consecutive pulses plotted on top of each other illustrating the
regular pulse width. . . . . . . . . . . . . . . . . . . . . . . . . 38

2.23 Bifurcation diagram using the Class A model. The blue curve
shows the saddle node structure of the bare system (no optother-
mal coupling, c = 0). The solid lines represent stable solutions
and the dotted lines represent unstable solutions. There is a clear
bistability. The red curve shows the trajectory of Figure 2.24 (b)
obtained at at � = � 0:9540124775with a �nite optothermal cou-
pling, c = 0:1 and 
 = 5 � 10� 6 . For both casesK = 0:7104: . . 39
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2.24 Bifurcation diagram showing the new Hopf bifurcation created
by the optothermal coupling. The Hopf point � H = � 0:95401276
is shown with a blue dot. Examples of small and large amplitude
cycles at � = � 0:95401248and � = � 0:9540124775are shown
in insets (a) and (b), where their amplitudes are approximately
0:004and 0:86respectively. Zero corresponds to constant output.
Inset (c) zooms in on the canard explosion and the associated
region of small amplitude oscillations. K = 0:7104throughout. 40

2.25 Two examples of perturbed trajectories. In the black dashed trace
a perturbation of �� = 0:0011was applied at t = 1000 yielding
a short trajectory back to the steady state behaviour. In the red
trace a perturbation of �� = 0:0012was applied yielding an ex-
citable trajectory. K = 0:7104, � = � 0:9541. The inset zooms in
on the perturbation. . . . . . . . . . . . . . . . . . . . . . . . . 41

2.26 (a) Noise induced excitable squares pulses found forK = 0:04,
� = � 0:029525, D = 0:01, 
 = 5 � 10� 6 and � = 2 � 10� 3. (b)
shows the associated phasor trajectory. . . . . . . . . . . . . . . 43

2.27 Near the subcritical Hopf bifurcation point a bistability is creating
and the two solutions are shown above. The solution the system
evolves into depends on the initial conditions. Initial conditions
for the constant trace areR = 0:735, � = 1:560, n = 2:06and ! =
0:016. For the square trace the initial conditions are R = 1:08,
� = 0:667, n = 0:795and ! = 0:028. The operating parameters
are the same for both. K = 0:04, � = � 0:02929, � = 2 � 10� 3,

 = 5 � 10� 6 and D = 0. . . . . . . . . . . . . . . . . . . . . . . 44

2.28 Bifurcation diagram using the QD model. The blue curve shows
the saddle node structure of the bare system (no optothermal
coupling, c = 0). The solid lines represent stable solutions and
the dotted lines represent unstable solutions. There is a clear
bistability. The red curve shows the trajectory shown in Figure
2.29 (b) for � = � 0:02931155with �nite optothermal coupling,
c = 0:03 and 
 = 5 � 10� 6. For both casesK = 0:04, D = 0 and
� = 2 � 10� 3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

2.29 Bifurcation diagram for the supercritical Hopf case showing the
amplitude of the cycle versus the detuning. (Thus, zero corre-
sponds to constant output.) Small amplitude oscillations are ob-
tained just after the Hopf point (blue dot) � H = � 0:0293118. A
canard explosion then leads to the creation of a large amplitude
cycle. The insets show two characteristic examples of the output.
K = 0:04, D = 0, � = 0:03, c = 0:03and 
 = 5 � 10� 6 throughout.
The insets show� = � 0:0293116and � = � 0:02931155for the
small amplitude and large amplitude cycles with amplitudes of
0:01 and 0:43 respectively. . . . . . . . . . . . . . . . . . . . . . 45

2.30 Noise induced square pulses for the supercritical Hopf case.K = 0:04,
� = � 0:0304, 
 = 5 � 10� 6, � = 0:03, D = 0:01. . . . . . . . . . . . . . . 46
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3.1 Basic optical injection set up. Light from a primary laser (PL),
typically a tunable laser source, is injected into a circulator and
then into the cavity of the secondary laser (SL), the QD laser. A
polarisation controller (PC) maximises coupling. A �lter is used
to separate the ground state (GS) and excited state (ES), so each
state can be monitored independently by detectors connected to
an oscilloscope. . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.2 (a) the LI curve of a two colour device used in [132] that demon-
strates the typical features observed in most devices discussed
here. (b) shows the emission spectra of the device and corre-
spond to 3 distinctive lasing regions: (i) There is the GS thresh-
old beyond which only GS light is emitted. (ii) At the ES thresh-
old, both the ES and GS last simultaneously. (iii) At higher pump
currents the GS is quenched and only the ES lases. Reprinted
with permission from [132] © The Optical Society. . . . . . . . 51

3.3 (a) the ES and (b) GS spectra before and after optical injection
into the GS. Initially the device is pumped so as to emit from
the ES only and all the GS modes are subthreshold (black). In-
jecting close to a GS mode the ES turns off and the GS turns on
(red). Figures reprinted with permission from [132] © The Op-
tical Society.(c) shows three line width measurements. The blue
shows the line width of the GS when the laser is pumped to emit
from GS only. The black shows the very narrow linewidth of the
primary laser, the TLS. The red shows the linewidth of the QD
laser after injection. Phase locking is veri�ed as the QD laser has
adopted a similar line width to the primary laser. Reprinted with
permission from [46] © The Optical Society. . . . . . . . . . . . 51

3.4 Hysteresis cycle analyses using Equations 6.1-3.5. The QD laser
is biased to emit from the ES when free-running. The panels
show the effect of changing � . (a) � = 3, (b) � = 2:5, and (c)
� = 1. For � > 2 the experimentally observed bistabilty is re-
produced. Reprinted with permission from [132] © The Optical
Society. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.5 Experimental optical switching between a bistability. A Mach
Zehnder Modulator is connected to a pulse generator that pro-
duces square pulses, the insets in (b) and (c) show the electrical
signals. During a short square pulse GS light injects into the
QD laser that is free running in the ES. The ES quickly turns off
and the GS quickly turns on until the Mach Zehnder Modulator
switches off the injected light again. Reprinted with permission
from [132] © The Optical Society. . . . . . . . . . . . . . . . . 55
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3.6 (a) Experimental and (b) numerical periodic pulse trains of GS
dropouts accompanied by sharped ES pulses. The small ringing
oscillations at the minima of each GS dropout correspond to os-
cillations around a saddle focus. By experimentally varying the
detuning the frequency of the train can be tuned between 0.3
and 1.3 GHz. In the bottom panel time is in units of photon
lifetime. Figures reprinted with permission from [136] © The
Optical Society. . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.7 Bifurcation diagram of the GS (red) and ES (blue) intensities
vs detuning using the rate equations from [136]. Continuous
(dashed) lines correspond to stable (unstable) branches.LP de-
notes a homoclinic bifurcation point. Other models [134, 137]
also produce a homoclinic bifurcation point at the negative de-
tuning boundary. Reprinted with permission from [136] © The
Optical Society. Note that the sign of the detuning in this �gure
is the opposite of that used in the rate equations presented in this
Chapter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.8 Left panel: Periodic switching between a quiet state and a burst-
ing state. During the quiet state the GS is the dominant frequency
and during the bursting state the ES is dominant. Right Panel: A
zoom of an individual bursting state. The intensity of both states
oscillate in antiphase, the amplitude and the frequency of the os-
cillations continuously grow until there is a state switch back to
the quiet state. An optothermal effect is responsible for an intrin-
sic detuning sweep and slow passage through bifurcation points.
Figures reprinted from [78]. . . . . . . . . . . . . . . . . . . . . 60

3.9 Bifurcation diagrams showing the intensity of the GS vs detun-
ing. Stable and unstable branches are shown by full and dotted
lines, respectively. An optothermal effect is included and the
black bursting cycle is reproduced. The points LP1 and H mark a
limit point of steady states and a Hopf bifurcation point, respec-
tively. Right: A branch of periodic solutions represented by the
maximum intensity is emerging from H and snakes with various
stability changes until it reaches the unstable steady state branch
at a homoclinic bifurcation point (HOM). The �gure shows that
the bursting oscillations follow a stable branch of periodic solu-
tions until it reaches a limit-point of limit-cycles (LP2). Reprinted
�gure from [78]. Note that the sign of the detuning in this �gure
is the opposite to that used in the rate equations presented in this
Chapter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
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3.10 Maps comparing a single-colour laser (a) and a two-state laser
(b) under optical injection using the microscopic model. There
are regions of chaos near the unlocking boundaries of the single-
colour laser map. However there is no chaos or even multi-
frequency dynamics observed in the map for the two-state laser.
Reprinted with permission from [139], S. Meinecke, B. Lingnau
and K. Lüdge, in Physics and Simulation of Optoelectronic De-
vices XXV, Vol. 10098, International Society for Optics and Pho-
tonics (SPIE, 2017). . . . . . . . . . . . . . . . . . . . . . . . . 62

4.1 Schematic representing the experimental set up. A unidirectional
injection experiment similar to the one shown in Figure 2.12 is
setup, where the secondary laser (SL) is a QD laser and the pri-
mary laser (PL) is a tunable laser source (TLS). The main differ-
ence is that a �lter is added to separate the GS emission from
the ES emission. Light from the (PL) is is sent to a circulator and
is then injected into a QD laser. A polarisation controller (PC)
is used to maximise coupling. The light emitted from the SL is
sent into the circulator and then to a �lter where the ES and GS
light are separated. The ES light is sent directly to a 12 GHz de-
tector. The GS light goes into a 90/10 splitter, 10% is sent to a
power meter (PM) and the remain goes to a detector connected
to an oscilloscope. The red lines represent light at approximately
1300 nm close to the GS emission, the blue is ES only and the
purple is both GS and ES. The black are high speed electrical
cables. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4.2 Experimental stability map. The top panels show results when
the injection strength, K , is swept from low to high. The bottom
panels show the results when injection strength is swept from
high to low. The average ES and GS intensities are calculated for
20 � s long measurements. The phase locked region is identi�ed
as the bright yellow/cyan area in (a) and (c), where the GS has
high output intensity. This corresponds to a quenched ES, shown
as dark blue in (b) and (e). The ES variance is shown in (c) and
(f), green is where oscillatory behaviour is observed and dark
blue corresponds to constant output. The speckled area on the
positively detuned boundary of (a) and (c) is related to very slow
oscillations. A more detailed stability map of this boundary is
shown in Figure 4.7. . . . . . . . . . . . . . . . . . . . . . . . . 69
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4.3 Qualitative behaviours observed for various injection strengths
during an upsweep, the detuning remains �xed at -6.9 GHz. The
lower panels zoom into the dynamics shown in the correspond-
ing upper panels. The title on top of the subplots show the in-
jection strength value. The colour of the font corresponds to the
colour of dots in Figure 4.4. The dots mark the location on the
map where the timetraces were recorded. (a) shows a periodic
cycle where the GS and ES intensities oscillate in antiphase, with
a period in the order of a nanosecond. (b) there is a quiet state
between long periods of oscillations. (c) a periodic square wave
emerges with large amplitude oscillations at the start and end of
bursting state. (d) oscillations at the beginning of the bursting
state become damped, but growing amplitude oscillations still
appear before there is a switch back to the quiet state. (e) all
fast oscillations are strongly damped and a square wave train is
observed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.4 The same experimental stability maps of average GS and ES in-
tensities, and ES variance, previously shown in Figure 4.2. Here
markings have been added to make our discussion easier. The
injection strength is swept up in (a)-(c) and down in (d)-(f). The
coloured dots correspond to the timetraces in Figure 4.3. For a
more obvious identi�cation of a hysteresis the boundary of os-
cillating dynamics observed in the downsweep is plotted on top
of the upsweep data as a red line. Similarly the boundary of os-
cillating dynamics seen in the upsweep is plotted as a white line
ontop of the down sweep map. Hysteresis is evident in (f) where
the region of oscillating dynamics extends beyond the white line,
which marks the boundary observed (c). . . . . . . . . . . . . 72

4.5 Timetraces from an upsweep in the region of hysteresis at -8.2 GHz
detuning. The corresponding downsweep timetraces are shown
in Figure 4.6. Initially the QD laser is unlocked and as injection
strength is increased the intensity of the regenerated GS slowly
increases and the ES intensity decreases. Small oscillations are
visible in the GS intensity at K =0.645 before a sudden change in
behaviour. When K > 0:651short quiet regions appear between
long bursting states. AsK is increased the length of time spent
in the bursting state decreases. . . . . . . . . . . . . . . . . . . 73
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4.6 Timetraces from a downsweep in the region of hysteresis at -
8.2 GHz detuning. These sub�gures correspond to the sameK
levels in Figure 4.5 but the direction of the injection strength
sweep starts at (l) and then moves in reverse. In the bottom
row the duration of the quiet and bursting states is very similar
to that of Figure 4.5. But as K is decreased below 0.645 the
QD laser continues to operate in an oscillatory regime, whereas
in Figure 4.5 continuous dual state emission is observed. The
time between quiet states becomes larger asK is decreased. The
top line then zooms in on the traces to show the fast oscillations
that become the dominant behaviour. When K = 0:611no quiet
state is detected over the course of a 20� s time window on the
oscilloscope. When injection strength is decreased below 0.605
the QD laser suddenly moves to a dual state continuous emission
regime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.7 Experimental maps of the positively detuned side of the unlock-
ing boundary. The top row shows an upsweep and the bottom
shows a downsweep. The timetraces used to build this map were
1 second long. Three regions are visible in (a) and (b). The large
yellow region with high GS intensity extending all the way from
the negatively detunded unlocking boundary is a phase locked
region. The blue region extending from the right is the unlocked
region with low GS intensity and dual state emission. The nar-
row green region in the middle is where there are slow oscilla-
tions between the high and low GS intensity solutions and thus
the average intensity lies somewhere in the middle. (b) and (e)
show a completely quenched ES with dark blue when the laser
is phase locked. The region of slow oscillations is represented by
the slightly lighter shade of dark blue. For positive detuning val-
ues dual state emission is clear. The variance shows the region
where slow oscillations occur more clearly, (c) and (f). There is
a small hysteresis cycle of one to two pixels at both sides. The
white line marks corresponds to the timetraces shown in Figure
4.8. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.8 Slow oscillations observed during an upsweep at -0.6 GHz, near
the positively detuned side of the unlocking boundary. The sweep
is marked by a white line in Figure 4.7. Comparing (a) and (l),
there are two very different GS amplitudes at either side of the
region of oscillations. The slow oscillations are between these
two underlying intensities, suggesting there is a bistability. . . . 77
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4.9 Experimental maps of the positively detuned side of the unlock-
ing boundary. The top row shows an upsweep and the bottom
shows a downsweep. (a) and (d) show the average period of the
GS oscillations, and are always approximately 40 ms. (b) and (e)
show the average lifetime of the higher intensity GS state which
is longer lived closer close to the centre locking region. (c) and
(f) show the average lifetime in the lower intensity GS section
and it is longer lived at the more positively detuned boundary. . 78

4.10 Experimental maps of the positively detuned side of the unlock-
ing boundary. The top row displays the results from an upsweep
and the bottom displays results from a downsweep. These maps
show the variance of the data used to calculate the averages in
Figure 4.9. (a) and (d) show the variance of the period of the GS
oscillations, the variance is greatest at the boundary suggesting
noise may have more of an in�uence there. (b) and (e) show the
variance of the time spent in the higher intensity GS state. It is
largest at the negative side of the slow oscillation region. This
corresponds to a low variance for time spent in the lower GS in-
tensity region, (c) and (f). The opposite is true at the positively
detuned side of the slow oscillation region. Here there is a large
variance in the time spent in the low intensity section but low
variance in the time spent in the higher intensity section. . . . 79

4.11 Stability maps in the absence of any optothermal effects. The up-
per panel shows the results for the upsweep and the lower panel
shows the corresponding downsweep. Bistabilty 1, the bistability
between the phase-locked output and the regenerated two state
output can be seen by comparing the top left corners of (a) and
(c) at high injection strengths near K = 5. Bistability 2, the
bistability between the phase-locked output and the oscillating
two state output is clear when looking at the top left corners of
the variance plots, (c) and (f). Bistability 3, the bistability with
lowest injection strength between phase-locked/pulsing regime
and regenerated two state output can be seen in (c) and (f). . . 82

4.12 Simulated stability map with one optothermal effect. The top
panel shows the results from an upsweep and the lower panel
shows the corresponding downsweep. (a) and (d) are the av-
erage GS intensity and (b) and (e) are the average ES intensity.
The region of high ES variance, (c) and (f), is much larger than
in Figure 4.11 as Bistability 1 is broken and is replaced with a
square wave regime.
 1 = 40 � s� 1, c1 = 3 ns� 1. . . . . . . . . . 83
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4.13 1D bifurcation diagrams showing the bistabilities. The many
diagonal lines are brought about by the bursting phenonema,
where the amplitude is growing even though the input parame-
ter for detuning remains �xed. (a) only one optothermal effect
is included. A bistability is created on the positive unlocking
boundary. At the negative unlocking boundary, there is a large
cycle between the remnants of a bistability, with some of the
bistability remaining in tact. (b) both optothermal effects are in-
cluded. Figure 4.15 shows the evolution of the time traces during
a sweep. The bistability at the positive boundary is now a limit
cycle. In both casesK = 4:5. . . . . . . . . . . . . . . . . . . . 84

4.14 Simulated map with two optothermal effects. Top panel shows
the results from the upsweep and the lower panel shows the cor-
responding the downsweep. c1 is different because the second
optothermal effect counteracts the �rst one. In order to get the
same overall shapec1 must change. 
 1 = 40 � s� 1, c1 = 4:5 ns� 1,

 2 = 4 � s� 1, c2 = 0:7 ns� 1 . . . . . . . . . . . . . . . . . . . . . 85

4.15 Time series progression for Figure 4.13 (b). There is an increased
number of bursting oscillations when going from positive to neg-
ative detuning. 
 1 = 40 � s� 1, c1 = 4:5 ns� 1, 
 2 = 4 � s� 1,
c2 = 0:7 ns� 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.16 Simulated maps showing the number of maxima in log scale
when no optothermal effect is included, (a) and (d), when the
non-radiative optothermal effect is included, (b) and (e), and
when both the non-radiative and light reabsorption optothermal
effects are included (c) and (f). The top panel shows the results
from the upsweep and the lower panel shows the corresponding
downsweep. Chaos is not present for any case. . . . . . . . . . 86

5.1 Setup for unidirectional optical injection experiment where the
secondary laser (SL) is a QD laser and the primary laser (PL) is
a tunable laser source (TLS). Light from the (PL) is split; 10% is
sent into one arm of a 3� 3 coupler for an interferometric phase
measurement technique. 90% is sent to a circulator and is then
injected into a QD laser. A polarisation controller (PC) is used to
maximise coupling. The light emitted from the SL is sent into the
circulator and then to a �lter where the ES and GS are separated.
The GS light goes into another arm of the 3� 3 coupler and the
ES light is sent directly to a 12 GHz detector. The third arm of
the 3� 3 coupler is left empty. Polarisation controllers are used to
maximise the interference of the 3� 3 coupler input signals. All
3 outputs of the 3� 3 coupler are connected to 12 GHz detectors
and each detector is connected to the oscilloscope (OSC). The
red lines represent light at approximately 1300 nm close to the
GS emission, the blue lines represent ES only and the purple is
both GS and ES. The black are high speed electrical cables. . . . 90
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5.2 Timetrace of dual state excitability. (a) shows the 300 ps GS drop
out, (b) shows the 80 ps ES pulse and (c) is the phase of the GS. 91

5.3 Phasor diagram showing the real and imaginary parts of the elec-
tric �eld. The steady state is at approximately (0.6,0). When
noise triggers a pulse it results in a bounded trajectory that does
not go around the origin. The spiral close to the origin suggests
the presence of a saddle focus. . . . . . . . . . . . . . . . . . . 92

5.4 A 3 dimensional �gure showing the phase and the GS and ES in-
tensities. When the ES turns on it pulls the phase away from the
origin, stopping a 2� rotation. The saddle focus has 2 oscillations
as in Figure 5.3 but it is not visible from this reference angle. . 92

5.5 Numerical bifurcation diagram. (a) shows the GS (red) and ES
(blue) intensities vs ". (b) shows the phase of the GS vs", the
injection strength. Continuous (dashed) lines correspond to sta-
ble (unstable) branches. LP and H denote limit points and
Hopf bifurcation points, respectively. BP denotes an unstable
bifurcation point. LP 1 denotes a SNIC bifurcation and arises at
" = 4:4373. The �xed parameters are: � = 0:01; � = 0 ; � = 3;
� = 2:4; gg

0 = ge
0 = 0:55; J = 56; Be;h = B w

e;h = 100; Cw
e = 0;

Cw
h = 102; Ce = Be exp(� 2); Ch = Bh. I g is normalised by its

value (I g = 223:83) at " = 8: . . . . . . . . . . . . . . . . . . . . 95
5.6 Numerically obtained noise induced excitable events (D = 0:5).

(a) shows the GS (red) and ES (blue) intensities. (b) shows the
corresponding phase evolution. The parameters are the same
as in Figure 5.8, where the vertical line indicates the point of
operation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

5.7 Simulated 3D plots. (a) has a low noise level (D = 0:5) and
consequently displays many rotations in the spiral. (b) has a
more realistic noise level (D = 1) and is in close agreement with
the experimental results in Figure 5.4. . . . . . . . . . . . . . . 96

5.8 Zoom of Figure 5.5 (b). Where LP1 denotes the limit point which
is a SNIC bifurcation. The blue dot labelled SF represents the
saddle focus. The green dotted line marks the operating injec-
tion strength where the noise induced events in Figure5.6 and
Figure5.7 are found. The dashed lines are unstable branches
and the solid lines are stable. The same operating parameters
described in Figure 5.6 are used here. . . . . . . . . . . . . . . 97

6.1 Spectra of the ES (a) and (c) and the GS (b) and (d) before and
after optical injection. While Free running at 75 mA the strongest
ES mode is 42.5 dB greater than the strongest GS mode which
is visible due to ampli�ed spontaneous emission. After optically
injecting into a GS mode the ES is quenched and the GS mode
increased by 52.6 dB. . . . . . . . . . . . . . . . . . . . . . . . . 101
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6.2 A unidirectional optical injection experiment similar to the one
shown in Figure 5.1 is set up, where the secondary laser (SL) is
a QD laser and the primary laser (PL) is a tunable laser source
(TLS). The main difference is a LiNbO3 phase modulator (MOD)
driven by a pulse generator (PG) is introduced between the PL
and SL, which perturbs the injected light. After modulation, light
from the (PL) is split; 10 % is sent into one arm of a 3� 3 cou-
pler for an interferometric phase measurement technique. 90%
is sent to a circulator and is then injected into a QD laser. A
polarisation controller (PC) is used to maximise coupling. The
light emitted from the SL is sent into the circulator and is then
to a �lter where the ES and GS are separated. The GS light goes
into another arm of the 3 � 3 coupler and the ES light is sent di-
rectly to a 12 GHz detector. The third arm of the 3� 3 coupler
is left empty. Polarisation controllers are used to maximise the
interference of the 3� 3 coupler input signals. All 3 outputs of
the 3� 3 coupler are connected to 12 GHz detectors and each
detector is connected to the oscilloscope (OSC). The red lines
represent light at approximately 1300 nm close to the GS emis-
sion, the blue is ES only and the purple is both GS and ES. The
black are high speed electrical cables. . . . . . . . . . . . . . . . 103

6.3 (a) Experimental ef�ciency curves for anticlockwise and clock-
wise perturbations. The thresholds, de�ned at 50% ef�ciency,
are at approximately 2 rad and -3.5 rad respectively. (b) The cor-
responding theoretical ef�ciency curves with thresholds at 0.975 rad
for anticlockwise perturbations and at -1.7 rad for clockwise,
where � = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6.4 The response of the secondary laser to phase perturbations. (a)
and (b) are for anticlockwise perturbations of 1 and 4.2 rad. (c)
and (d) are for clockwise perturbations of -3 and -4.2 rad. The
left panels show unsuccessful perturbations and the right show
successfully triggered excitations. . . . . . . . . . . . . . . . . . 104

6.5 Heatmap showing delay times; the time a pulse is �red after the
system has been perturbed. The left panel is for clockwise and
the right is for anticlocwise. The ef�ciency curves are also plot-
ted. The delay time is largest when the ef�ciency is below 100%. 106

6.6 Numerically generated sample responses to an above threshold
(a) anticlockwise perturbation where d = 1:7 and (b) clockwise
perturbation where d = � 2. The longer response time for clock-
wise perturbations is partially due to the positive and non-zero
� . The �xed parameters are � = 0:01, � = 0 , � = 3, � = 1:5,
gg

0 = ge
0 = 0:55, J = 5, Be;h = B w

e;h = 100, Cw
e = 0, Cw

h = 100,
Ce = Bee� 2,Ch = Bh, " = 0:327. . . . . . . . . . . . . . . . . . . 108
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6.7 (a) Intensity traces from a QD laser. (b) A zoom in on the inten-
sities where the QD laser is emitting pulses after clockwise and
anticlockwise perturbations were applied. (c) The phase of the
TLS with respect to CW QD laser and the phase of the QD laser
light with respect to CW TLS light. The phase perturbation am-
plitude can be measured, 5.7 rad. (d) To see what the QD laser is
doing with respect to the TLS while it is perturbed, the two must
be aligned and subtracted. . . . . . . . . . . . . . . . . . . . . . 110

6.8 (a) intensity timetraces of the GS and ES after successful clock-
wise and anticlockwise perturbation. (b) the phase measurement
is shown in a rainbow plot. The colour of the line changes in
time for easy comparison to the phasor plot (d). (c) shows the
phase of the TLS, the perturbation is 5.7 rad. (d) the phasor dia-
gram showing the phase of the QD laser. Initially there is a large
kick brought about by the clockwise perturbation. The trajectory
turns around and completes a bounded rotation. After the an-
ticlockwise perturbation the initial trajectory is not present, but
the bounded trajectory is the same. (e) shows the phasor dia-
gram corresponding to the TLS perturbation in (c).1 . . . . . . 112

6.9 (a) intensity timetraces of the GS and ES after successful clock-
wise and anticlockwise perturbation. (b) the phase measurement
is shown in a rainbow plot. The colour of the line changes in time
for comparison to the phasor plot (d). (c) shows the phase of the
TLS, the perturbation is 3.5 rad. (d) the phasor diagram showing
the phase of the QD laser. The clockwise perturbation is not as
large as it was in Figure 6.8 so the initial trajectory is not as far.
The trajectory still turns around and completes a bounded rota-
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Abstract

Abstract

The spikes and pulses observed in biological neurons have similar

characteristics to the excitable pulses seen in optically injected lasers. This

thesis investigates the feasibility of optically injected dual state quantum dot

lasers as arti�cial photonic neurons. Photonic waveguides are not as sensitive

to centimetre long transmission lines as electronic circuits. This could be

particularly advantageous for neural networks where one element, a neuron,

must receive signals from many different other neurons. Having many lasers

on a chip will inevitably lead to long spacings between neurons. With

integrated photonic circuits, shorter pulses can be sent between distant

neurons without having to worry about adverse RC dynamics. Therefore

photonics offers a solution to the fan in and fan out bottleneck hindering the

development of ef�cient hardware that can support an arti�cial neural

network.

Quantum dot lasers are some of the most stable semiconductor lasers in

optical injection con�gurations due to their highly damped relaxation

oscillations. This stability introduces a bistability between two phase locked

states. However, we show that this bistabilty is broken by an optothermal

effect and is replaced by a deterministic cycle between the remnants of the two

states. Excitable trajectories around this cycle can be triggered by noise and

deterministically through phase perturbations.

Quantum dot lasers can lase from multiple energy states. The lower energy

state, the ground state (GS), is achieved through low pump currents and the

excited state (ES) is reached through higher pump currents. This dual state or

two colour laser produces many unique dynamics, particularly when biased to

emit from the ES and then optically injected near the GS, so as to turn off the

ES and turn on the GS. A locking map is recorded for different injection

strengths and injection frequencies. A hysteresis cycle is found along with

optothermally induced squares waves trains on the negatively detuned

boundary. On the positively detuned boundary a second optothermal effect

caused by the heating of the laser facet introduces a different square wave

train, with a period of a tens of milliseconds.

Excitable GS dropouts with accompanying ES pulses are also observed close to

the negative unlocking boundary. These events are shown to be noise induced

or can be deterministically triggered. The events can display a true all or none
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Abstract

response, analogous to a leaky integrate and �re neuron. The dual state nature

of the quantum dot laser introduces two excitable thresholds, one for each

direction of phase perturbation around the phasor diagram. The thresholds,

delay times and refractory periods of these pulses are investigated for each

perturbation direction. An excitable interval is uncovered and an integrate and

inhibit mechanism is observed. Not only this but an integrate and �re

mechanism is also found. A prototypical photonic neuron is realised and is

used in a rudimental image edge detection technique.
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Chapter 1

Introduction

1.1 Photonic computing

1.1.1 Photonic computing and non-linear dynamics

Photonics has been central to telecommunication over the last few decades but

electronics has dominated computation. All-optical devices with ultra fast

response times are necessary for the realisation of optical networks with

transmission capacity exceeding a Tb/s. Applications in sensing and increased

complexity of scienti�c and mathematical problems require faster processing

speeds to warrant all optical processors, with their attractive bandwidth and

noise performance [1]. Thanks to the recent advances in Photonic Integrated

Circuits (PICs), researchers now have a toolbox with many functionalities to

help create a compact computation unit. Understanding the non-linear

dynamics of an optical element is vital if one is to integrate it with other

elements. In fact there have been many instances where the observation of

non-linear dynamics has been the inspiration for photonic computation

elements, such as bistable dynamics which have been utilised to create all

optical switches and �ip �ops [2]. More recently a form of non-linear

dynamics known as excitability has gained attention because of the similarities

between excitable pulses and the activation functions used in neural networks

for arti�cial intelligence [3]. For neural networks to work as an effective

computation tool they require hardware that can support many long

interconnections between neurons. This requirement is where photonic

circuits can excel over their electronic counterparts. PICs can send short pulses

through centimetre long waveguides on chip with minimal distortion to the

1



1. INTRODUCTION 1.1 Photonic computing

signal, however, high speed electronics can be hampered by the inductance

and skin effect of such long transmission lines [4]. Therefore optical

computing is necessary for both logic based and neuromorphic computing.

1.1.2 Computing architectures

Von Neumann is currently the most common architecture and is used in logic

based central processing units (CPUs) in all computers and smartphones. It

works sequentially, where one process is done after another and memory is

stored and called from elsewhere. However, a neural network is structured as

the name suggests, where there is a broad network of many neurons

connected to each other. Neurons operate in parallel and the interconnections

combine memory elements with processing elements [3]. Each architecture

has its own strengths: von Neumann is useful in performing calculations,

whereas neural networks are better for tasks that can easily be performed by

the human brain such as image processing and voice recognition. The key

bene�t of neural networks over von Neumann is that machine learning

algorithms can be applied more ef�ciently, taking advantage of the parallelism.

Machine learning has become increasingly popular over the last decade and it

moves away from the von Neumann architecture where rules are programmed

by the user [5]. For a more detailed review on photonic neuromorphic

computing methods see [4]. The type of photonic neuron investigated in this

thesis is a spiking leaky integrate and �re neuron, analogous to the neurons

observed in the human brain.

1.1.2.1 Biological inspiration

Neurons and neural networks were �rst discovered in nature. One of the

earliest studies involved an Atlantic squid [6] and later researchers were

drawn to the human brain. The brain is a complex system and to this day

many mysteries still remain unanswered. On a basic level the brain is

understood to be a vast network of approximately 86 billion neurons

connected to each other. Each neuron is made up of three parts: dendrites, the

axon, and the soma. A dendrite is the input channel of the neuron, where it

receives information from other neurons. The signals from all dendrites are

joined at the soma, the body of the neuron. The output channel of a neuron is

called the axon. Synapses are the connections between the axon of one neuron

and the dendrite of another. The axon hillock is located at the end of the
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soma, before the axon. It sums together all the input signals and if they exceed

an intrinsic threshold an electrical spike travels down an axon. Typically a

neuron will have many inputs but only one output. Every output spike has the

same amplitude and interestingly information can be encoded in the timing of

a spike [7]. Such temporal coding schemes can be forgiving if the

interconnects between neurons are lossy. Every neuron generates its own pulse

rather than simply amplifying the input. This limits the effect of noise in a long

a chain of neurons.

1.1.2.2 Arti�cial neuron

Realising the processing power and ef�ciency of the brain, the logical next step

is to create an arti�cial neural network based on the architecture of the brain.

At the moment neural networks are often simulated using conventional CPUs

but this is not an energy ef�cient approach and the method is severely limited

by the CPUs sequential processing. For neural networks to be truly successful

the hardware must exist to support them. There are functional electronic

neural networks [8–11], but as mentioned above, photonic neural networks

[12–14] have their advantages. Figure 1.1 shows a basic example of how the

leaky integrate and �re neuron in the brain is structured and will be the basis

for our arti�cial neuron. There are several inputs and a weight is applied to

each of them. The weights applied could be positive or negative (excitatory or

inhibitory). There is an integrator that sums the weighted inputs. The effect of

the input diminishes over time, hence it is a leaky integrator. When the

stimulus is suf�cient a nonlinear response such as a pulse (also called a spike

or activation function) will be triggered which is broadcast to other neurons

through synapses.
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lasers

3 Michael Dillane



1. INTRODUCTION 1.1 Photonic computing

Figure 1.1: Schematic of typical leaky integrate and �re neuron found in the
brain. x j are the input signals, each spike has a weight! j and a delay � j .
The signals are joined at the stoma and then the signalI app is sent to the axon
hillock. If the inputs exceed a threshold the activation function is �red. There
is some rest time before the neuron can �re again.

1.1.3 Excitability

The nonlinear activation functions observed in biological neurons are similar

to excitable pulses observed in laser systems. Excitability is observed in many

nonlinear dynamical systems and refers to the generation of large orbits in

phase space following perturbations that exceed an intrinsic threshold [6, 15].

The threshold is the minimum perturbation amplitude required to trigger a

pulse. Beginning with a dynamical system in a steady state, if the perturbation

is suf�ciently large and exceeds the threshold it will result in a nonlinear

response, such as a long trajectory in phase space which usually has a

corresponding intensity pulse. If the amplitude is below the threshold, the

system relaxes adiabatically back to the steady state. A neuron that displays

this relaxing behaviour in response to a subthreshold perturbation is called a

leaky integrate and �re (LIF) neuron [16]. If two or more perturbations arrive

closely in time they can be integrated together and exceed the threshold. If the

second perturbation arrives too late, the system will have returned to a steady

state and will have no memory of the initial perturbation.

The �ring rate of the excitable pulses depends on the refractory periods [17].

The absolute refractory period is the time after a pulse is �red where it is

impossible to trigger a second. The relative refractory period is the period of

time where a second pulse can be triggered, but its amplitude is inhibited.

After the relative refractory period has passed the second pulse resembles the

�rst pulse.
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As mentioned above, photonic neurons have real potential to be the core

building block in creating a powerful neural network. In recent years, laser

systems have proved to be rich sources of excitable phenomena [18–37].

Indeed, the emergence of neuromorphic photonic systems for novel

information processing tasks has seen an increased interest in studies of

excitability in coupled laser systems. In this thesis we discuss QD (Quantum

Dot) lasers and how their unique characteristic and non-linear dynamics make

them the ideal candidates for photonic neurons.

1.2 Fundamentals of lasers

1.2.1 Band structure

Atoms in a solid state crystal act differently to a single unbound atom.

Electrons in individual atoms have discrete allowed energy states, but in a

crystal the number of different energy levels depends on the number of atomic

bonds. The energy levels are close to each other and act more like energy

bands. The valance band is the group of energy levels that are �lled with

electrons (carriers) at 0 Kelvin, while for the same temperature the conduction

band is at a higher energy and is empty. For higher temperatures carriers can

have suf�cient energy to move to the conduction band, vacating a hole in the

valence band. The difference in energy between these two bands is known as

the band gap energy (Eg) [38]. Carries can be electrically pumped from the

valance band to the conduction band.

1.2.2 Recombination

In semiconductors when a carrier falls from the conduction band to the

valence band it loses energy, and the electron is said to have recombined with

a hole. The two main types of recombination are radiative, where

electromagnetic radiation is emitted in the form of a photon and

non-radiative, where the energy is transferred through phonons - discretised

lattice vibrations. For an ef�cient laser, radiative recombinations are more

desirable. These are more likely to occur if the conduction band and the

valence band have a direct bandgap, where the lowest part of the conduction

band and the highest part of the valence band occur at the same value of

momentum space. When an electron drops down from the conduction band a

photon is emitted. This photon has a small amount momentum and the carrier
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loses some during the transition. The energy of the photon will be equal to the

bandgap energy,Eg = hf , where h is Planck's constant andf is the frequency

of the emitted photon. If the extrema of the bands don't occur at the same

point in momentum space then there is an indirect band gap. Radiative

recombination can still occur, but requires a large change in momentum

through phonons before a photon can then be emitted. The probability of this

occurring is low and thus indirect bandgap materials make inef�cient lasers.

There are two ways in which a carrier can recombine radiatively. Spontaneous

emission is where a carrier spontaneously drops from the conduction band to

the valence band emitting a photon with a random phase and direction.

Stimulated emission is where a photon perturbs a carrier in the conduction

band, the carrier falls to the valence band and combines with a hole, emitting

a photon with the same phase and direction as the incident photon. As the

resulting photons are in phase they constructively interfere and provide the

ampli�cation necessary for a laser to overcome the losses and surpass the

lasing threshold. Sometimes however, carriers in the valence band can absorb

a photon and move to the conduction band.

1.2.3 Quantum dot lasers

1.2.3.1 Fabrication

Quantum con�nement of carriers in semiconductor material is responsible for

many of the technological advances in modern technology, being central to the

vast majority of semiconductor lasers in use worldwide. Quantum Well (QW)

based devices are dominant but there are many reasons to believe that going

beyond the one dimensional con�nement could lead to technological

advantages. Quantum dot semiconductor material offers the ultimate possible

quantum con�nement, with dimensions on the order of the de Broglie

wavelength in all three spatial dimensions [39]. This means they have a delta

like density of states, moving away from energy bands and closer to the

discrete energy levels in atoms. When free-running, they offer advantages over

conventional devices, with low pump threshold values [40–42] and excellent

temperature insensitivity [43, 44].

Quantum dot lasers are often grown via the Stranski–Krastanov method [45].

When InAs is grown on a GaAs substrate a thin layer called the wetting layer

�rst deposited across the entire substrate. By adding more InAs, small amounts
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of InAs cluster into pyramidal shapes due to the strain from the lattice

mismatch. These clusters are quantum dots. A layer of GaAs is grown on top

and the dots are embedded. This layer of GaAs acts like another wetting layer,

typically multiple layers of quantum dots are grown so as there is enough gain

to overcome the losses and device can lase. When carriers are electrically

pumped into the laser they �rst �ow into the wetting layer. From there they

fall into the �rst excited state (ES) then into the ground state (GS) at a rate of

B w and B respectively, see Figure 1.2. Out scattering is also possible where

carriers can escape out of the GS into the ES or scatter out of the ES into the

wetting layer at rates of C and Cw [46]. Scattering directly between the

wetting layer and GS has also been predicted in some models. A limitation of

the Stranski–Krastanov method is that there is little control over the size of the

dots. The energy gap and therefore the frequency of light emitted depends

strongly on the size of the dot, therefore each dot contributes to the

broadening of the laser linewidth, this is know as inhomogeneous broadening.

Figure 1.2: Schematic showing some of the different ways carriers can scatter
between a quantum dot and the wetting layer. B w is the rate at which carriers
fall from the wetting layer into the ES. The carriers can then fall to the GS at a
rate of B . The carriers that scatter out of the GS and into ES do so at a rate ofC
and the rate of scattering from the ES to the wetting layer is Cw . The occupation
probabilities of the GS (ng) and ES (ne) and the carrier density in the wetting
layer (nw). The subscripts indicate if the densities relate to electronse or holes
h [46]. Carriers can radiatively recombine from from either the GS or the ES.

1.2.3.2 Dual state emission

Quantum well based lasers always emit at the frequency of the lowest energy

transition (typically called the ground state - GS). This is not the case with

InAs QD based lasers. For low pump currents the GS threshold can be reached
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and the laser emits at 1300 nm. But an increase in current leads to the

saturation of the GS and lasing can be obtained from higher energy transitions

- the so-called excited states (ESs) [47]. In particular, lasing from the �rst ES is

regularly obtained (1220 nm). By continuously increasing the electrical

pumping beyond the GS threshold a second threshold is reached where ES

emission arises and simultaneous GS and ES lasing is obtained. A further

increase in pump current, quenches GS emission and the laser emits from the

ES only [48–54].

1.2.3.3 Phase Amplitude coupling

The linewidth enhancement factor or the � factor is a measure of the coupling

between the amplitude of the electric �eld and its phase inside the laser cavity

[55]. The phase of the electric �eld depends on the refractive index of the laser

cavity. Refractive index in turn depends on the temperature and the carrier

density of the semiconductor. Below threshold, the phase of light is strongly

coupled to the carriers. Above threshold the gain is clamped and the majority

of carriers are involved in radiative recombinations so the carrier density is

almost �xed even if pump current is increased. But as mentioned, QD lasers

can have multiple energy levels and the carrier density of each level will be

coupled to the phase of the light, so� alone is not suf�cient. A microscopic

model can be used to incorporate� dynamically. Other methods introduce a

second coupling term � that describes the coupling between the phase of the

electric �eld the GS to the carriers of the ES [46]. This term also helps to

compensate for inhomogeneous broadening caused by different dot sizes.

1.2.3.4 Relaxation oscillations

In laser models, very often light is treated classically via Maxwell's equations,

while the carriers are treated semi-classically or even fully quantum

mechanically. The polarisation induced in the medium by the electric �eld is

expanded in the cavity eigenmodes. The amplitudes of each polarisation mode

is calculated via the Bloch equations for a two state quantum system

interacting with the corresponding single eigenmode of the electric �eld. The

polarisation lifetime is the inverse of the decay rate arising in the Bloch

equations. Lasers can be divided into several categories depending on the

ratios of the carrier, photon and polarisation lifetimes [56]. If the photon and

polarisation lifetimes are similar then the laser is known as a Class C laser. If
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the polarisation lifetime is much shorter than the other timescales, then one

has a Class B laser.

Most semiconductor lasers are Class B lasers (although recent research has

shown that some semiconductor nanolasers may in fact be Class C). For Class

B lasers, the typical response of the device to perturbations takes the form of

damped, harmonic oscillations in the intensity and carriers. These oscillations

are known as the relaxation oscillations (ROs) of the laser and they typically

have a frequency of the order of a few GHz. Conventional semiconductor

lasers display weakly damped ROs, and so there are many oscillations

following a perturbation. Because of this weak damping, the ROs are also easy

to excite and become self-sustained and this is a source of many instabilities

when lasers are subject to feedback or coupling to other lasers.

The ROs of quantum dot lasers however are strongly damped. In fact, they

appear to be close to critical damping. This increased damping means that

they are more stable than conventional semiconductor lasers when undergoing

feedback or when coupled to other lasers. Finally, lasers where the photon

lifetime is much longer than the other timescales are known as Class A lasers,

and they can be modelled using equations for the electric �eld only. In this

case, there are no ROs at all and so these lasers are extremely stable when

undergoing feedback or coupling to other devices. Gas and dye lasers are

typically Class A. The high damping of quantum dot lasers mean that they

operate in a somewhat middle ground and they display many phenomena that

are more associated with Class A lasers than with conventional semiconductor

lasers.

1.3 Optical injection

The idea of synchronisation dates back to 1665 when Christiaan Huygens

noticed that if two pendulum clocks were attached to the same wooden board,

they would eventually become frequency locked, where the frequency at which

the pendulums oscillate would become the same, if their initial frequencies

were similar [57]. This is an example of bidirectional coupling, where both

oscillators in�uence each other. Unidirectional coupling will be the type of

coupling described throughout this thesis. It is where one oscillator, referred to

as the master or primary oscillator, in�uences the other, known as the slave or

secondary. In this case the secondary has no in�uence on the primary.
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An electric �eld inside the cavity of a laser can also be considered as an

oscillator. Similar to the pendulum clocks, if light from a primary laser is

injected into the cavity of the secondary laser it could in�uence the electric

�eld. Under the right conditions the secondary laser could be forced to adopt

the frequency of the primary and the phase difference between the two

oscillators would remain �xed. This is known as phase locking or injection

locking. The concept of synchronisation and phase locking was expanded by

Van der Pol [58] and Adler [59], the Adler equation being used to describe the

prototypical optical injection setup:

d� (t)
dt

= � � + K sin(� (t)) ; (1.1)

where � is the phase difference between the primary and secondary laser. This

equation describes how the phase of the secondary laser is evolving in time

with respect to the primary's. � is the detuning, the frequency of the primary

minus that of the secondary. K is the coupling strength (the ratio of the

electric �eld amplitude of the injected light to that of the output light per unit

time) and corresponds to how strongly the secondary laser's phase will be

in�uenced by the primary laser. The Adler model is applicable when the

injection strength (the ratio of the intensity of the primary laser, which enters

the secondary laser's cavity to the intensity in the secondary laser's cavity in

the injection-free case) is less than 0.01 [60], but can be adapted for higher

injection strengths [61]. When phase locked, the phase difference between the

primary and secondary lasers is constant, simply leading tod� (t )
dt = 0. Thus, for

j �
K j < 1 phase locking can be achieved. These two parameters can be easily

varied with a tunable laser source (TLS), a common piece of equipment in any

modern photonics lab.

If the detuning between the primary and secondary lasers is very large, the

two electric �elds will not interact coherently and a simple beating tone will be

observed, where the frequency is equal to the detuning. Phase locked CW

(Continuous Wave) emission and beating are two very different qualitative

behaviours. By varying either the detuning or injection strength, one can move

from one of these behaviours to another by passing through a bifurcation

point, the point at which these behaviours change qualitatively. There are

different types of bifurcations that describe how different transitions are
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undertaken. A saddle-node in�nite period (SNIPER) bifurcation and a Hopf

bifurcation are the two main types which will be mentioned throughout this

thesis [62, 63].

1.4 Excitability in optically injected lasers

Excitability is usually found close to certain bifurcation points, more

speci�cally, where there is a transition from a steady state (phase locked) to a

limit-cycle resembling a train of excitable pulses. Depending on the underlying

bifurcation structure, see Figure 1.3, and the resulting statistical properties of

the pulse train, one generally speaks of Type I excitability or of Type II

Figure 1.3: Common bifurcations observed in laser systems. Black dots rep-
resent stable points and white dots represent unstable points. The top panel
shows Type I excitability and the bottom shows Type II. The dashed lines repre-
sent perturbations and the solid lines are excitable trajectories and the arrows
show the direction of rotation [64].
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excitability [64]. Type I excitability is usually associated with a saddle-node

in�nite period bifurcation (also known as a saddle-node on an invariant cycle

(SNIC) bifurcation). As the name suggests there are two �xed points - a stable

node and an unstable saddle - created on an in�nite period cycle. While phase

locked the system will remain in steady state until an external perturbation

kicks the system past the unstable point. The only route back to the stable

point is via a large trajectory in phase space. When a parameter is changed

and the bifurcation point is passed the secondary laser becomes unlocked. The

saddle and the node annihilate each other and a limit cycle is born [17].

Type II excitability is usually observed in the vicinity of either a supercritical or

subcritical Hopf bifurcation [17]. In the subcritical case, close to the

bifurcation point the system is bistable; there is a stable point and a stable

limit cycle. There is an unstable boundary (also called a separatrix) separating

the two stable behaviours. The separatrix acts similarly to the saddle and if the

system can be perturbed from the stable point beyond the separatrix it will

jump onto the limit cycle, resulting in pulsing behaviour. A constant pulsing

regime can be observed if the system does not return to the stable point. In the

case of a supercrtical Hopf when a parameter change brings the system past

the bifurcation point the stable point is replaced by a stable limit cycle. The

amplitude of the cycle increases the further the system is from the bifurcation

point. A Canard Explosion is a unique form of supercritical Hopf bifurcation,

where a large increase in amplitude occurs after a small change in a parameter

value after passing the bifurcation point.

1.5 Brief history of optically injected QD lasers

In optical injection experiments, QD lasers are signi�cantly more stable than

conventional semiconductor lasers, allowing for phase locked operation over a

much larger area of control parameters and with a marked reduction in areas

displaying chaotic operation [19, 65–69]. The RO stability means that they are

also extremely stable when mutually coupled, even for long delays between

devices [70]. There have been many experiments and simulations

investigating the behaviour of various lasers systems involving QD lasers but

here will focus on optically injected single mode [19, 69, 71] and multi-mode

QD lasers [72] biased to emit from the GS only. To make the discussion

throughout this thesis simpler we will distinguish between high and low

injection strengths. High injection strengths will describe scenarios where the
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intensity of light reaching the facet of the secondary laser is greater than or

equal to 0.5 times the light emitted from the facet of the secondary laser. Low

injection strength is anything less than this, unless otherwise stated.

1.5.1 Single mode

Beginning at a very arbitrary point, where injection strength is less than 0.01,

and where the detuning is large enough so that the primary and secondary

lasers simply produce a beating tone resembling a sine wave. By decreasing

the absolute detuning, at either the positive or negative detuning boundary,

the sine wave becomes distorted until it resembles a periodic train of pulses

[19, 69]. By continuing to decrease the absolute detuning, the period of the

train becomes larger and larger. Figure 1.4 shows a stability diagram from

[71] and indeed a SNIC bifurcation is predicted at both locking boundaries. A

further decrease in absolute detuning leads to random pulses, where an

exponential distribution of the interpulse times concludes that these are noise

induced excitable pulses [19]. Because the excitable pulses are in the vicinity

of a SNIC bifurcation they are classi�ed as Type I. At the negative unlocking

boundary the intensity of the pulse initially decreases and then shoots up

above the steady state value before returning to the steady state intensity. An

experimental reconstruction of the phase of the secondary laser with respect to

the primary shows that each optical pulse is accompanied by a2� phase

rotation in phase space [19]. Single pulse Type I excitability is also observed at

the positive detuning boundary, but of a different shape. The intensity �rst

increases and then quickly goes below the steady state value, there is a ringing

oscillation before the system returns to the steady state. These pulses are

accompanied by Adler like � 2� phase slips.

For injection strengths greater than 0.01 at the positive detuning boundary the

SNIC is replaced by a Hopf [71]. An increase in optical injection strength to

approximately 0.02 on the negatively detuned boundary leads to a region

where there is switching between a stable state and a period one limit cycle of

higher average power. By continuing to increase injection strength a switching

regime between a stable state and period two limit cycle is observed and an

even further increase brings about switching from a stable solution to a chaotic

regime.
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Figure 1.4: Analytic stability diagram for an optically injected QD laser using
QD rate equations. � is the normalised injection strength and � is detuning.
The saddle-node and Hopf bifurcation points are denoted by SN and H, respec-
tively. The shaded region corresponds to region of steady-state bistability. The
dots indicate where where Hopf and SN bifurcation lines merge to create are
fold-Hopf points. The inset shows a stability diagram for an injected Class A
laser [71].

1.5.2 Multi-mode

The �rst experimental observation of excitability in any optically injected laser

involved a multi-mode quantum dot laser [72]. Similar to the single mode

case three behaviours are identi�ed near the negatively detuned boundary

when detuning is varied: beating, pulsing dynamics and phase locking. The

positively detuned boundary was reported to have the characteristics of a Hopf

bifurcation and no pulsing was observed. The negatively detuned boundary is

then categorised into four regions depending on injection strength. For the

lowest injection strength discussed, evidence of a SNIC bifurcation is reported

and excitable single pulses similar to those in [19] are observed. Trains of

double pulses are found for higher injection strengths. With an increase in

injection strength, the QD laser switches between a limit cycle and a steady

state, again resembling the single mode case. At even higher injection

strengths the authors describe the �nal observed dynamic as a random

switching between two locked states.

1.6 Outline of the Thesis

This thesis is organised as follows. Chapter 2 investigates the dynamics

observed when a single mode QD laser emitting from the GS only is optically
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injected with high injection strengths. Instead of a predicted bistability [71],

different pulsing regimes observed are presented for a range of detuning

values. Statistical analysis is performed on the inter-pulse times to verify that

the pulses are of an excitable nature. An optothermal effect is included in a

Class A and QD model to account for the breaking of the bistability and a

bifurcation analysis is performed on the updated rate equations. This

optothermal effect is then experimentally veri�ed and the pulses are

deterministically triggered. Chapter 3 is a review chapter, where we look at

the recent experimental and theoretical research carried out on optically

injected dual state quantum dot lasers. More speci�cally when the QD lasers

are biased to emit from the ES only and are then injected near the GS. Chapter

4 expands on the work reviewed in Chapter 3, experimental and theoretical

locking maps are shown and much of the dynamics are recovered. A second

optothermal effect is presented to account for slow oscillations observed near

the positive detuning boundary. Chapter 5 looks at a speci�c region of the

locking map, where noise induced excitable GS dropouts are accompanied by

ES pulses. Bifurcation analysis and experimental phase diagrams shed light on

the phenonemon. These pulses are deterministically triggering with clockwise

and anticlockwise phase perturbations in Chapter 6. The presence of different

thresholds for each direction is investigated through experimental ef�ciency

curves and phasor plots, and theoretical modelling. Chapter 7 then

investigates the neuromorphic capabilities of these pulses. The refractory

periods are found for small and large phase perturbations in both directions.

Inhibitory perturbations are investigated along with an integrate and �re

mechanism which is then applied in a basic image edge detection technique.

Finally, Chapter 8 concludes this thesis. The work put forward is summarised

and future potential work is discussed.
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Chapter 2

Square wave excitability

While high injection strengths have been investigated for multimode QD lasers

experimentally, as discussed in Section 1.5, there has not been such an

investigation using single mode QD lasers. A great deal of agreement has been

seen between experiment and theory thus far [69, 71, 72]. The single mode

QD laser model predict a bistability [71] at high injection strengths, similar to

the one observed in [72]. The presence of a bistability is experimentally

investigated along with the mechanism driving a switching behaviour between

the two stable states, which up until now is believed to be random [72].

Simulations from the simple Class A model are shown with and without an

optothermal effect included. We then move onto the QD model and apply a

similar coupling term. Bifurcation analysis reveals that depending on the ratio

of the photon lifetime to the carrier lifetime, a supercritical or a subcritical

Hopf bifurcation can replace the bistability.

I was responsible for the entirety of the experimental work and partially

responsible for the modelling results. This chapter is based on the following

publications:

M Dillane, B Tykalewicz, D Goulding, B Garbin, S Barland and B Kelleher,

“Square wave excitability in quantum dot lasers under optical injection”,

Optics letters 44 (2), 347-350 (2019).

M Dillane, J Robertson, M Peters, A Hurtado and B Kelleher, “Neuromorphic

dynamics with optically injected quantum dot lasers”, The European Physical

Journal B 92 (9), 197 (2019).
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2. SQUARE WAVE EXCITABILITY 2.1 Introduction

2.1 Introduction

Excitability has been shown to be a pervasive phenomenon in systems of

semiconductor optical devices [18–37]. It has been shown in several previous

works that Type I excitability is generic in optically injected edge emitting

semiconductor lasers. In particular, it arises with injected Quantum Dot (QD)

lasers and because of the high relaxation oscillation damping of these devices

it arises in many unique forms. QD lasers behave just like idealised Adler

phase oscillators at injection levels where the intensity of light entering the

laser cavity is less than 1% of light being emitted from the cavity, if it were free

running [60]. As the injection level is increased the details of the excitable

dynamics evolves. 2� phase rotations are obtained for both positive and

negative detuning at injection levels near 1% [19] and these phase slips can be

deterministically triggered as shown in [73]. For higher injection levels QD

lasers display bursting with groups of pulses rather than isolated pulses

emitted [69]. Type II excitability is less well known in the optically injected

laser system. It typically manifests in fast-slow systems and the Van der Pol

Fitzhugh Nagumo model is the prototypical model used to describe it.

In this chapter we demonstrate a new excitable phenomenon in the injected

QD laser. The device was operated to emit from the GS only. For injection

strengths where the intensity of the injected light is greater than 0.5 times the

free-running SL, we �nd a regime of periodic square waves. Theoretical

models have predicted a bistability in such a region [71] and experimental

results involving a multimode QD laser describes observations of random

switching between two phase locked states [72].

Square wave outputs have been observed in several different feedback

con�gurations [74–76], but they arise from very different underlying physical

phenomena to the squares in our work. In our case we �nd an optothermal

dynamic similar to the dynamics observed with semiconductor etalons [77],

QD lasers [78–80], photonic crystal structures [81] and optically injected

semiconductor optical ampli�ers [37, 82]. Our periodic square wave regime is

bounded by regions where individual, square pulses or dropouts are observed.

We interpret these individual pulses and dropouts as Type II excitable events

akin to those observed in the Van der Pol Fitzhugh Nagumo model [58, 83].

They display fast-slow dynamics with two timescales: the timescale of carriers

in the nanosecond range and a thermal timescale in the microsecond range. In

each case, a bistability is broken by thermally induced dynamics. In this
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chapter we show that the predicted bistability is broken by an optothermal

coupling, yielding a deterministic square wave cycle.

2.2 Experimental setup

A 600� m QD laser composed of InAs quantum dots on a GaAs substrate was

the device under investigation. It could lase from the ground state (GS) or the

�rst excited state (ES), but for this experiment it was operated to emit from

from the GS only. Slots had been etched into the waveguide and were carefully

spaced so as to promote just one longitudinal mode and suppress all other

modes within the gain spectrum. It was pumped at 40 mA, 1.25 times

threshold. A schematic of the experimental setup is shown in Figure 2.1. The

device was mounted and placed on an xyz stage. Light from the QD laser was

coupled into a single mode lensed �ber with a coupling ef�ciency of

approximately 70%. A unidirectional optical injection con�guration was set

up. The primary laser (PL) was a commercial tunable laser source (TLS) with

minimum step size of 0.1 pm (0.0178 GHz). Light from the PL was injected

into the secondary laser (SL) via a circulator. A polarisation controller was

used to set the polarisation of the injected light. Maximum coupling was

achieved when the polarisation of the TLS matched the polarisation supported

by the waveguide of the QD laser. For this experiment injection strength (K )

was de�ned as the ratio of light emitted from the lensed �ber (from the PL) to

the light coupled into the lensed �ber from the free-running SL. The injection

strength was kept constant for this experiment. First the power of light emitted

from the PL to the lensed �ber was recorded. Then the light emitting from the

Figure 2.1: Basic setup of an optically injection experiment. A QD laser is acting
as the secondary laser (SL). The primary laser (PL) is a tunable laser source. A
polarisation controller (PC) is used to maximise coupling. A circulator shines
light from the PL into the SL, the light that is emitted from the SL into the
circulator is sent to a 12 GHz detector connected to an oscilloscope (OSC).
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free running SL was coupled into the lensed �ber and the power was recorded.

The injection strength is the ratio of these two values. The output was

detected with 12 GHz detectors connected to a real-time digital oscilloscope.

2.3 Noise induced excitable square wave trains

2.3.1 Square wave onset

For injection strengths where K < 0:5, the observations were similar to those

reported in previous work [19, 60, 65, 69]. For injection strengths where

K > 0:5 and for a signi�cant range of negative detuning, a square wave

phenomenon was observed.

To describe the dynamics observed in the region,K will remain �xed and the

detuning will be continuously increased (the absolute detuning is decreased).

Beginning at at a detuning far outside the locking cone where the frequency of

the PL was much less than that of the SL, the output of the SL was a limit

cycle. The amplitude of the limit cycle decreased as the frequency of the PL

was increased until the SL became phase locked to the PL. Here the output

became constant (modulo noise). Increasing the PL frequency to a detuning of

approximately -6.6 GHz the �rst square pulses appear. Initially, the occurrence

of these square pulses was rare with a large delay between successive pulses.

As the detuning was further increased to approximately -6.4 GHz the pulses

appeared more frequently as shown in Figure 2.2(a). As the frequency of the

PL was brought closer to that of the SL the pulses were replaced by a periodic

pulse train, with the lower intensity sections being longer lived than the upper

intensity sections. Eventually the train had a 50-50 duty cycle at

approximately -4.8 GHz detuning (Figure 2.2(b)). Continuing to increase the

PL frequency, rather than a pulse train, the train resembled more a periodic

train of square dropouts. (That is, the duration in the upper level became

longer than that in the lower level.)
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Figure 2.2: Extracts taken from 20 ms timetraces. (a) shows randomly sep-
arated pulses at -6.4 GHz detuning. (b) shows periodic squares at -4.8 GHz
detuning and (c) shows square dropouts appearing randomly at -3.4 GHz de-
tuning. The bottom row zooms in on a square event from the top row.

2.3.2 Statistical Analysis

Bistabilities are common in optically injected lasers, but it is rare to see a

bistability between two phase locked states, such bistabilities have been

predicted to exist in Class A lasers. In the absence of noise a hysteresis loop

would be observed. With suf�cient noise the system would be kicked from one

state to another and back again. The lifetime in each state should be random.

Firstly, looking at an individual pulse or dropout the duration looks very

consistent. By looking at the periodic square train with a 50:50 duty cycle it is

clear that this is not a random process. To see if the pulses and dropouts are

deterministic they are plotted in a heat mapshown in Figure 2.3. The
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pulses/dropouts are from the 20 ms timetraces as the ones shown in Figure

2.2(a) and (c). The pulse-width was extremely regular, approximately 0.4 � s

at -6.4 GHz and -3.4 GHz, meaning there is some deterministic excitable

trajectory undertaken for each pulse.

Figure 2.3: Heat map of (a) 2016 pulses and (b) 1818 dropouts plotted on
top of each other. The pulses/dropouts are taken from same 20 ms timetraces
as the squares shown in Figure 2.2 (a) and (c) at -6.4 GHz and -3.4 GHz de-
tuning, respectively. The pulse widths are extremely regular and approximately
0.4 � s long. A deterministic trajectory appears to be responsible for these square
events.

Figure 2.4: Histograms of the interpulse/dropout times taken over 20 ms with
detuning values of -6.4 GHz and -3.4 GHz. (a) shows the interpulse time distri-
bution of 2016 pulses shown in Figure 2.2. The exponential shape indicates that
these pulses are randomly separated and induced by noise. (b) shows the dis-
tribution for 1818 dropouts. Again, the exponential shape is evidence that the
dropouts are noise-induced random events. The Kramer's escape times were
approximately 6.9 � s and 6.6 � s respectively. The insets are the persistence
plots of 100 pulses/dropouts.

The average interpulse time varies as detuning is changed. This is a typical
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attribute of noise induced Type I excitability as the excitable threshold can be

increased or decreased by altering the detuning. With suf�cient noise the

threshold can be exceeded and pulses will �re at random times. The interpulse

statistics in Figure 2.4 show the interpulse times have a Kramers-like

exponentially decaying distribution. This con�rms that the pulses and

dropouts observed at -6.4 GHz and -3.4 GHz were in fact induced by noise.

Exponential curves were �tted to the data and the Kramer's escape times were

approximately 6.9 � s and 6.6 � s respectively.

The dynamics resemble those of a Van der Pol/Fitzhugh-Nagumo oscillator

and we interpret the pulses and dropouts in the random trains as Type II

excitable events. Each escape is noise-induced and is followed by a large

deterministic trajectory back to the steady state. The transition between the

upper and lower levels of each square is approximately 1 ns and the lifetime in

each plateau is on the order of a microsecond. We associate this slow-fast, two

timescale phenomenon with an optothermal coupling: the fast time

corresponds to carrier dynamics and the slow time with thermal effects.

2.4 Periodic square wave trains

In between the regions of excitable pulses and dropouts, periodic square wave

trains are found. The duty cycle of these periodic trains changes from having

longer lived lower sections, to having a 50:50 duty cycle and then to having

longer lived upper sections as the detuning is increased. Figure 2.2(b) shows

an example of a 50:50 duty cycle at approximately -4.8 GHz detuning. The

histograms in Figure 2.5 show the lifetime in the higher and lower intensity

sections to be approximately 0.6� s. The narrow distribution extends over

0.25 � s, this is in sharp contrast to interpulse time distribution for the noise

induced square pulses in Figure 2.4, where the range can extend out as far as

40 � s. Figure 2.6 shows a heatmap where all the upper intensity sections were

plotted on top of each other, with the middle of each square being the

reference point. Again the regular shape shows that there is a deterministic

trajectory and furthermore the periodicity shows there is a deterministic limit

cycle and noise is not randomly forcing the system to switch randomly

between two states. In the periodic case there is no threshold that is exceeded

by noise, it is simply a limit cycle.
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Figure 2.5: Histograms showing (a) the distribution of upper intensity state
lifetimes, (b) the distribution of lower intensity state lifetimes and (c) a persis-
tence plot of 100 pulses. The histograms correspond to the time traces in Figure
2.2 (b) at detuning of -4.8 GHz. The narrow distribution shown in (a) and (b)
emphasises a deterministic cycle is in fact being undertaken.

Figure 2.6: Heat map of periodic square wave train at detuning of -4.8 GHz,
corresponding to the extracts taken from 20 ms timetraces shown in Figure 2.2
(b). The pulse widths are approximately 0.6 � s long, with a tight distribution.
This is a limit cycle and are not noise induced square pulses.

2.5 Optothermal measurement

As mentioned above, in [69, 71] a phase locked bistability was predicted

theoretically for the system at high injection strengths in the region where the
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square waves are found. We interpret the squares as arising from a breaking of

this bistability due to the optothermal coupling. The top and bottom of each

square then correspond physically to the two phase-locked solutions. Each

intensity state has its own carrier density and the number of non radiataive

recombinations increases with an increase in carrier density. Thus there will be

a change in temperature in the device depending on what phase locked state

the system is in. A change in temperature leads to a change in refractive index

which in turn changes natural frequency the SL would lase at if free running,

thus the effective detuning is altered.

Figure 2.7: Cartoon describing the optothermal effect. (a) and (b) show the
optical spectrum of the QD laser. The blue lines represent the subthreshold
modes. The red line represents the lasing frequency of the QD laser, which
remains �xed as the QD laser is phase locked to the constant TLS! P . The grey
dashed line, ! S, is the longitudinal mode that would lase in this single mode
laser, in the absence of optical injection. Detuning is de�ned as ! P � ! S. The
bottom panels show timestraces of the square wave train. The circles indicate
what part of the cycle the top panel is describing. As shown in (c) the system
has just began emitting from the lower intensity section. This increases the
temperature, decreasing the frequency of the longitudinal modes and! S, as
indicated by the arrows. Over the duration of the lower intensity section the
detuning has increased from -4 Ghz to -2 Ghz.

It is dif�cult to observe the optothermal effect because one cannot measure the
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frequency of the light that would be supported by the device if it were free

running because the SL is always phase locked and frequency locked to the PL.

However, to measure the thermally induced change of detuning, the

sub-threshold longitudinal modes can be investigated. In the cartoon shown in

Figure 2.7(a) and (b) the PL frequency remains constant, so it is a natural

reference point when discussing the evolution of the SL and the optothermal

effect. At the beginning of the lower intensity section, Figure 2.7 (c), the

frequency of the SL is much larger than that of the PL and the detuning is

-4 GHz. But during the lower intensity section there is a higher carrier density

and the device's temperature increases, decreasing the what would be the free

running frequency of the SL and thus changing the detuning. This process

continues to heat up the device until the only remaining solution is that of the

higher intensity resulting in a fast state switch.

Conversely, Figure 2.8 shows the evolution of the detuning during the upper

intensity section of the square. The device cools and the frequency of the SL

increases, resulting in a detuning sweep from -2 GHz to -4 GHz, where the

only stable solution for this detuning value is the lower intensity state and the

cycle begins again.

Depending on the details of the solution, the effective detuning between the

primary and secondary lasers can be different for the same experimental

control parameters (the wavelength and the power of the primary laser). After

a state switch, the associated thermal change moves the system

deterministically back in the direction of the original state leading to another

state switch after which the process begins again. The hysteresis cycle

associated with the bistability is thereby transformed into a deterministic cycle.
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Figure 2.8: Cartoon describing the optothermal effect. (a) and (b) show the
optical spectrum of the QD laser. The blue lines represent the subthreshold
modes. The red line represents the lasing frequency of the QD laser, which
remains �xed as the QD laser is phase locked to the constant TLS! P . The
grey dashed line , ! S, is the longitudinal mode that would lase in this single
mode laser, in the absence of optical injection. Detuning is de�ned as ! P �
! S. The bottom panels show timestraces of the square wave train. The circles
indicate what part of the cycle the top panel is describing. As shown in (c) the
system has just began emitting from the upper intensity section. This allows
the temperature of the device to decrease. As indicated by the arrows, this
increases the frequency of the longitudinal modes and! S. Over the duration of
the upper intensity section the detuning has decreased from -2 GHz to -4 GHz.

2.5.1 Intrinsic detuning sweep measurement

When free running at 1.25 times threshold, the nearest longitudinal mode of

lower frequency happened to be suppressed by only 29 dBm for this device,

while all other modes were suppressed by at least 41 dBm. The laser was still

considered to operate as a single mode device. A second TLS was added to the

experimental setup as a sort of probe laser. It emitted light slightly negatively

detuned from this mode and was mixed with the output from the SL, Figure

2.9.
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Figure 2.9: Experimental setup of an optically injected laser, where the sec-
ondary laser (SL) is a QD laser. The primary laser (PL) is a tunable laser source
(TLS). A polarisation controller (PC) is used to maximise coupling. A circulator
shines light from the PL into the SL, the light that is emitted from the SL into
the circulator is then sent into a 50/50 spliter. 50 % of light is sent directly to to
a 12 GHz detector connected to an oscilloscope (OSC). The other 50% is sent to
a 90/10 coupler, where it is mixed with light from a second TLS. A polarixation
controlled is used to maximise the amplitude of the beat signal. 90% of the
beat signal is sent to a 12 GHz detector connected to an oscilloscope and the
remaining 10% is sent to an optical spectrum analyser (OSA).

Figure 2.10 shows the frequency of the probe with respect to the rest of the

system. During the upper part of the cycle there was insuf�cient intensity in

the side mode to measure the beat signal. However, during the low intensity

part of the square suf�cient power existed in the resulting beating cycle to be

measured on the oscilloscope, Figure 2.11. The evolution of the frequency of

this beating cycle was found by calculating the Fast Fourier Transform (FFT) of

many ten nanosecond intervals. Figure 2.11(b) shows that there was a slow

deterministic change in the frequency of the SL of approximately 2 GHz over

the duration of each square. This con�rms that the effective detuning is indeed

changing during each square wave.
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Figure 2.10: Cartoon describing the measurement of the optothermal effect,
similar to Figure 2.7. (a) and (b) show the optical spectrum of the QD laser. The
blue lines represent the subthreshold modes. The red line represents the lasing
frequency of the QD laser, which remains �xed at ! P as the QD laser is phase
locked to the constant TLS. The grey dashed line,! S, is the longitudinal mode
that would lase in this single mode laser, in the absence of optical injection. The
green line labelled ! T LS is a second TLS and is used as a probe laser. When a
subthreshold longitudinal mode happened to receive more gain during the low
intensity section of the square wave train, as shown in (a), a beating tone is
observed showing the frequency difference between the sweeping longitudinal
mode and ! T LS . It changes from -12 GHz to -10 GHz over the duration of the
lower intensity section as indicated by the timestraces in (c) and (d). The circles
indicate what part of the cycle the top panel is describing.
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Figure 2.11: (a) The resulting intensity after a square wave train is mixed
with and a second TLS (with frequency of approximately 12 GHz from the
side mode). The longitudinal mode did not have suf�cient power in the upper
intensity section to create a beat signal. In the lower intensity section there
was enough power from the longitudinal mode to create a beat tone that could
be detected. The power of the longitudinal mode decreased over the duration
of the lower intensity section and thus the amplitude of the beat tone can also
be seen to decrease. (b) 10 ns widows were taken and the FFT was calculated
for each window. The resulting frequencies are plotted in a heat map. The
frequency recorded is the frequency of the second TLS minus that of the sub-
threshold longitudinal mode under investigation. These values are arbitrarily
set but it's important to note that the QD laser undergoes a 2 GHz sweep due
to an optothermal effect.

2.5.2 Phase measurement

We investigate the phase dynamics of the square pulses using the phase

resolving technique developed in [84]. This technique involves a 3� 3 coupler

and allows us to reconstruct the phase of the secondary laser with respect to

the primary in realtime. One input arm receives all of the light from the

secondary laser, another receives 10% from the primary laser (TLS) and the

third is left empty. All three outputs are detected using 12 GHz detectors

connected to a real time oscilloscope, see Figure 2.12. In this experiment the

TLS can be considered as a reference wave.
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Figure 2.12: The basic setup shown in Figure 2.1 is repeated but more compo-
nents are added before detection. Experimental setup of an optically injected
QD laser acting as the secondary laser (SL). Light from the primary laser (PL)
which is a tunable laser source (TLS) is split. 10% is sent into one arm of a 3� 3
coupler for an interferometric phase measurement technique. 90% is sent to a
circulator and is then injected into a QD laser. A polarisation controller (PC) is
used to maximise coupling. The light emitted from the SL into the circulator is
sent to another arm of the 3� 3 coupler. The third arm is left empty. Polarisa-
tion controllers are used to maximise the interference of the 3� 3 coupler input
signals. All 3 outputs of the 3� 3 coupler are connected to 12 GHz detectors
connected to an oscilloscope (OSC).

If the phase difference between the primary and secondary lasers remains

constant, the secondary laser is said to be phase locked to the primary. Figure

2.13 shows a noise induced excitable square pulse and its phase. Before the

square pulse is �red the phase remains constant, modulo noise, so the QD

laser is indeed phase locked. When the pulse is �red there is an abrupt change

in phase of approximately 2.4 rad. Over the duration of the upper section of

the square the phase undergoes a slow change of approximately 1 rad. This

corresponds to the long narrow section of the phase diagram in Figure 2.14.

When the pulse is over there is another fast jump in phase, this time by 1.4

rad. There is then a small drift in phase for about 0.4 � s and then the system

returns to its original phase locked state. In the periodic square wave trace in

Figure 2.15 this drift in phase during the low intensity section is seen again.
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Figure 2.13: (a) Timetrace of a noise induced excitable pulse at approximately
� 6.6 GHz detuning. (b) The phase associated with the timetrace from (a). The
phase undergoes a change of 2.4 rad at the onset of a square pulse and over the
duration of the pulse the phase undergoes a slow change of approximately 1.4
rad before jumping back to the lower intensity section.

Figure 2.14: Phasor diagram for the secondary laser �eld, corresponding to the
pulse seen in Figure 2.13. The long streched out part corresponds to the square
pulse and the more concentrated section in the lower intensity section.
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Figure 2.15: (a) Intensity trace of periodic square wave train. (b) The phase
corresponding to (a). During the upper intensity section the phase undergoes
a slow 1 rad change. During the lower intensity section there is a slow 0.4 rad
change of phase.

This is not an intuitive result. We have established that the upper and lower

intensity section of the square pulse are the intensities associated with two

phase locked states and that an optothermal effect breaks the bistability

between the states and produces a square wave cycle. So although each

section was once associated with a phase locked state, this is no longer the

case and the secondary laser does not appear to be phase locked to the

primary and exhibits a bounded phase rotation. However, rather interestingly,

it could be argued that the QD laser always remains phase locked. Over the

duration of a square, the phase locked solution associated with each state is

continuously changing due to the effective detuning sweep, brought about by

the optothermal effect. Thus the stable phase solution is evolving and the

phase change we observe is the secondary laser simply moving to the new

phase locked solution. But because of the �nite response time of the QD laser,

it is not truly phase locked. While we have established the QD laser is not

phase locked during a square event to the primary laser it is always frequency

locked and emits light at the same same frequency of the primary laser.

2.6 Deterministic triggering

While the presence of stochastic pulses allow us to conclude on the excitable

nature of the system, for applications one would typically need to
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deterministically trigger pulses [73, 85]. To investigate this we use a LiNbO3

phase modulator to perturb the injected light, see Figure 2.16. The modulator

is connected to a pulse generator that can generates pulses with a full width

half maximum of approximately 1 ns. By varying the perturbation amplitude

the presence or otherwise of a threshold can be investigated.

Figure 2.16: The basic setup shown in Figure 2.1 is repeated but a LiNbO3
phase modulator (MOD) is introduced after the primary laser (PL). The PL is
a tunable laser source (TLS). The modulator is driven by a pulse generator.
This modulates the light being injected into the QD secondary laser (SL). A
polarisation controller (PC) is used to maximise coupling. A circulator shines
light from the PL into the SL, the light that is emitted from the SL into the
circulator is sent to a 12 GHz detector connected to an oscilloscope (OSC).

Figure 2.17 shows two perturbations and the resulting laser responses for the

device biased at 36.5 mA (1.14 times threshold). In Figure 2.17 (c) a large

amplitude voltage spike is applied and a square pulse (Figure 2.17 (a))is

excited in the secondary laser. In Figure 2.17 (d) a low amplitude voltage

pulse is applied and a square is not excited in the laser. Instead, the intensity

returns to the steady state via a short phase space trajectory (Figure 2.17 (b)).

The probability of excitation of a pulse for a particular perturbation strength is

calculated by �nding the number of successful pulses triggered after making

391 consecutive perturbations. An ef�ciency curve can then be generated as

shown in Figure 2.18. There is a clear threshold (de�ned at 50% ef�ciency), at

2.31 V showing that the square pulses can be deterministically triggered with a

suf�ciently strong voltage pulse applied to the modulator, clearly

demonstrating the excitable nature of the square pulses.
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Figure 2.17: (a) and (b) show the output from the secondary laser. (c) and
(d) show the electric pulses of different amplitudes that were sent to the phase
modulator in order to perturb the injected light. (a) is a successfully triggered
optical square pulse and was triggered by the electrical pulse (c) with an ampli-
tude of 3.82 V. The smaller perturbation (d) with an amplitude of 1.67 V, fails
to excite a square pulse as shown in (b).

Figure 2.18: Ef�ciency curve for deterministically triggered square pulses.
There is a threshold at approximately 2.3 V. If the strength of the perturba-
tion is greater that this than there is a 50 % probability that a pulse would be
�red.
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2.7 Class A theoretical model

Rate equation models of the optically injected system have proven to be

excellent predictors of the experimentally observed dynamics for

semiconductor lasers [86]. While speci�cally tailored QD models do exist, they

are necessarily more complicated than their conventional counterparts [71,

87]. It has been shown that qualitatively, one can recover many of the

phenomena observed with optically injected QD lasers using the conventional

semiconductor rate equations but with very high damping of the relaxation

oscillations (ROs) imposed, as found experimentally for QD lasers [66]. In

fact, one can even recover virtually all of the phenomena by moving to the

Class A, in�nite RO damping limit, where the dependence on the carriers is

adiabatically eliminated and the behaviour is described using only the electric

�eld [66, 69, 71]. The equations are then,

_R =
P � R2

1 + 2R2
R + K cos� (2.1)

_� = �
P � R2

1 + 2R2
� (� � ! ) �

K
R

sin� + D� (t) ; (2.2)

where R is the secondary �eld amplitude, K measures the injection strength,�

is the phase of the secondary minus that of the primary,� is the nominal

angular detuning, � is the phase amplitude coupling factor and P is the

pumping current above threshold. We include stochastic effects viaD� (t),

where � (t) is a Wiener process andD is the magnitude. Time is expressed in

units of the photon lifetime.

Most importantly here, such lasers display a phase-locked bistability precisely

of the form predicted for optically injected QD lasers [66, 69, 71, 88]. Thus, in

order to highlight the physics of the phenomenon, we work with this model

while recognising that QD lasers are not genuine Class A lasers. Nonetheless,

we manage to capture the basic physics and �nd excellent qualitative

agreement.
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2.7.1 Inclusion of the optothermal effect and the evolution

of the region of excitability

The model is modi�ed so as to include thermal effects. Carrier heating effects

have previously been incorporated in a very detailed microscopic model for

QD lasers in [89] and their importance in large signal modulation highlighted.

In our case, we want to focus on the underlying physics of the system and so

we modify our model to include thermal effects by adding one equation that

couples the effective detuning to the intensity.

_! = � 

�
! � cR2

�
; (2.3)

! is the thermal change in the detuning, 
 gives the slow characteristic time

scale for the thermal effects, andc is the coupling between the thermal

dynamics and the intensity. We note that we must couple the optothermal

effect to the electric �eld because the carriers have been adiabatically

eliminated. But despite this simplicity, we �nd that the model is suf�cient to

understand the essentials of the mechanism.

The bare (c = 0) system, shown in [66], has a region of phase-locked

bistability and an associated hysteresis loop (withK in the interval [0:5; 0:8],

for � = 2 and P = 0:5 for example) due to the interaction of a saddle-node

bifurcation and a Hopf bifurcation at negative detuning. No square wave

regime is obtained. Consider now the coupled system with �nite c. Some

things remain virtually unchanged. For injection strengths around 0.01 the

Adler equation can be recovered for the phase equation. Thus, Type I

excitability is still obtained as experimentally observed. When we move to

higher injection strengths and to the previous region of bistability however,

things have changed dramatically.

In the absence of noise, a prominent region of periodic square wave pulses is

obtained. The results are robust to changes in� and 
 . (For example, 
 can be

changed by several orders of magnitude while retaining the qualitative

features analysed here). Close to the onset of this regime, the system is

excitable.
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Figure 2.19: Numerical pulse/dropout trains. (a) shows the intensity at a de-
tuning of � 0:955; (b) shows the intensity at a detuning of � 0:9225; and (c)
shows the intensity at a detuning of � 0:89, K is 0:7056.

Figure 2.20: Zoomed in traces of the pulse/dropout trains shown in Figure
2.19. (a) shows the intensity at a detuning of � 0:955; (b) shows the intensity
at a detuning of � 0:9225; and (c) shows the intensity at a detuning of � 0:89, K
is 0.7056.

To analyse the evolution of the intensity, noise is included with the parameters

set as follows: � = 2, P = 0:5, c = 0:1, 
 = 0:001and D = 0:1 and the detuning

is varied. Excitable square wave trains are obtained as shown in Figure

2.19(a) and Figure 2.19(c) for detuning values of � 0:955and � 0:89. Figure

2.19(b) shows an example of the periodic square regime, with noise included,

at � 0:9225detuning. Figure 2.20 zooms in on square events in Figure 2.19.
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The associated interpulse/interdropout histograms are shown in Figure 2.21

and the exponential shape of the noise induced excitable pulses match the

experimental case extremely well. So too do the narrow distributions of upper

and lower intensity durations in the periodic case in Figure 2.22.

Figure 2.21: The distribution of the interpulse times is shown in (a) and the
inset is a persistence plot of 100 consecutive pulses plotted on top of each other
illustrating the regular pulse width. (b) shows the distribution for the square
dropouts with a persistence plot inset. The control parameters match those in
Figure 2.19.

Figure 2.22: (a) shows the distributions of the duration of the high intensity
plateaus. Similarly (b) shows the distributions of the low intensity lifetimes.
The narrow distributions indicate a consistent and reproducible square wave
train. (c) is a persistence plot of 100 consecutive pulses plotted on top of each
other illustrating the regular pulse width.
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2. SQUARE WAVE EXCITABILITY 2.7 Class A theoretical model

2.7.2 Bifurcation analysis

A natural question is what bifurcation leads to this square wave regime. To

examine this, we �x the parameters as follows: � = 2, K = 0:7104, P = 0:5,


 = 5 � 10� 6. (We note that the results are robust to changes in� and 
 . For

example, 
 can be changed by several orders of magnitude while retaining the

qualitative features analysed here). We then plot the bifurcation diagram for

c = 0 in the bistable region, the blue curve in Figure 2.23 (found using the

continuation package AUTO). The stable steady states arise from saddle-node

bifurcations and overlap forming the bistable region. We then include the

optothermal coupling, c = 0:1, and plot the intensity of the square wave over

the bifurcation curve (red). The squares result from the slow deterministic

evolution of the detuning. The intensity of the square corresponds to the

steady state intensity of the bare system. The bistability (blue) is destroyed by

an optothermal coupling and is replaced by a deterministic cycle represented

by the red curve.

Figure 2.23: Bifurcation diagram using the Class A model. The blue curve
shows the saddle node structure of the bare system (no optothermal coupling,
c = 0). The solid lines represent stable solutions and the dotted lines repre-
sent unstable solutions. There is a clear bistability. The red curve shows the
trajectory of Figure 2.24 (b) obtained at at � = � 0:9540124775with a �nite
optothermal coupling, c = 0:1 and 
 = 5 � 10� 6 . For both casesK = 0:7104:

Via a combination of direct simulation and the numerical continuation

software package AUTO we �nd a new Hopf bifurcation in the system. Figure

2.24 is a bifurcation diagram showing the location of this bifurcation � H , and

the amplitude of the resulting cycles. Directly after the bifurcation there is a

small amplitude cycle as shown in Figure 2.24 (a). However, after a very short
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range of detuning, large amplitude cycles appear, Figure 2.24 (b). This occurs

via a canard explosion.

Figure 2.24: Bifurcation diagram showing the new Hopf bifurcation created by
the optothermal coupling. The Hopf point � H = � 0:95401276is shown with a
blue dot. Examples of small and large amplitude cycles at� = � 0:95401248and
� = � 0:9540124775are shown in insets (a) and (b), where their amplitudes are
approximately 0:004and 0:86respectively. Zero corresponds to constant output.
Inset (c) zooms in on the canard explosion and the associated region of small
amplitude oscillations. K = 0:7104throughout.

So as to gain some physical perspective let us assume a value of 10 ps for the

photon lifetime (while acknowledging that this is merely an estimate but of

the right order). As is typical with canard explosions, the parameter range for

the small amplitude oscillations is extremely small. In the dimensionless units

it has a range in detuning of only � 0.00006. The explosion itself occurs over a

tiny range and the amplitude of the oscillations increases by a factor of 20 over

a very small control parameter range of approximately 1 MHz. The minimum

step size of the TLS is approximately 18 MHz and so a detailed investigation of

the region is dif�cult. Further, the inherent experimental noise alone may be

enough to mask the small amplitude oscillations.

2.7.3 Deterministric triggering

Close to the bifurcation the system is excitable. By including noise in the

simulations one can obtain noise induced excitable events as demonstrated in

Section 2.7.1. We complement this analysis here by taking a noise free system

but investigate excitability by applying discrete perturbations which can lead
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2. SQUARE WAVE EXCITABILITY 2.8 Quantum dot laser model

to trajectories around the large amplitude cycle for a suf�ciently large

perturbation. One can obtain such an excitable trajectory at both sides of the

bifurcation point � H , i.e. when the system is either in the regime of constant

intensity output or in the small amplitude oscillation regime, shown in Figure

2.24. The response of the system depends on the amplitude of the

perturbation. Figure 2.25 shows two responses to slightly different phase

perturbations, when operating in the constant intensity regime, where

� < � H . One response simply yields a short phase space trajectory back to the

stable state (black), while the bigger perturbation is just above the excitable

threshold and yields an excitable pulse (red).

Figure 2.25: Two examples of perturbed trajectories. In the black dashed trace
a perturbation of �� = 0:0011was applied at t = 1000 yielding a short trajectory
back to the steady state behaviour. In the red trace a perturbation of�� = 0:0012
was applied yielding an excitable trajectory. K = 0:7104, � = � 0:9541. The
inset zooms in on the perturbation.

We recognise that the model is overly simple and that it would be preferable -

and indeed, crucial - to reproduce the results using a model explicitly designed

for QD lasers and so we turn to this below.

2.8 Quantum dot laser model

In order to best compare with existing work we use the rate equation model of

[69, 71]. This consists of equations for the electric �eld amplitude R of the

laser, the phase� in the frame of the primary and the carrier density in the

wetting layer n. (The occupation probability of the dots has been adiabatically
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2. SQUARE WAVE EXCITABILITY 2.8 Quantum dot laser model

eliminated as in [69]. The adiabatic elimination arises from the small

parameter " which gives the deviation of the dimensionless differential gain

from 1. See [51] and references therein for further details). Again, we

supplement the model with an extra equation describing the optothermal

coupling, just as in the Class A model. The equations are as follows.

_R = 1 �
2 (1 + R2)

2B"n
R +

K
"

cos(� )

_� = �
� � !

"
+ 1 �

2 (1 + R2)
2B"n

� �
K
"R

sin(� ) + D� (T)

_n =
1
"

�
�
J � n � 2

�
1 + R2

��

_! = �


"

�
! � cR2

�

As with the Class A case, time is normalised with the photon lifetime� ph. The

dot means differentiation with respect to T = "t
� ph

. J is the pump current per

dot and � is the linewidth enhancement factor. B � � � � 1
cap cap and � � � ph� � 1

where � and � cap denote the carrier recombination and capture times,

respectively. D� (t) is a white noise term, where � (t) is a Wiener process andD

is the magnitude. To allow direct comparison with Figure 1.14 in [69] we use

the same parameter values and keep them �xed: � = 1:2, J = 5:14 (1.5 times

threshold), B = 70, " = 0:02 and � = 2 � 10� 3. The optothermal effect is

introduced in a similar way to how it was included in the Class A model, 


again provides the slow thermal relaxation time and c is the optothermal

coupling constant. We �x 
 = 5 � 10� 6 and c = 0:03. Our control parameters

are the injection rate K and the detuning � de�ned as the frequency of the

primary laser minus that of the secondary laser.

The bare system with no optothermal coupling yields a region of phase-locked

bistability as shown in [69]. Including the optothermal coupling we �nd as

before that a square wave regime is obtained. Figure 2.26(a) shows a noise

induced pulses in the excitable region. Again, direct simulation demonstrates

that the system is excitable close to this region with pulses arising from

discrete perturbations and via noise,D = 0:01. Figure 2.26 (b) shows the

associated phasor trajectory. The agreement with the experiment is excellent.

Admittedly, the overall phase rotation is smaller than that found

experimentally but we ascribe this to the relatively low value of � used

(deliberately to allow comparison with the existing results in [69, 71]).
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Figure 2.26: (a) Noise induced excitable squares pulses found forK = 0:04,
� = � 0:029525, D = 0:01, 
 = 5 � 10� 6 and � = 2 � 10� 3. (b) shows the
associated phasor trajectory.

2.8.1 Bifurcation analysis

2.8.1.1 Subcritical Hopf

Unlike the Class A case, we �nd a subcritical Hopf bifurcation. The system is in

fact bistable between the phase-locked solution and a square wave train just

before the Hopf is reached. Figure 2.27 shows the two stable states for the

same control parameters but for a noise free system,D = 0. Only the initial

conditions differ. Thus, the excitability arises via the conventional, subcritical

Type II dynamic for the QD model with these parameters. However, as we

show now, we can regain the canard explosion feature by changing just one

parameter.
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Figure 2.27: Near the subcritical Hopf bifurcation point a bistability is creating
and the two solutions are shown above. The solution the system evolves into
depends on the initial conditions. Initial conditions for the constant trace are
R = 0:735, � = 1:560, n = 2:06 and ! = 0:016. For the square trace the initial
conditions are R = 1:08, � = 0:667, n = 0:795 and ! = 0:028. The operating
parameters are the same for both. K = 0:04, � = � 0:02929, � = 2 � 10� 3,

 = 5 � 10� 6 and D = 0.

2.8.1.2 Reduction to Canard Explosion

The Class A model is the limit of the more conventional Class B model as the

ratio of the photon lifetime to the carrier lifetime tends to in�nity ( � in our QD

model). However, as shown in [66] many features of the Class A system arise

also in the standard Class B system for �nite ratio. We �nd that for a modest

� = 0:03, the results are similar to the Class A case. In Figure 2.28 we plot a

bifurcation diagram for the bare system, c = 0, of the bistable region and then

include the optothermal coupling and plot the intensity of the square wave

regime over the bifurcation �gure. The square wave trajectory follows the

bistable steady states of the underlying bare system. The Hopf bifurcation

becomes supercritical and we recover the canard explosion, see Figure 2.29.

Noise induced square pulses that arise from this supercritical Hopf are shown

in Figure 2.30.
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Figure 2.28: Bifurcation diagram using the QD model. The blue curve shows
the saddle node structure of the bare system (no optothermal coupling,c = 0).
The solid lines represent stable solutions and the dotted lines represent unstable
solutions. There is a clear bistability. The red curve shows the trajectory shown
in Figure 2.29 (b) for � = � 0:02931155with �nite optothermal coupling, c =
0:03 and 
 = 5 � 10� 6. For both casesK = 0:04, D = 0 and � = 2 � 10� 3.

Figure 2.29: Bifurcation diagram for the supercritical Hopf case showing the
amplitude of the cycle versus the detuning. (Thus, zero corresponds to constant
output.) Small amplitude oscillations are obtained just after the Hopf point
(blue dot) � H = � 0:0293118. A canard explosion then leads to the creation
of a large amplitude cycle. The insets show two characteristic examples of the
output. K = 0:04, D = 0, � = 0:03, c = 0:03 and 
 = 5 � 10� 6 throughout. The
insets show� = � 0:0293116and � = � 0:02931155for the small amplitude and
large amplitude cycles with amplitudes of 0:01 and 0:43 respectively.
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Figure 2.30: Noise induced square pulses for the supercritical Hopf case.K =
0:04, � = � 0:0304, 
 = 5 � 10� 6, � = 0:03, D = 0:01.

The question now arises as to which version is observed in the experiment.

The traces for the noise induced pulses are extremely similar both for the

subcritical (Figure 2.26(a)) and supercritical Hopf (Figure 2.30) cases and

both match the experiment well. One feature does stand out: The overshoot at

the beginning of each square in the experimental traces. This is reproduced by

the QD model with the subcritical Hopf parameters but not with the Class A

and not with the supercritical Hopf QD case. We ascribe this overshoot to the

lower relaxation oscillation damping of the subcritcal case compared with both

other cases. It is thus tempting to identify the subcritical case as the

underlying scenario. Further, the material parameters for the subcritical case

agree with those in the literature while the supercritical case requires a much

higher photon lifetime/carrier lifetime ratio. Of course, a more thorough

bifurcation analysis is warranted both experimentally and numerically.

To conclude, we have shown the �rst demonstration of Type II excitability in

the optically injected laser system. At high injection strengths, optothermal

effects break a phase-locked bistability and endow the system with a periodic

square wave regime and associated regions of Type II excitability. The relative

detuning undergoes a deterministic sweep over the duration of a square.

Interestingly, this is the �rst laser system displaying both Type I and Type II

excitability. This suggests that QD lasers could be of immense interest in

neuromorphic systems where arti�cial neuronal systems are desired, providing

prototypical excitable behaviour for both types. Further, we would expect the
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phenomenon to be robust to changes in device type with the main requirement

being high RO damping.
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Chapter 3

History of dual state optical

Injection

We review results on the optical injection of dual state InAs quantum dot-based

semiconductor lasers. The two states in question are the so-called ground state

and �rst excited state of the laser. This ability to lase from two different energy

states is unique amongst semiconductor lasers and in combination with the

high relaxation oscillation damping of the material and the novel, inherent

cascade like carrier relaxation process, this endows optically injected dual

state quantum dot lasers with many unique dynamical properties. We compare

and contrast some of the physical properties of the system with other optically

injected two state systems such as ring lasers and VCSELs. Particular attention

is paid to fast state switching, antiphase excitability, novel information

processing techniques and optothermally induced neuronal phenomena.

This chapter is based on the following invited review article:

B Kelleher, M Dillane, E.A. Viktorov, “Optical information processing using

dual state quantum dot lasers: Complexity through simplicity”, Light: Science

Applications 10 (1), 1-15 (2021).
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INJECTION 3.1 A brief history in dual state dynamics

3.1 A brief history in dual state dynamics

Bistabilities and switching mechanisms in semiconductor lasers are topics of

great interest both fundamentally and for applications including signal

processing, optical �ip-�ops, optical memory elements and optical logic gates

[90–95]. A particularly successful technique for obtaining bistable operation is

via the optical injection of devices that admit two lasing states such as Vertical

Cavity Surface Emitting Lasers (VCSELs) [2, 36, 96–100], semiconductor

microring lasers [101, 102] and two-colour Fabry-Pérot lasers [103, 104]. The

two states in VCSELs arise from two polarisation states, naturally arising due

to the broad area of the emitting surface in such devices. Similarly, the two

states in ring lasers also arise due to the geometry. The ring con�guration

means light can propagate either in the clockwise direction or in the

anticlockwise direction. On the other hand, the two-colour Fabry-Pérot devices

are explicitly designed to emit from two distinct longitudinal modes via careful

design of a pattern of slots etched into the active material. When undergoing

optical injection, all of such devices can be used as optical switches and

all-optical memory elements. The dual state possibilities of QD lasers means

they are also of interest for such applications. However, the carrier dynamics

in QD devices are very different from all of these other cases. There is a

cascade like relaxation pathway for carriers in QD material, from the carrier

reservoir, through the ES and into the ground state [49, 50, 54]. Super�cially,

there are similarities with the other dual emission devices but the physical

underpinnings are quite different and allow for phenomena that cannot be

obtained with conventional semiconductor lasers as described below. What's

more, the QD lasers rely on relatively simple fabrication and their geometry is

ideally-suited to in-plane integration.

Apart from injection [105, 106], researchers have considered dual state optical

feedback con�gurations [107–116] where competition between states and

their different RO characteristics are often central to results; dual state

mode-locking [117–125] where resistor self electro-optic effect device

con�gurations and neuronal applications have been considered among others;

and modulation characteristics when emitting from the ES [126–131], where

it is shown that emission from the ES can signi�cantly improve the modulation

properties of QD lasers. We do not delve into these results here but instead

restrict ourselves to optical injection.
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3.2 Bistability and state switching

For most of the work described here, we consider a dual state QD laser biased

so as to emit from the ES only, optically injected at the GS frequency. Figure

3.1 shows the basic concept of an optical injection experiment on a dual state

laser. All experiments discussed below will be based on this core setup. Light is

coupled from the tunable laser (PL) through port 1 and out of port 2 of an

optical circulator providing � 40 dB optical isolation, to polarisation

controllers (PC) and into to the QD laser (SL). The light from SL then passes

into port 2 of the circulator and out of port 3 where a �lter splits the GS and

ES light for independent detection.

Figure 3.1: Basic optical injection set up. Light from a primary laser (PL),
typically a tunable laser source, is injected into a circulator and then into the
cavity of the secondary laser (SL), the QD laser. A polarisation controller (PC)
maximises coupling. A �lter is used to separate the ground state (GS) and
excited state (ES), so each state can be monitored independently by detectors
connected to an oscilloscope.

In [132] a QD device fabricated to lase from a single longitudinal mode in the

GS while remaining multimode when operating from the ES was

experimentally analysed. In the free-running con�guration the �rst threshold

was for GS only lasing, after which simultaneous GS and ES lasing was

obtained and �nally, ES only lasing, Figure 3.2. In [132] it was electrically

pumped so as to emit from the ES only. Light from a primary laser, in this case

a tunable laser source (TLS) emitting near the frequency of the GS, was

injected into the QD secondary laser. For suf�ciently low detuning (the

frequency of the primary laser minus that of the secondary laser), the ES is

completely suppressed and light is emitted from the GS only, see Figure 3.3. As

pointed out in [46], when the QD laser emits from only the ES, all GS modes

are subthreshold. This makes de�ning the value of the detuning dif�cult.

Thus, the frequency of the primary laser is instead pragmatically set to where a

desired qualitative behaviour is achieved.
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Figure 3.2: (a) the LI curve of a two colour device used in [132] that demon-
strates the typical features observed in most devices discussed here. (b) shows
the emission spectra of the device and correspond to 3 distinctive lasing regions:
(i) There is the GS threshold beyond which only GS light is emitted. (ii) At the
ES threshold, both the ES and GS last simultaneously. (iii) At higher pump cur-
rents the GS is quenched and only the ES lases. Reprinted with permission from
[132] © The Optical Society.

Figure 3.3: (a) the ES and (b) GS spectra before and after optical injection into
the GS. Initially the device is pumped so as to emit from the ES only and all the
GS modes are subthreshold (black). Injecting close to a GS mode the ES turns
off and the GS turns on (red). Figures reprinted with permission from [132] ©
The Optical Society.(c) shows three line width measurements. The blue shows
the line width of the GS when the laser is pumped to emit from GS only. The
black shows the very narrow linewidth of the primary laser, the TLS. The red
shows the linewidth of the QD laser after injection. Phase locking is veri�ed as
the QD laser has adopted a similar line width to the primary laser. Reprinted
with permission from [46] © The Optical Society.

To con�rm that the emission is phase locked to the injected light, the linewidth

was investigated using a delayed self-heterodyne experiment, as shown in

Figure 3.3 from [46]. Before any injection the linewidths of the primary and

secondary lasers were found separately. When free-running and emitting from
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the GS only, the linewidth of the QD laser was � 1 MHz. The linewidth of the

tunable laser was resolution limited, but less than 100 kHz. The current

applied to the QD laser was increased until it lased from the ES only. With

optical injection the ES was quenched and GS emission was recovered. The

linewidth of the QD laser was then found to be less than 100 kHz, con�rming

the phase-locking of the QD laser to the tunable laser. The extent of the

locking region was then investigated. The detuning was set to where the

highest GS output of the QD laser was achieved. The injection strength was

then swept up and down. While there were instances of oscillations noted,

dynamics were not investigated in [46]. Instead, only the average output

powers of the GS and ES were recorded. A hysteresis loop was found

indicating a bistability. Both states in this bistability displayed simultaneous ES

and GS lasing; the bistability was between a state where the GS dominated the

emission and one where the ES dominated.

The �ndings were investigated using a rate equation model designed for the

dual state QD system. This model consists of rate equations for the GS �eld,

the ES intensity, the occupation probabilities for holes and electrons in the ES

and in the GS and the carrier population in the carrier reservoir.
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A dot denotes differentiation with respect to t = ~t=� ph , where ~t is time and � ph

is the photon lifetime. � = � ph=� , where � denotes the carrier recombination

time. The subscriptse and h represent electron and hole respectively.� is the

usual GS phase-amplitude coupling. For simplicity here we take this to be a
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constant although other models undertake a more rigorous approach [87].

Despite this simpli�cation, this assumption is suf�cient to reproduce the

experimental �ndings. gg
0 and ge

0 are gain coef�cients. Parameters that are

controlled are " the injection strength and and � � ! i � ! g the detuning

between the frequency of the injected light and that of the GS. The pump

current is J . The B terms Be;h and B w
e;h are the capture rates to the GS and ES,

respectively while the C terms are the escape rates and are linked to the

capture rates via Kramers type relations, as described in [46]. The different

spin degeneracies in the QD energy levels, Pauli blocking, and interstate

captures and escapes are all included.

To obtain hysteresis, it was necessary to include phase-amplitude coupling

between the ES carriers and the GS �eld, modelled by� in the above, see

Figure 3.4. This is similar to the well-known GS only phase-amplitude

coupling term � arising from the dependence of semiconductor refractive

index on carrier density, but it instead couples the GS �eld to the ES carriers.

Such a phase-amplitude coupling arises fundamentally via the semiconductor

Figure 3.4: Hysteresis cycle analyses using Equations 6.1-3.5. The QD laser is
biased to emit from the ES when free-running. The panels show the effect of
changing � . (a) � = 3, (b) � = 2:5, and (c) � = 1. For � > 2 the experimentally
observed bistabilty is reproduced. Reprinted with permission from [132] © The
Optical Society.
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Bloch equations just as the usual� . Thus, even when the ES is not lasing, the

changing carrier density still has an impact on the refractive index and on the

GS emission. (In this way, it also phenomenologically models some aspects of

inhomogeneous broadening [46, 133]). In the absence of � , no hysteresis was

obtained. For suf�ciently high � (> 2) the hysteresis was found, matching the

experiment very well.

In [134] Lüdge and co-authors considered a microscopic model for the system.

All of their results are numerical but they consider carefully the experimental

results of [46]. They have performed successful analyses for the GS only

situation previously using such a model [67, 87, 135]. Rather than having an

explicit � , they extract the frequency shift of the GS �eld brought about by

changes in the full carrier distribution, thereby going beyond the conventional

approach where only the active carrier population is considered (and linear

scaling assumed). Because they consider phase amplitude coupling of the GS

and all the carriers, there are effective � and � terms in this model, even when

inhomogeneous broadening is omitted.

The experimental hysteresis results described above are reproduced

successfully for control parameters where the free-running behaviour of the

QD laser is emission from the ES only. As with the simpler model, the

phase-amplitude coupling needs to be suf�ciently strong to allow the

hysteresis to arise and does not arise for very low values. By changing device

and control parameters, they also examine if the bistability can arise for the

other free-running operating possibilities: GS only and simultaneous GS and

ES lasing. They show that the bistability can in fact also arise in these

situations with suf�cient parameter tuning. Further, it turns out that the

largest bistable regions are found with the GS only parameters. This might

seem counter intuitive at �rst, but is explained as follows. As is well-known for

optical injection, the injected light can cause the intensity of the emitted light

to exceed that of the free-running emission but can also cause it to drop below

the free-running value. When it drops below the free-running emission, it frees

up carriers. For conventional single mode lasers, there are typically no other

states to utilise these excess carriers. In the QD case, this can allow the ES

threshold to be reached and so emission from the ES can arise.
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Figure 3.5: Experimental optical switching between a bistability. A Mach Zehn-
der Modulator is connected to a pulse generator that produces square pulses,
the insets in (b) and (c) show the electrical signals. During a short square
pulse GS light injects into the QD laser that is free running in the ES. The ES
quickly turns off and the GS quickly turns on until the Mach Zehnder Modulator
switches off the injected light again. Reprinted with permission from [132] ©
The Optical Society.

So far we have discussed only the steady state behaviour of the injection

con�guration. Dynamics are also of course important. One of the �rst

experiments considering dynamics examined the details of the switching

between the CW GS on solution induced by injection and the free-running ES

on solution. This work thus bridges the gap between the steady state analyses

above and the dynamics presented below. In [132], a similar device to that in

[46] was studied experimentally. Again, it was electrically pumped so as to

emit from the ES only when free running. Under continuous wave injection,

the ES is fully suppressed and the device lases from the GS only. In order to go

beyond steady state results, a Mach Zehnder modulator modulates the injected

light to induce switching between the two lasing states. The rise time of the

injected GS pulse is� 100 ps. The switching time - the time it takes for the QD
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laser to switch from ES to GS lasing - is less than 300 ps, Figure 3.5. There is a

notable absence of RO oscillations, as is typical for QD devices due to their

extremely high RO damping in the GS. The injected pulse has a fall time of

approximately 300 ps. The time to switch back from GS to ES only lasing was

less than 700 ps. In contrast to the GS case, the switching on of the ES was

accompanied with a pronounced ring in the intensity suggesting that the RO

damping in the ES is high, but not as high as in the GS case. These switches

are extremely fast but likely signi�cantly affected by somewhat slow switching

pulses. With faster pulses, the state switching times would also be faster.

The optical switching technique was also investigated numerically using the

microscopic model in [134]. The QD laser is operated so as to emit from the

ES and a square GS pulse is injected, with rise and fall times of 100 ps. As the

GS square is injected the ES turns off and the GS turns on as in the

experiment. The timescales for the GS switch-on of about 300 ps and the GS

switch-off of about 900 ps, again, similar to those reported in [132]. Short

pulses can be used to dislodge the system from its current state. Beginning

with a constant GS injection where the QD laser is phase locked and the ES

emission is suppressed, a short negative pulse can induce a state switch,

turning on the ES and signi�cantly reducing the GS intensity. A short positive

pulse can induce a switch back to ES off.

3.3 Boundary dynamics

In conventional optical injection con�gurations, dynamics are typically found

and studied near locking/unlocking boundaries and the dynamical regimes

obtained depend on the bifurcations leading to phase locking. The same is

found in the dual state injection case for the most part.

3.3.1 Intrinsic Q-switching

In [136], a pulsing regime close to the locking boundary for negative detuning

was studied. A �xed injection strength was chosen and the frequency of the

injected light was varied. Just outside the unlocking boundary, a periodic train

of GS dropouts (with ringing minima) and corresponding sharp antiphase ES

pulses of around 80 ps duration were observed, Figure 3.6.
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Figure 3.6: (a) Experimental and (b) numerical periodic pulse trains of GS
dropouts accompanied by sharped ES pulses. The small ringing oscillations
at the minima of each GS dropout correspond to oscillations around a saddle
focus. By experimentally varying the detuning the frequency of the train can be
tuned between 0.3 and 1.3 GHz. In the bottom panel time is in units of photon
lifetime. Figures reprinted with permission from [136] © The Optical Society.

The period of the trains can be tuned as shown in [136] and a tuning range of

approximately 1 GHz (0.3 - 1.3 GHz) was demonstrated for the injection

strength considered. This is much larger than the tuning ranges of passively Q

switched semiconductor lasers.

Using the model (Equations 6.1-3.5), a bifurcation analysis of the stable

solutions was undertaken. Figure 3.7 shows a mapping of the ES and GS

intensities versus the detuning and the corresponding map for the phase of the
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GS (originally shown in [136]). As suspected from the experiment, the

boundary is de�ned by a saddle node in�nite period (homoclinic) bifurcation

(a SNIPER, also known as a saddle node on an invariant cycle - SNIC -

bifurcation) LP , just as in the conventional injection case. Then, for injection

strengths just below the position of LP , direct numerical integration yields

periodic GS dropouts and ES pulses just as in the experiment, Figure 3.6.

Similar to the experiment, the GS dropouts have multiple ringing oscillations.

Figure 3.7: Bifurcation diagram of the GS (red) and ES (blue) intensities vs
detuning using the rate equations from [136]. Continuous (dashed) lines cor-
respond to stable (unstable) branches. LP denotes a homoclinic bifurcation
point. Other models [134, 137] also produce a homoclinic bifurcation point at
the negative detuning boundary. Reprinted with permission from [136] © The
Optical Society. Note that the sign of the detuning in this �gure is the opposite
of that used in the rate equations presented in this Chapter .

The physical explanation of the phenomenon is somewhat analogous to the

phenomenon of Q switching in lasers with saturable absorbers. After

unlocking, the GS intensity drops, and its gain saturates due to Pauli blocking.

This saturation of the GS allows carriers to build up in the ES. It acts as a gate

allowing the ES carrier population to increase until it eventually overcomes

the device losses and yields another sharp ES pulse. The tuning ranges in the

injection experiment however, go well beyond those achieved with Q switching
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since in that case, the pulse rate is set by the pump and absorber time scales.

This intrinsic Q switching phenomenon is unique to QD lasers, arising directly

from the carrier cascade pathway described above without any requirement

for multisection fabrication.

In [137] Mesaritakis and co-workers considered a numerical analysis of a

single section QD laser, with a view to integrate and �re functionality. They

utilise a multi-population model, with electron-hole dynamics describing

waveband transitions from both the ground and excited energy state. The

electric �elds of both the GS and ES are found and the carriers in the bulk

semiconductor layer are included. They focus on the behaviour near the

SNIPER (SNIC) bifurcation as also previously reported in [134, 136]. The

resulting pulse/dropout trains are very reminiscent of those described above,

�rst reported in [136]. The authors perform a numerical analysis of the effect

of periodic perturbations of the injection strength on ES pulse and GS dropout

generation and map the effect of perturbation strength and period. The

underlying physics is very reminiscent of the work of Hurtado and Javaloyes in

[36] where temporary reductions in the injection strength produced periodic

pulse trains. Good control of the repetition rate is suggested by the numerics.

That this should be so is also strongly suggested by our demonstration of

repetition rate tuning in [136] where rather than varying the strength of the

primary laser, we change its frequency.

In [125], the same group has also analysed a two section mode locked QD

laser injected by an identical device. Both excitatory and inhibitory pulses can

be excited depending on the injected signal and the control parameters of the

neuron device (the injected laser). They show that they can achieve either

excitation or inhibition simply by changing the reverse bias of the absorber

section.

3.3.2 Two-colour bursting

In the GS only system, at high injection strengths, an optothermal coupling

induced square wave excitability was reported in Chapter 2 and the controlled

triggering of these pulses was also demonstrated. The phenomenon arises

from the optothermal destruction of a phase-locked bistability. As shown in

Chapter 2 there are two potential routes to the square waves, both via a new

Hopf bifurcation; one leads to a canard explosion and the other to a subcritical

Hopf induced bistability. There is a similar dynamic regime in the dual state
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con�guration when the injection strength is increased. As shown in [78], an

optothermally induced periodic square wave switching on microsecond time

scales, appears between two states, associated with the two states from the

dual state bistability described earlier. The periodic trace switches between a

quiescent upper level, where the GS emits a constant intensity and the ES is off

and a lower level distinguished by complex oscillations, Figure 3.8. In fact,

there are multiple distinct regions within the lower level. The initial GS

dropout and ES turn on is characterised by a few damped oscillations in both

states followed by a prolonged almost �at region of low GS intensity and

higher ES intensity. After a certain critical time, ever growing oscillations

appear in both outputs. These oscillations last for a signi�cant duration (in

[78] a bursting duration of 1.5 � s was shown). Following the oscillations the

GS returns to its initial quiescent state. The fast-slow time scales and the

alternation between large and small amplitude oscillations suggest these are

mixed mode oscillations (MMOs) [138]. In [78] the rate equation model is

supplemented with an optothermal coupling that allows the detuning to vary

with the total intensity. This reproduces the dynamics perfectly and also

explains the bursting cycle. The entire cycle is manifested from a series of slow

passages through bifurcation points. The initial dropout from the quiescent

phase arises from a slow passage through a limit point. The transit from

Figure 3.8: Left panel: Periodic switching between a quiet state and a bursting
state. During the quiet state the GS is the dominant frequency and during the
bursting state the ES is dominant. Right Panel: A zoom of an individual bursting
state. The intensity of both states oscillate in antiphase, the amplitude and the
frequency of the oscillations continuously grow until there is a state switch back
to the quiet state. An optothermal effect is responsible for an intrinsic detuning
sweep and slow passage through bifurcation points. Figures reprinted from
[78].
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constant intensities to the evolving oscillations arises via a slow passage

through a Hopf bifurcation. Finally, the return to the quiescent phase arises via

a slow passage through a limit point of limit cycles.

Over the course of a cycle, effects such as changing carrier recombination rates

result in temperature changes in the device, in turn changing the frequency of

the device and a resulting deterministic sweep of the detuning. This is similar

to the Type II excitability reported in Chapter 2. The period and intensity of

the oscillations match perfectly those of the �rst branch of the snaking branch

of periodic solutions, as seen in the right hand panel of Figure 3.9. The

duration of the bursting phase can be from times of approximately 1 � s to as

long as several 10s of microseconds, via adjustments of the injection strength

and the detuning. This could provide useful applications in both arti�cial

neural networks and in optical communications since bursts can contain more

information than single pulses.

Figure 3.9: Bifurcation diagrams showing the intensity of the GS vs detuning.
Stable and unstable branches are shown by full and dotted lines, respectively.
An optothermal effect is included and the black bursting cycle is reproduced.
The points LP1 and H mark a limit point of steady states and a Hopf bifurcation
point, respectively. Right: A branch of periodic solutions represented by the
maximum intensity is emerging from H and snakes with various stability chan-
ges until it reaches the unstable steady state branch at a homoclinic bifurcation
point (HOM). The �gure shows that the bursting oscillations follow a stable
branch of periodic solutions until it reaches a limit-point of limit-cycles (LP2).
Reprinted �gure from [78]. Note that the sign of the detuning in this �gure is
the opposite to that used in the rate equations presented in this Chapter.

As with many of the phenomena described here, this is again a result that has

its basis the existence of an inherent bistability. In this case, the bistability is

broken by the thermal coupling yielding the fast-slow MMO regime. MMOs are
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of course a generalised canard phenomenon [138] and so this is yet another

instance of the dual state behaviour mimicking the single state behaviour but

with added richness in the structure.

3.4 Where is the chaos?

With all of the dynamic scenarios described above, one feature is conspicuous

by its absence: chaos. Chaotic operation is typically one of the standout

features of optically injected semiconductor lasers. A conventional

semiconductor laser can be well described using just two equations. The

inclusion of optical injection increases the dimensionality of the system and

allows the generation of chaos [140]. With conventional semiconductor

material, prominent areas of chaos are found, in large part due to the weak

damping of the ROs. However, even with highly damped QD lasers, chaos is

found under injection albeit with a smaller footprint in the mapping [69, 134].

When the laser is biased so that the free-running operation is from the ES only,

chaos does not seem to appear in the injection map at all, Figure 3.10, or if it

does, it does so in extremely small regions. The system has a high

dimensionality, higher than the GS only system where chaos does arise.

Figure 3.10: Maps comparing a single-colour laser (a) and a two-state laser (b)
under optical injection using the microscopic model. There are regions of chaos
near the unlocking boundaries of the single-colour laser map. However there
is no chaos or even multi-frequency dynamics observed in the map for the two-
state laser. Reprinted with permission from [139], S. Meinecke, B. Lingnau and
K. Lüdge, in Physics and Simulation of Optoelectronic Devices XXV, Vol. 10098,
International Society for Optics and Photonics (SPIE, 2017).
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However, as shown in [134], and in agreement with the predictions of the rate

equation model (Equations 6.1-3.5), chaos is simply not a feature of the dual

state injection system. Rather, regions where chaos would appear in the single

state system become dual emission states. This is borne out by experiment.

Of course, the absence of chaos does not equate to an absence of complexity.

There is ample complexity in the interplay between the states, even in the

free-running case where even the quenching of the GS due to ES lasing is a

very involved phenomenon and the optothermal bursting cycle described

above is incredibly rich in structure with MMOs, homoclinic snaking and slow

passage phenomena. The stability and wide range of dynamics of optically

injected dual state lasers make them the ideal testbed for excitability and

arti�cial photonic neurons.
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Chapter 4

Locking Maps

An important �gure for understanding the optically injected laser system is the

two parameter stability mapping of the dynamics found by examining the

output of the injected laser under different combinations of the injection

strength and the detuning (the frequency of the primary laser minus that of

the secondary). We experimentally and theoretically generate this map for an

optically injected QD laser biased to emit from the ES and injected near the GS.

Regions of different dynamical behaviours, including phase-locking,

excitability and periodic regimes are identi�ed. At the negatively detuned

locking boundary, GS dropouts and ES pulses are observed near a hysteresis

cycle for low injection strengths. Higher injection strengths reveal square wave

trains where the intensities of the GS and ES squares operate in antiphase. A

narrow region of slow oscillations is observed at the positively detuned

boundary. An optothermal effect similar to the one implemented in Chapter 2

is included in the simulations to recreate the square wave train on the

negatively detuned locking boundary. However, this then creates a new

bistability at the positively detuned boundary. A second optothermal effect

associated with the intensity of light is also included resulting in slow

oscillations matching the experiment very well.

I was responsible for the entirety of the experimental work and took part in

discussions regarding the numerical work, which was primarily carried out by

Dr. Benjamin Lingnau. This chapter is based on the following publication:

M Dillane, B Lingnau, EA Viktorov and B Kelleher, “Mapping the Stability and

Dynamics of Optically Injected Dual State Quantum Dot Lasers”, Photonics9

(2), 101 (2021).
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4.1 Introduction

Stability maps are an effective tool used to show regions of excitability,

bistability, oscillatory behaviour, chaos and phase locking. In [141] an

automated, ef�cient and quick technique for creating an experimental map

was presented, in that case for a two frequency quantum well (QW) based

device but applicable to any device type. The injection power is swept up and

down at �xed values of the detuning. The output power is measured at regular

intervals and then analysed by measuring the mean and the standard

deviation allowing for easy discrimination of different regions in the

parameter space and also allowing for identi�cation of hysteretic regions. On

the theory side, rate equation modelling of the system has proved to be

extremely accurate with quantitative agreement between the maps produced

experimentally and those arising from the model. A particularly striking

example of this agreement is shown in [62] for a single frequency QW based

laser. In this example the map took the form of a two parameter bifurcation

diagram showing where qualitative changes in the laser's behaviour occur and

identifying the associated bifurcations via the continuation software AUTO.

Analytic studies can also be performed such as those in [69, 71, 88, 142] and

in particular, analytic expressions for the two most important bifurcations for

the generation of phase locking, namely, the saddle node bifurcation, and the

Hopf bifurcation. In [65, 143, 144] numerical analyses of the Lyapunov

exponents were used to produce the stability maps. One can also perform

numerical studies analogous to the experimental technique to produce the

mapping as also shown in [141].

As mentioned in Chapter 1, InAs/GaAs based quantum dot (QD) lasers have

several characteristics not found with conventional QW based semiconductor

lasers. One such feature is their very high damping of the relaxation

oscillations (ROs), endowing them with very high levels of stability when

undergoing external optical feedback [67, 145, 146]. This also leads to unique

features when optically injected. In [69, 71] the stability map for a single

mode QD laser biased to emit from the GS only was analysed both

experimentally and analytically with excellent qualitative agreement between

the experimental and analytical �gures. The striking similarity to the Class A

stability diagram was also discussed [88]. Microscopic rate equation analysis

has also been performed, again agreeing well with experiment [87]. This

model allows for more accurate analyses of phase-amplitude coupling going
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beyond the simpli�ed constant � factor typically assumed. In [147] excellent

agreement between experimentally and numerically generated maps for

multimode optically injected QD lasers was demonstrated with the importance

of including spatial hole-burning emphasised. Bidirectionally coupled QD

lasers also display a greatly increased stability relative to their QW

counterparts, again due to the high damping of the ROs [70, 148]. The

increased stability of QD lasers due to the high relaxation oscillation damping

leads to a particularly notable feature in the modelling of optically injected QD

lasers, namely a region of phase-locked bistability [71]. However, in Chapter 2

it was shown that this region is not found experimentally and instead an

optothermal coupling in the system breaks the bistability and induces a

periodic square wave phenomenon. Physically this can be understood as a

thermally induced slow sweep of the refractive index of the cavity and thus the

sweep of the frequency of light the cavity supports. This sweep transforms the

hysteresis cycle of the bistability to a deterministic periodic cycle. The rate

equation model for the system was easily extended to take this coupling into

account and then returns excellent agreement between experiment and theory.

Such a coupling has also been discussed and observed in free running

semiconductor lasers [77, 79, 80, 82], in optically injected semiconductor

optical ampli�ers [37] and optically injected photonic crystal lasers [81].

Another characteristic feature of InAs/GaAs QD lasers is their ability to lase

from multiple different energy levels [40, 48]. In particular they typically

display ground state (GS) emission close to 1300 nm and �rst excited state

(ES) emission at approximately 1215 nm. Each of these states has its own

threshold and which state lases depends on many factors including the optical

losses and the pump current. A typical evolution as the pump current is

described as follows. First the GS threshold is reached at which GS only light is

emitted. This is followed by the ES threshold where the GS and ES emit

simultaneously. Further increasing the pump current typically results in

quenching of the GS emission after which only the ES lases. However, in other

cases - such as with short device lengths - there may not be suf�cient gain

available in the GS to overcome the losses. Thus higher pump current is

required, but this also populates the ES. If the ES becomes suf�ciently

populated before the GS can overcome the losses it can lase and there may

never be emission from the GS at any pump current. This is the case for the

device investigated in this chapter.

This multi-state structure allows for unique dual state injection scenarios. In
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Chapter 3, particular attention was paid to devices (secondary laser) biased to

emit from the ES only and injected into the GS. It has been shown that, the ES

can be made to turn off and the GS turn on, with the output phase locked to

the injecting laser (primary laser)[46]. The experiments discussed in Chapter

3 inject light into QD lasers that have the ability to emit from the GS while

free-running. Here we show that while the short QD laser cannot ever lase

from the GS while free running, it can be forced to emit from the GS under

optical injection and similar dynamics are observed near the unlocking

boundary.

One very interesting feature discussed in Chapter 3 from [134] is the absence

of chaos in the dual state system, a feature con�rmed experimentally in the

sense that chaos has not been reported for the system. This is further

con�rmed in the work presented here. Instead, dual state interactions arise in

regions where chaos arises in the single state system. We present a

comprehensive combined experimental and theoretical analysis of the stability

map for an optically injected dual state QD device. As well as previously

discovered dynamical regions, we uncover new features such as slow

oscillations with a period of 10s of milliseconds near the positive unlocking

boundary. It also turns out that optothermal effects play an important role in

the dynamics observed.

4.2 Experiment

The device under investigation is a 300� m QD laser composed of InAs

quantum dots on a GaAs substrate. It had the same epitaxial structure as the

device used in Chapter 2, but this device is shorter. Slots have also been etched

into the waveguide in order to promote one GS longitudinal mode and

suppress all other modes within the gain spectrum. However, it never lases

from the GS and could only lase from the ES. It is pumped at 75 mA (1.3 times

threshold at 20.5 � C). A schematic of the experimental setup is shown in Figure

4.1. The device is mounted and placed on an xyz stage. Light from the laser is

coupled into a single mode lensed �ber. A unidirectional optical injection

con�guration is set up. The primary laser (PL) is a commercial tunable laser

source (TLS) with minimum step size of 0.1 pm (0.0178 GHz). Light from the

PL is injected into the secondary laser (SL) via a circulator. A polarisation

controller is used to set the polarisation of the injected light and maximise

coupling. The light from the SL goes through a circulator and is directed to a
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�lter, where the ES light is separated from the GS light. ES emission is sent

straight to a 12 GHz detector while the GS emission goes to a 90/10 splitter.

10% is sent to a power meter to monitor alignment and the remaining goes

into another 12 GHz detector. All detectors are connected to an oscilloscope.

Figure 4.1: Schematic representing the experimental set up. A unidirectional
injection experiment similar to the one shown in Figure 2.12 is setup, where
the secondary laser (SL) is a QD laser and the primary laser (PL) is a tunable
laser source (TLS). The main difference is that a �lter is added to separate the
GS emission from the ES emission. Light from the (PL) is is sent to a circulator
and is then injected into a QD laser. A polarisation controller (PC) is used to
maximise coupling. The light emitted from the SL is sent into the circulator
and then to a �lter where the ES and GS light are separated. The ES light is
sent directly to a 12 GHz detector. The GS light goes into a 90/10 splitter, 10%
is sent to a power meter (PM) and the remain goes to a detector connected to
an oscilloscope. The red lines represent light at approximately 1300 nm close
to the GS emission, the blue is ES only and the purple is both GS and ES. The
black are high speed electrical cables.

Typically injection strength is given as the ratio of the magnitude of the electric

�eld of injected light to the magnitude of the electric �eld of the free running

laser, where the electric �eld is the square root of the intensity. But here the

GS is never lasing. So instead, the injecting strength, is de�ned as the square

root of the power reaching the facet of the laser normalised to the maximum

power reaching the facet, K =
q

P
Pmax

. Since the GS mode being injected is

always subthreshold the detuning is then also dif�cult to de�ne. We thus

pragmatically de�ne zero detuning to be where the ES is at a minimum power

after injection.

The experimental technique to build the stability maps is similar to that of

[141] but the injection strength is constant when a measurement is taken. We

record and analyse 20� s long time series of both the GS and ES intensities at

regular intervals. Initially the wavelength of the TLS is set and the power of

injected light reaching the facet of the secondary laser from the TLS is swept
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from 0.25 mW to 2.47 mW in 120 equal steps of K . Then a down sweep is

performed where the power reaching the facet is swept from 2.47 mW to

0.25 mW with the same 120 steps. The wavelength is then decreased in steps

of 0.2 pm (0.0356 GHz) and the power sweeps are repeated.

4.2.1 Stability maps

The average power from each state is plotted in Figure 4.2. The variance of

the ES output is also calculated and plotted. The variance plots, (c) and (f),

are particularly useful for immediate identi�cation of the constant output

regions (dark blue) and areas where the ES intensity is oscillating

(green/yellow). The upper panels in all stability map �gures in this section

show the results generated when the injection sweep is upwards (from low

strengths to high strengths) and the lower panels show the corresponding

maps for the downward sweep (from high strengths to low strengths).

Figure 4.2: Experimental stability map. The top panels show results when the
injection strength, K , is swept from low to high. The bottom panels show the
results when injection strength is swept from high to low. The average ES and
GS intensities are calculated for 20� s long measurements. The phase locked
region is identi�ed as the bright yellow/cyan area in (a) and (c), where the
GS has high output intensity. This corresponds to a quenched ES, shown as
dark blue in (b) and (e). The ES variance is shown in (c) and (f), green is
where oscillatory behaviour is observed and dark blue corresponds to constant
output. The speckled area on the positively detuned boundary of (a) and (c) is
related to very slow oscillations. A more detailed stability map of this boundary
is shown in Figure 4.7.
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In Figure 4.2 (a) the bright yellow region in the centre is the phase-locked

region. Here only the GS is lasing and the ES is completely quenched as

indicated by the corresponding dark blue region in Figure 4.2 (b) and the zero

variance in Figure 4.2 (c). To the negative detuning side of the phase locked

region there is a broad area of dynamics as indicated by the green and yellow

region in the variance in Figure 4.2 (c). On the positive boundary of the phase

locked region there is a region of very slowly varying GS power, indicated by

the non-smooth colouring/speckled pixels in Figure 4.2 (a). We defer

discussion of this for now and return to it below. To the positive side of this

slowly varying speckled region, the device behaves as a dual state emitter, with

both states emitting constant intensities. As the detuning is increased there is a

smooth, continuous evolution of both, with the GS power decreasing and the

ES power increasing. The same dual state behaviour is mirrored on the

negative detuning region to the left of the dynamic, oscillatory regime. We

interpret this as follows; in the GS only system (or indeed any conventional

optical injection system) there are unlocking boundaries after which there are

only oscillating unlocked solutions. In the limit of large detuning the

oscillations can be physically interpreted as a beating between the injected

light and the emission of the secondary laser. However, in our dual state

system there is no free-running GS. Thus, this beating cannot arise. The output

of the QD laser can then be thought of as a mixture of regenerated injected

light and ES emission from the secondary laser. We distinguish between the

phase-locked output (dark blue) in Figure 4.2 (b), where the ES is completely

off, and the regenerated injected light output of somewhat large detunings

where there is dual state emission. For the purposes of identi�cation we refer

to these as the phase locked region and the regenerated injected light region

for the remainder of this chapter.

Figure 4.3 shows just some of the traces taken during a single upsweep of the

injection strength K for a �xed detuning, -6.9 GHz. The coloured labels

correspond to the coloured dots in Figure 4.4, which mark their location on

the maps. The maps in Figure 4.4 are the same as in Figure 4.2 with some

additional markings to make our discussion clearer. Figure 4.3 (a) shows a

periodic train of GS dropouts and the corresponding ES pulses as reported in

[136]. As the injection strength is increased these periodic trains disappear

and various bursting regions are observed in (b), (c) and (d). In Figure 4.3 (b)

there is a switching between a quiescent output where the GS is on and the ES

is off, and an active output with oscillations in both states (similar to the
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Figure 4.3: Qualitative behaviours observed for various injection strengths dur-
ing an upsweep, the detuning remains �xed at -6.9 GHz. The lower panels
zoom into the dynamics shown in the corresponding upper panels. The title on
top of the subplots show the injection strength value. The colour of the font
corresponds to the colour of dots in Figure 4.4. The dots mark the location on
the map where the timetraces were recorded. (a) shows a periodic cycle where
the GS and ES intensities oscillate in antiphase, with a period in the order of a
nanosecond. (b) there is a quiet state between long periods of oscillations. (c)
a periodic square wave emerges with large amplitude oscillations at the start
and end of bursting state. (d) oscillations at the beginning of the bursting state
become damped, but growing amplitude oscillations still appear before there
is a switch back to the quiet state. (e) all fast oscillations are strongly damped
and a square wave train is observed.

dropouts and pulses of (a)). A further increase where K = 0:61 leads to a

different bursting dynamic as shown in Figure 4.3 (c). In this region the

switching is between a quiescent phase with the GS on and the ES off, and an

evolving bursting phase. The switch to the bursting phase is via an initial

period of decreasing amplitude oscillations, followed by a long series of

growing oscillations before a switch back to the quiescent phase. In Figure 4.3

(d) K = 0:68 and qualitatively the trace is similar to that in (c) but here the

oscillations following the quiescent phase are quickly damped out. Such

evolving bursts were previously reported in [78] and shown to arise via an

optothermal coupling. The evolution of the bursting state arises via a

determinstic thermal sweep of the detuning leading to slow passages through

several bifurcations. Finally when K is increased to 0.99, a periodic square
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wave train is observed. Again we interpret this as resulting from the

aforementioned optothermal coupling and such a feature has previously been

observed in the GS only system seen in Chapter 2.

Figure 4.4: The same experimental stability maps of average GS and ES inten-
sities, and ES variance, previously shown in Figure 4.2. Here markings have
been added to make our discussion easier. The injection strength is swept up in
(a)-(c) and down in (d)-(f). The coloured dots correspond to the timetraces in
Figure 4.3. For a more obvious identi�cation of a hysteresis the boundary of os-
cillating dynamics observed in the downsweep is plotted on top of the upsweep
data as a red line. Similarly the boundary of oscillating dynamics seen in the
upsweep is plotted as a white line ontop of the down sweep map. Hysteresis
is evident in (f) where the region of oscillating dynamics extends beyond the
white line, which marks the boundary observed (c).

4.2.2 Bistabilty

In order to identify regions of bistability in the maps, we can compare the

upsweep and downsweep �gures in Figure 4.4. The upper panel shows the

upsweep with a red line superimposed marking the boundaries from the

downsweep. The lower panel shows the downsweep with a white line

superimposed, corresponding to the boundaries of oscillatory behaviour from

the upsweep. The boundaries are largely the same, but reveal bistabilities

where they differ. The left hand side of the phase-locked region (the red/white

line in the centre of each �gure) is the same in both cases. At negative

detunings and for K > 0:6, the two directions match at the boundary between
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the dynamical region and the regeneration region. However, at injection

strengths from approximately K = 0:5 to K = 0:65 and between detunings of

approximately -8.5 GHz and -6 GHz, there is a clear region of hysteresis. This

stands out clearly in all three plots, but most obviously in Figure 4.4 (f).

Figure 4.5 and Figure 4.6 compare the timetraces from an upsweep and a

downsweep respectively. The sweeps move across the widest part of hysteresis

region at -8.2 GHz, just to the right of the almost vertical part of the red line

shown in the upper panels of Figure 4.4. The subplots in Figure 4.5 show the

output of the QD laser for different injection strengths during an upsweep.

Subplot (a) was recorded �rst, then (b) and so on in alphabetical order to (l).

Figure 4.6 shows subplots during a downsweep. Here, subplot (l) was

recorded �rst, then (k), then (j) and so on in reverse alphabetical order to the

�nal subplot, (a). It is important to note that the injection strengths are

plotted in the same grid position of both �gures for easy comparison. So in

both cases subplot (b) showsK =0.611, but it is easy to identify that the

dynamics are different.

Figure 4.5: Timetraces from an upsweep in the region of hysteresis at -8.2 GHz
detuning. The corresponding downsweep timetraces are shown in Figure 4.6.
Initially the QD laser is unlocked and as injection strength is increased the in-
tensity of the regenerated GS slowly increases and the ES intensity decreases.
Small oscillations are visible in the GS intensity at K =0.645 before a sudden
change in behaviour. WhenK > 0:651short quiet regions appear between long
bursting states. AsK is increased the length of time spent in the bursting state
decreases.
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Figure 4.6: Timetraces from a downsweep in the region of hysteresis at -
8.2 GHz detuning. These sub�gures correspond to the sameK levels in Figure
4.5 but the direction of the injection strength sweep starts at (l) and then moves
in reverse. In the bottom row the duration of the quiet and bursting states is
very similar to that of Figure 4.5. But as K is decreased below 0.645 the QD
laser continues to operate in an oscillatory regime, whereas in Figure 4.5 con-
tinuous dual state emission is observed. The time between quiet states becomes
larger as K is decreased. The top line then zooms in on the traces to show the
fast oscillations that become the dominant behaviour. WhenK = 0:611no quiet
state is detected over the course of a 20� s time window on the oscilloscope.
When injection strength is decreased below 0.605 the QD laser suddenly moves
to a dual state continuous emission regime.

In the case of the upsweep in Figure 4.5 ((a)-(g)), the SL is unlocked where

dual state emission is observed with the GS light being regenerated. AsK is

increased to 0.645, Figure 4.5(h), the GS appears to oscillate with a very small

amplitude before the onset of mixed mode oscillations (MMOs) at K = 0.651,

Figure 4.5(i). The lifetime of the bursting state decreases as the injection

strength is increased.

Similar MMOs are seen for injection strengths during the downsweep from

K =1 until K =0.645, then the presence of hysterisis can be seen. AsK is

further decreased below 0.645 the laser doesn't move to a continuous wave

dual state emission output. Instead the lifetime of the bursting state continues

to increase and switches to the quiet state become more rare. Eventually a

train of GS dropouts with ES pulses is observed, Figure 4.6(b). We are not able

to con�rm that the quiet states do not occur for K = 0.611 because our
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measurement was limited to a 20 � s timetrace recorded on the oscilloscope.

Since there are fewer quiet states, the overall variance is large and is therefore

represented as bright yellow in the variance map, Figure 4.2(f). Clearly the

yellow region extends beyond the white line marking the upsweep dynamical

boundary, highlighting the hysteresis cycle. In Figure 4.6 (a) for K =0.605, the

oscillations disappear, where the same continuous wave dual state emission as

from the upsweep in Figure 4.5 ((a)-(g)) is observed. Thus, in this region

there is a bistability between the constant dual state emission (constant ES and

regenerated injected light) and dynamic, pulsing behaviour with MMOs.

4.2.3 Slow Oscillations

As mentioned above, on the positive detuning side close to the transition

between the phase-locked and regeneration regions, there is a region of

dynamics indicated by a speckled, non-uniform colour along the diagonal

boundary in Figure 4.2 (a) and (d). In fact, there are essentially two colours,

indicating that there are two distinct average GS intensities. The binomial

nature of the colouring suggests a slow dynamic of which we only sample a

short, nearly constant part within the 20 � s measurement interval. The

sampling window is increased to 1 second and new maps are created, Figure

4.7. We note that there is also a very narrow regions of hysteresis on both the

left and right of this region.

Figure 4.8 shows timetraces from an upsweep at -0.6 GHz marked by a white

line in Figure 4.7. The period of the oscillations is slow, approximately 40 ms,

the average period of the oscillations of the entire region can be seen in Figure

4.9 (a). The output is strongly dominated by the GS, but very small

corresponding oscillations are also observed in the ES, see Figure 4.8. High GS

power corresponds to that of a phase-locked output and the other to the dual

state output. On the higher injection strength boundary, where K =0.737, the

higher GS intensity section is longer lived than the lower GS intensity section,

see Figure 4.8 (k) and Figure 4.9 (b) and (e). Moving further away from the

locking region by decreasing K, the duty cycle changes, eventually reaching

0.5, as seen in Figure 4.8 (h). Decreasing the injection strength even further,

the lower intensity section becomes longer lived than the upper, see Figure 4.8

(b) and Figure 4.9 (c) and (f). The variance of the high and low lifetimes is

shown in Figure 4.10, it's highest near the edges suggesting that the

oscillations are not periodic at their onset. Qualitatively, this behaviour is
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Figure 4.7: Experimental maps of the positively detuned side of the unlocking
boundary. The top row shows an upsweep and the bottom shows a downsweep.
The timetraces used to build this map were 1 second long. Three regions are
visible in (a) and (b). The large yellow region with high GS intensity extend-
ing all the way from the negatively detunded unlocking boundary is a phase
locked region. The blue region extending from the right is the unlocked region
with low GS intensity and dual state emission. The narrow green region in the
middle is where there are slow oscillations between the high and low GS inten-
sity solutions and thus the average intensity lies somewhere in the middle. (b)
and (e) show a completely quenched ES with dark blue when the laser is phase
locked. The region of slow oscillations is represented by the slightly lighter
shade of dark blue. For positive detuning values dual state emission is clear.
The variance shows the region where slow oscillations occur more clearly, (c)
and (f). There is a small hysteresis cycle of one to two pixels at both sides. The
white line marks corresponds to the timetraces shown in Figure 4.8.

extremely similar to the optothermal square waves on the negative detuning

side, both in this dual state system and in the GS only system Chapter 2, where

the effect breaks a phase-locked bistability. We interpret this region as another

broken bistability between a low power GS output such as that shown in

Figure 4.8 (a) and a high power GS output such as that shown in Figure 4.8

(l). However, the oscillations here are � 100,000 times slower.
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Figure 4.8: Slow oscillations observed during an upsweep at -0.6 GHz, near the
positively detuned side of the unlocking boundary. The sweep is marked by a
white line in Figure 4.7. Comparing (a) and (l), there are two very different GS
amplitudes at either side of the region of oscillations. The slow oscillations are
between these two underlying intensities, suggesting there is a bistability.

The qualitative similarity of the oscillations with the previously investigated

optothermal effect is very suggestive. However, there is a signi�cant difference

that prevents the explanation of the oscillations via the original coupling. For

the bistability near the negative detuning boundary, the low power solution is

on the negatively detuned side and the high power solution on the positive

side. The physical optothermal coupling arises due to non-radiative carrier

recombination. Thus, the low-power solution results in high carrier density

and an ensuing higher temperature via increased non-radiative recombination.

In the high power solution the carrier density is lower and so the temperature

is lower. Thus, higher power leads to lower temperature and vice versa and

the deterministic cycle is driven by the low power solution being pushed

towards positive detuning and the high power solution pushed towards

negative detuning (yielding an anticlockwise phasor cycle as shown in Figure

2.28. However, in the new region identi�ed in this chapter, the high power

solution is the more negatively detuned of the two and so heating due to

non-radiative recombinations cannot account for the phenomenon. Instead, a

coupling with the opposite sign is required. Such a coupling does exist. There

are several important ways in which heating can arise in the device. The �rst is

the non-radiative recombination coupling already investigated. The second is
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via reabsorption of light in the device. In [77] the importance of the

absorption at the mirrors (formed by cleaved facets in our case) was

emphasised. Furthermore, it is also known that self-absorption arises in QD

lasers in particular, due to the wide distribution of states and dot sizes [149].

For the absorption case, a higher optical power leads to an increased

temperature and so the effect results in an effective detuning sweep in the

opposite direction to that of the �rst optothermal effect. What's more, the

timescale for the second effect should be signi�cantly longer as the time over

which the absorption heating is distributed through the device can be of the

order of tens of milliseconds (or even longer) [77, 150]. This matches the

observed timescale extremely well. We see below that including such an effect

in the model allows for excellent agreement with the experiment.

Figure 4.9: Experimental maps of the positively detuned side of the unlocking
boundary. The top row shows an upsweep and the bottom shows a downsweep.
(a) and (d) show the average period of the GS oscillations, and are always
approximately 40 ms. (b) and (e) show the average lifetime of the higher
intensity GS state which is longer lived closer close to the centre locking region.
(c) and (f) show the average lifetime in the lower intensity GS section and it is
longer lived at the more positively detuned boundary.
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Figure 4.10: Experimental maps of the positively detuned side of the unlocking
boundary. The top row displays the results from an upsweep and the bottom
displays results from a downsweep. These maps show the variance of the data
used to calculate the averages in Figure 4.9. (a) and (d) show the variance
of the period of the GS oscillations, the variance is greatest at the boundary
suggesting noise may have more of an in�uence there. (b) and (e) show the
variance of the time spent in the higher intensity GS state. It is largest at the
negative side of the slow oscillation region. This corresponds to a low variance
for time spent in the lower GS intensity region, (c) and (f). The opposite is
true at the positively detuned side of the slow oscillation region. Here there is
a large variance in the time spent in the low intensity section but low variance
in the time spent in the higher intensity section.

4.3 Theory

For simulations we use an extension of the rate equation model previously

used in [134, 139] to model the dual state system under optical injection. The

basic model has rate equations forEGS, the electric �eld of the GS; I ES, the

power of the ES; � GS and � ES, the occupation probabilities; and N is the

normalised charge carrier number in the quantum well reservoir. We

supplement these with two further equations to include the optothermal

couplings. The model is
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_EGS = g(1 + i� GS) [(2� GS � 1) � � ] EGS

+ 2ig� ES [(2� ES � 1) � � ] EGS

� 2�i (� 0 + � 1 + � 2)EGS + K (4.1)

_I ES = [4g(2� ES � 1) � 2� ] I ES + �� ES=� (4.2)

_� GS = Srel � gjEGSj2(2� GS � 1) � � GS=� (4.3)

_� ES = � 1
2Srel + Scap � 2gIES(2� ES � 1) � � ES=� (4.4)

_N = J � 4Scap � N=� (4.5)

with the scattering terms

Srel = Srel

h
(1 � � GS)� ES � exp

�
� " GSES

kB T

�
� GS(1 � � ES)

i
; (4.6)

Scap = Scap(� eq
ES � � ES); (4.7)

� eq
ES =

�

1 + exp
�

� " ES
kB T

� h
exp

�
N

D 2D

�
� 1

i � 1
� � 1

: (4.8)

There are three� terms controlling the detuning in the system. � 0 allows us

to choose our reference frame. We de�ne� 0 � � 0 + � with � 0 chosen so that

the GS frequency of the free-running laser is at zero. Thus,� 0 compensates the

frequency shift due to the phase-amplitude coupling and the optothermal

effects in the free-running laser. Then� = 0 is at the centre frequency of the

free-running quantum dot laser and it is � that de�nes the x-axis in each of our

maps below. The other two terms, � 1 and � 2, are used to implement the

aforementioned optothermal coupling mechanisms. � 1 accounts for heating of

the active region due to recombinative heating, while � 2 models overall device

heating via re-absorption. We implement these two different effects with

individual coupling strengths c1;2, and characteristic time scales
 1;2 in the

following two equations.

_� 1 = 
 1(c1[2(� GS � � GSth ) + 4( � ES � � ESth ) + ( N � N th )] � � 1); (4.9)

_� 2 = 
 2(c2[jEGSj2 + I ES] � � 2) (4.10)

where the subscript “th” denotes the value of the corresponding charge-carrier

variable at the laser threshold. We note that in Chapter 2 we coupled the

thermal effect to the power even though the physical explanation is via the
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carriers. In the Class A case, this is unavoidable since the carriers are

adiabatically eliminated. In the QD case here, it is possible to couple to the

carriers instead and we do so. The parameters used and their values are given

in Table 4.1 below.

Table 4.1: Parameter values

Symbol Value Meaning

J 25 ns� 1 Normalised pump current

� GS 2 Phase-amplitude coupling from the GS

� ES 0:5 Phase-amplitude coupling from the ES

g 80 ns� 1 Optical gain coef�cient

� 76 ns� 1 Optical loss coef�cient

� 10� 5 Spontaneous emission factor

� 1 ns Charge-carrier recombination time

Scap 0:2 ps� 1 QD capture rate

Srel 1 ps� 1 QD relaxation rate

"ES 50 meV Con�nement energy of the ES

"GSES 40 meV Energy separation between GS and ES

D2D 10:9 Normalised 2D density of states

T 300 K Temperature


 1 40� s� 1 Characteristic time scale of non-radiative thermal effects


 2 4� s� 1 Characteristic time scale of reabsorption thermal effects

It turns out to be quite instructive to �rst consider the system in the absence of

any optothermal effects (Figure 4.11), then with only one effect (Figure 4.12),

and �nally with both effects included, thereby allowing for a more

comprehensive description of how many of the observed features emerge.

There are many features that are common to all. There is a large phase-locked

region; there are large dual state, regenerated injected light regions for large

magnitude detunings; and at the lower injection strength negatively detuning

boundary, an antiphase dropout and pulsing dynamic is found in each case.

On the other hand, in the absence of any optothermal coupling, there are no

bursting phenomena and there are no square waves for either negative or

positive detuning. Instead, we �nd multiple bistabilities near the negative

detuning boundary, see Figure 4.11. One of these is very clear from Figure

4.11 in the top left corner of each subplot. Consider the leftmost edge of

Figures 4.11 (a) and (d). In the upsweep the regenerated, two state output
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persists right up to the top of the �gure. Figure 4.11 (c) shows that the

regenerated two state output eventually destabilises via a Hopf bifurcation

along the bright line in the top left corner. There is only a very narrow region

over which the resulting oscillatory solution exists after which the system

moves to the phase locked output. In the downsweep case however, the bright

yellow phase-locked region extends down toK � 4.8 at the extreme left of

Figure 4.11 (d). Thus there is a clear bistability (Bistability 1) between the

phase-locked output and the regenerated two state output over a large region

and indeed, another bistability (Bistability 2) between the phase-locked output

and the oscillating two state output over a small region. There is another

region of hysteresis (Bistability 3) near K � 4.8. This is not as easy to see as it

is over a much smaller area. At this injection strength, the phase-locked

solution �rst destabilises into the oscillating GS dropout/ES pulse regime as

the injection strength is decreased. This phase-locked/pulsing regime is

bistable with the regenerated two state output and its destabilising Hopf

Figure 4.11: Stability maps in the absence of any optothermal effects. The up-
per panel shows the results for the upsweep and the lower panel shows the cor-
responding downsweep. Bistabilty 1, the bistability between the phase-locked
output and the regenerated two state output can be seen by comparing the top
left corners of (a) and (c) at high injection strengths near K = 5. Bistability
2, the bistability between the phase-locked output and the oscillating two state
output is clear when looking at the top left corners of the variance plots, (c) and
(f). Bistability 3, the bistability with lowest injection strength between phase-
locked/pulsing regime and regenerated two state output can be seen in (c) and
(f).
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induced cycle discussed above. Notably though, there is not a bistability for

positive detuning (where we �nd the extremely slow dynamic in the

experiment). One might reasonably expect the negative detuning bistabilities

from previous GS only analyses [71, 87] and some have even already been

described in [46, 78, 134]. In [78] it was shown that the introduction of an

optothermal coupling leads to the destruction of a bistability and that a

periodic bursting dynamic is instead obtained. We repeat this analysis here

with our model.

4.3.1 First optothermal effect

We now introduce the �rst optothermal effect, arising from non-radiative

recombinations and modify the locking maps as shown in Figure 4.12. As

predicted, this breaks Bistability 1, the negative detuning phase-locked

bistability and yields the periodic square wave regime just as in the GS only

case. In fact most of the most of the dynamic structure observed in the

experiment is reproduced with this inclusion of this optothermal effect. It also

breaks Bistability 2, the bistability between the phase locked and dual state

Figure 4.12: Simulated stability map with one optothermal effect. The top
panel shows the results from an upsweep and the lower panel shows the cor-
responding downsweep. (a) and (d) are the average GS intensity and (b) and
(e) are the average ES intensity. The region of high ES variance, (c) and (f), is
much larger than in Figure 4.11 as Bistability 1 is broken and is replaced with
a square wave regime.
 1 = 40 � s� 1, c1 = 3 ns� 1.
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solutions to recover the bursting and slow passage effects as in the experiment

and as reported in [78]. Bistability 3, the dual state bistability, is maintained

although the precise location and shape of the region changes. An important

modi�cation of the map arises for the positive detuning region. Now, where

before there was no bistability, we �nd one, between the phase-locked output

of high GS intensity and the constant dual state output with lower GS intensity

as indicated in Figure 4.13 (a) at detunings near 1 GHz. This arises as the �rst

optothermal effect shears the map so that the two solutions now overlap.

Figure 4.13: 1D bifurcation diagrams showing the bistabilities. The many diag-
onal lines are brought about by the bursting phenonema, where the amplitude
is growing even though the input parameter for detuning remains �xed. (a)
only one optothermal effect is included. A bistability is created on the positive
unlocking boundary. At the negative unlocking boundary, there is a large cycle
between the remnants of a bistability, with some of the bistability remaining in
tact. (b) both optothermal effects are included. Figure 4.15 shows the evolu-
tion of the time traces during a sweep. The bistability at the positive boundary
is now a limit cycle. In both casesK = 4:5.

4.3.2 Second optothermal effect

We now introduce the second optothermal effect and again revise the locking

maps, see Figure 4.14. We use a characteristic timescale of
 2 = 4 � s� 1 which

is not quite as slow as the experiment but allows for a reasonable computation

time while maintaining a large enough timescale separation with the existing

dynamic timescales. We have veri�ed that an even longer timescale for
 2

reproduces qualitatively identical dynamics. With the addition of the second

optothermal effect, the square wave and bursting solutions, as well as the dual

state bistability are preserved, see Figure 4.15. On the positive detuning side

the new thermal effect yields a region of very slow oscillations in the region

where there had been a bistability. In fact, there is even still a very small

region of hysteresis as shown in Figure 4.13. This is in superb agreement with

the experiment and all of the features have been recovered.
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Figure 4.14: Simulated map with two optothermal effects. Top panel shows
the results from the upsweep and the lower panel shows the corresponding the
downsweep. c1 is different because the second optothermal effect counteracts
the �rst one. In order to get the same overall shape c1 must change. 
 1 =
40 � s� 1, c1 = 4:5 ns� 1, 
 2 = 4 � s� 1, c2 = 0:7 ns� 1

Figure 4.15: Time series progression for Figure 4.13 (b). There is an increased
number of bursting oscillations when going from positive to negative detuning.

 1 = 40 � s� 1, c1 = 4:5 ns� 1, 
 2 = 4 � s� 1, c2 = 0:7 ns� 1
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4.4 Discussion

As mentioned in the introduction of this chapter and in Chapter 3, there is a

marked absence of chaos when a QD laser emitting from the ES is optically

injected near the GS. We have not observed any chaotic regimes in the

experiment or in the numerical studies, see Figure 4.16. Analysing the system

with the parameters adjusted to allow for GS only lasing, we note that chaos

does indeed arise. Even though the incidence of chaos in the GS only case is

much less pronounced than in the optically injected QW laser system due to

the high RO damping, its presence has still been reported several times [134,

135, 141].

Figure 4.16: Simulated maps showing the number of maxima in log scale when
no optothermal effect is included, (a) and (d), when the non-radiative optother-
mal effect is included, (b) and (e), and when both the non-radiative and light
reabsorption optothermal effects are included (c) and (f). The top panel shows
the results from the upsweep and the lower panel shows the corresponding
downsweep. Chaos is not present for any case.

We have presented a detailed stability map for the optically injected dual state

QD system. This is the �rst comprehensive experimental map in the literature

to the best of our knowledge. We also present the �rst numerical map taking

optothermal effects into account, which have a dramatic effect on the overall

system. Our experimental and numerical results are in excellent agreement.

Unlike with the injected conventional semiconductor laser, heating plays a

somewhat prominent role in the map and there is an array of intact and
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broken bistabilities due to competing optothermal effects. The route to the

extremely slow squares near the positive detuning boundary is quite

fascinating. As with the implementation of optothermal effects in other

systems, a bistability is broken yielding a deterministic optothermal cycle.

However, the bistability only exists because of a different, competing,

optothermal coupling in the �rst place!
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Chapter 5

Noise induced dual state

excitability

In this chapter, we show how with a dual state quantum dot laser, a new

variation of Type I excitability is possible that cannot be described by the Adler

model. The laser is operated so that emission is from the ES only. The GS can

be activated and phase-locked to the primary laser via optical injection while

the ES is completely suppressed. Close to the phase-locking boundary, a region

of GS emission dropouts correlated to ES pulses can be observed. We show

that the phase of the GS undergoes bounded rotations due to interactions with

the ES. We analyse the system both experimentally and numerically and �nd

excellent agreement.

I was responsible for the entirety of the experimental work and took part in

discussions regarding the numerical work, which was primarily carried out by

Dr. Ilya Dubinkin, Dr. Nikita Fedorov and Dr. Evgeny Viktorov. This chapter is

based on the following publication:

M Dillane, I Dubinkin, N Fedorov, T Erneux, D Goulding, B Kelleher and EA

Viktorov, “Excitable interplay between lasing quantum dot states”, Physical

Review E100 (1), 012202 (2019).
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5.1 Introduction

Chapter 4 shows the locking maps for a short 300� m QD laser that can only

lase from the ES. In this chapter the device under investigation is the same

600 � m long, InAs/GaAs QD laser used in Chapter 2 and can lase from the GS

or ES or simultaneously from both. We experimentally and theoretically

analyse this optically injected QD laser when the free-running operation is

lasing from the ES only. We optically inject the GS and �nd a SNIC bifurcation

at low injection levels, similar to that observed in [134, 136, 137] and

discussed in Section 3.3.1. Noise-induced excitable ES intensity pulsations and

corresponding antiphase GS intensity dropouts are obtained close to this

phase-locking boundary. These antiphase excitable events display Type I

excitability characteristics. We show that the asymmetric cascade-like coupling

leads to excitable events built on an itineracy of unstable lasing states. By

measuring the phase of the GS during an excitable event, we �nd that2� phase

slips are not obtained and thus, the excitable response cannot be explained by

the Adler equation [59]. This is in sharp contrast to all existing reports on

excitability at such injection strengths. Bounded phase phenomena are

possible for the optical injection system but have typically been associated with

Hopf bifurcations [151, 152]. In contrast, here the dual state property of our

QD lasers allows bounded phase excitable pulses near the SNIC bifurcation.

5.2 Experimental setup

As mentioned the device used is the same 600� m long, InAs/GaAs QD laser

used in Chapter 2. At 20� C, the GS threshold is 32 mA. A dual state lasing

regime exists between 57 mA and 72 mA where emission is obtained from both

the GS (at � 1300 nm) and the ES (at � 1215 nm). For pump currents greater

than 72 mA, the GS is completely suppressed and only ES light is emitted (the

ES emission is more than 30 dB higher than that from the GS). For this

experiment the laser is pumped at 73 mA. A schematic of the experimental set

up is shown in Figure 5.1. The laser emits on a single longitudinal mode from

the GS while the ES emission is from many longitudinal modes. The QD laser

is optically injected with light from a primary laser (PL) - an Agilent 81672B

tunable laser source (TLS) - with linewidth of approximately 100 kHz and

minimum step increment of 0.1 pm. 10% of the PL light is used for a phase

measurement (see below). The remaining 90% goes through a circulator and
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5. NOISE INDUCED DUAL STATE EXCITABILITY 5.2 Experimental setup

is injected into the QD secondary laser (SL). A polarization controller

maximises the coupling between the PL and the QD laser. The output from the

injected secondary is sent to a �lter where the ES and GS light is separated.

The GS light went to the second arm of the 3� 3 and the third remained empty.

The ES went to a 12 GHz detector. Each arm of the 3� 3 coupler is connected

to a similar detector which is then connected to the oscilloscope. In the

conventional injection system the detuning is easily determined. However, for

the control parameters used in this system, the GS is subthreshold when the

QD laser is free-running, making it dif�cult to accurately de�ne detuning.

Figure 5.1: Setup for unidirectional optical injection experiment where the sec-
ondary laser (SL) is a QD laser and the primary laser (PL) is a tunable laser
source (TLS). Light from the (PL) is split; 10% is sent into one arm of a 3� 3
coupler for an interferometric phase measurement technique. 90% is sent to a
circulator and is then injected into a QD laser. A polarisation controller (PC)
is used to maximise coupling. The light emitted from the SL is sent into the
circulator and then to a �lter where the ES and GS are separated. The GS light
goes into another arm of the 3� 3 coupler and the ES light is sent directly to
a 12 GHz detector. The third arm of the 3� 3 coupler is left empty. Polarisa-
tion controllers are used to maximise the interference of the 3� 3 coupler input
signals. All 3 outputs of the 3� 3 coupler are connected to 12 GHz detectors
and each detector is connected to the oscilloscope (OSC). The red lines repre-
sent light at approximately 1300 nm close to the GS emission, the blue lines
represent ES only and the purple is both GS and ES. The black are high speed
electrical cables.

The two control parameters are the injection strength controlled by the PL

power and the detuning controlled by the PL wavelength. Initially the QD

laser is free running and emitting from the ES only. By injecting into the GS

with suf�cient strength, the GS can be made to lase with the ES suppressed by

39.7 dB relative to its free-running value, phase locked to the primary laser. As

the frequency of the primary laser is decreased toward the unlocking

boundary, eventually deep GS intensity dropouts are observed, see Figure 5.2.
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The GS dropouts have widths of approximately 300 ps and the minimum

intensity is close to zero. These dropouts have corresponding large pulsations

in the ES achievable due to the gain available during the dropout. The ES

pulses are much shorter with a FWHM of approximately 80 ps. We interpret

the behaviour as antiphase, dual-state excitability.

Figure 5.2: Timetrace of dual state excitability. (a) shows the 300 ps GS drop
out, (b) shows the 80 ps ES pulse and (c) is the phase of the GS.

5.2.1 Phase measurement

Using the phase resolving technique of [84] and previously described in

Chapter 2, we can analyse the phase behaviour of the GS. For the conventional

one state injection system, with low injection strength and where only the

ground state is involved, 2� phase rotations (or multiples thereof) are

observed for each excitable event [19, 153]. In the dual state system of this

work, however, this is not the case and we observe bounded phase trajectories

as shown in Figure 5.2 (c). Figure 5.3 shows the phase evolution in a

two-dimensional projection onto the electric �eld plane.

This bounded phase trajectory cannot be explained by the simple Adler

equation. Moreover, the presence of spiralling oscillations are also visible.

They correspond to the ringing in the lower plateau of the dropout in Figure

5.2 (a) and in the upper part of the phase trajectory in Figure 5.2 (c). This

ringing can be identi�ed as a form of relaxation oscillation and is evocative of

the turn-off transient for the underlying off-state for the GS in the free-running

con�guration, itself a focus point. The ringing should not be identi�ed with
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Figure 5.3: Phasor diagram showing the real and imaginary parts of the electric
�eld. The steady state is at approximately (0.6,0). When noise triggers a pulse
it results in a bounded trajectory that does not go around the origin. The spiral
close to the origin suggests the presence of a saddle focus.

Figure 5.4: A 3 dimensional �gure showing the phase and the GS and ES inten-
sities. When the ES turns on it pulls the phase away from the origin, stopping
a 2� rotation. The saddle focus has 2 oscillations as in Figure 5.3 but it is not
visible from this reference angle.

the relaxation oscillations of the free-running laser emitting from the ES only.

The ringing is also visible in the three dimensional plot of the phase and the

intensities of the GS and ES shown in Figure 5.4.

We ascribe the bounded GS phase to the presence of the ES pulse and the

interstate phase amplitude coupling. This phenomenon has been shown to

play an important role in the system, leading to hysteresis with control
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parameter variation, see Figure 3.4 in Chapter 3.

We note that in [148] pulses could be created without accompanying 2�

rotations. This is very different from the case presented here. Firstly, [148]

considers a mutually coupled system where the presence of delay coupling

allows for the generation of pulse trains rather than individual excitable

pulses. Further, the pulse generating the train in [148] always arises from a 2�

slip: It is only subsequent pulses in the train that might not involve a full slip.

What's more, the in�uence of noise is also crucial in determining whether a 2�

slip arises or not in [148]. Here, the bounded rotation is deterministically

induced by the inherent coupling of the ES and GS.

5.3 Model

To reveal the central feature of the dual state excitable dynamics, we consider

rate equations appropriate for our QD laser system [46]. They consist of

equations for the complex electric �eld of the GS (Eg), the intensity of the ES

(I e), the occupation probabilities of the GS (ng) and ES (ne) and the carrier

density in the wetting layer ( nw), see Figure 1.2. We assume a cascade-like

(wetting layer (WL)-ES-GS) relaxation pathway for the carriers in the dot as

suggested in [154]. Since the equation for electric �eld of the GS ( Eg) is

complex, the phase space is 9-dimensional.
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2
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+ i4�g e
0(ne
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The subscriptse and h stand for electron and hole respectively. The dots

indicate differentiation with respect to t = ~t=� ph , where ~t is time and � ph is the

photon lifetime. � = � ph=� , where � denotes the carrier recombination time. J

is the pump current, and the terms Be;h and B w
e;h are the capture rates to the

GS and ES, respectively. The escape rates are given by the C terms and are

linked to the capture rates B via the Kramers relation, as described in [46]. �

is the usual GS phase-amplitude coupling/linewidth enhancement factor. It is

well known that a full treatment of this quantity in QD systems involves subtle

details [87]. However, for simplicity, we treat it as a constant here and �nd

that this is suf�cient to analyse the physics of the system. gg
0 and ge

0 are gain

coef�cients, � models the effect of inhomogeneous broadening [46, 87], " is

the injection strength and � = ! i � ! g is the detuning between the frequency

of the injected light and that of the GS. The model takes into account the

differing spin degeneracies in the QD energy levels, Pauli blocking, and

interstate captures and escapes. Our two primary control parameters are the

injection strength " and the detuning � . To induce the excitable dynamics

stochastically, a Gaussian white noise term,D� (t), where D is the amplitude,

was added to Eq. (6.1).

The bifurcation diagrams of the steady state solutions are shown in Figure 5.5.

The point at which phase-locking of the GS is achieved is at a SNIC point

labelled LP1 at " = 4:4373. By injecting from the PL into the GS with

" > 4:4373, we �nd steady lasing from the GS with the ES suppressed. By

progressively decreasing", there is a gradual decrease of the GS intensity

while the ES remains off. As" is further decreased below 4.4373, the system

exhibits a cycle that emerges from a homoclinic loop at the limit point of the

GS branches. This cycle manifests via GS dropouts and corresponding ES

pulses and it disappears at the Hopf bifurcation, H. The presence of the

homoclinic bifurcation at the limit point means that at the onset of the pulsing,

the repetition rate is arbitrarily low, con�rming the Type I characteristics of the

phenomenon.
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Figure 5.5: Numerical bifurcation diagram. (a) shows the GS (red) and ES
(blue) intensities vs ". (b) shows the phase of the GS vs", the injection strength.
Continuous (dashed) lines correspond to stable (unstable) branches.LP and
H denote limit points and Hopf bifurcation points, respectively. BP denotes
an unstable bifurcation point. LP 1 denotes a SNIC bifurcation and arises at
" = 4:4373. The �xed parameters are: � = 0:01; � = 0 ; � = 3; � = 2:4;
gg

0 = ge
0 = 0:55; J = 56; Be;h = B w

e;h = 100; Cw
e = 0; Cw

h = 102; Ce = Be exp(� 2);
Ch = Bh. I g is normalised by its value (I g = 223:83) at " = 8:

5.4 Discussion

Close to LP1 but still in the phase-locked region, noise-induced dropout/pulse

trains can be obtained. Figure 5.6 shows the evolution of both the GS and ES

intensities and the GS phase for" = 4:4. Figure 5.7 shows 3D plots of one

noise induced excitation at the same". All of these plots clearly show a ringing

in the GS during the dropout. This is also clear in the experiment. This ringing

results from a unique feature in this system: the presence of a saddle-focus on

the lower unstable branch in the bifurcation diagram as shown in Figure 5.8

which is a zoom of Figure 5.5 (b). The excitable trajectory of the GS involves

an attraction to this saddle-focus with accompanying small amplitude

oscillations. In practice, the number of oscillations depends on the noise and

can be small if the noise level is large as is clear from Figure 5.6 and the 3D

diagrams for different levels of noise shown in Figure 5.7. Eventually the
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Figure 5.6: Numerically obtained noise induced excitable events (D = 0:5).
(a) shows the GS (red) and ES (blue) intensities. (b) shows the corresponding
phase evolution. The parameters are the same as in Figure 5.8, where the
vertical line indicates the point of operation.

Figure 5.7: Simulated 3D plots. (a) has a low noise level (D = 0:5) and con-
sequently displays many rotations in the spiral. (b) has a more realistic noise
level (D = 1) and is in close agreement with the experimental results in Figure
5.4.

system hits the saddle-focus and is kicked along the repulsive trajectory. This

corresponds to the observed large amplitude ES pulsation which in turn affects

the GS phase dynamics due to the inhomogeneous broadening induced phase

amplitude coupling � . As with the experiment, the phase of the GS laser �eld

is bounded in contrast to the unbounded phase of the Adler system. Thus,

while the initial excitable trajectory arises as usual with the passing of the
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saddle created in the SNIC bifurcation, the ensuing trajectory involves a

passage through a saddle-focus yielding both the ES pulse and the bounded

phase GS cycle.

Figure 5.8: Zoom of Figure 5.5 (b). Where LP1 denotes the limit point which
is a SNIC bifurcation. The blue dot labelled SF represents the saddle focus.
The green dotted line marks the operating injection strength where the noise
induced events in Figure5.6 and Figure5.7 are found. The dashed lines are
unstable branches and the solid lines are stable. The same operating parameters
described in Figure 5.6 are used here.

It is instructive to consider the ES excitation itself. Within the phase locked

region the steady state behaviour is GS on and ES off. The switching on of the

ES during the excitable trajectory is similar to a Q-switched event. (This

analogy was previously described in [46] where periodic trains were

reported). This excitable dynamic is reminiscent of that found in [155] where

a laser with a saturable absorber was considered using the Yamada model.

Below threshold in the Yamada model, suf�ciently strong perturbations can

trigger a high intensity pulse after which the system returns to the off state.

The similarity with the behaviour of the ES in our system is natural given the

Q-switching like behaviour of our system. We note that while we require a

primary laser in our work, our secondary device is somewhat simpler since the

need for a saturable absorber is removed: the single section acts both as the

ampli�er and the gate for the pulses.
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In conclusion we show experimentally and theoretically a form of Type I

excitability for an optically injected QD laser which differs from the classical

mechanism described by the Adler equation for semiconductor lasers. The

excitable response depends on the interplay of two lasing states operating in

antiphase. While the underlying bifurcation structure of the excitation is of

SNIC form, there are several unique features in this system. The GS intensity

undergoes a dropout featuring relaxation oscillation like ringing while the ES

displays antiphase short pulses. The excitable trajectory of the GS passes

through a saddle focus which is responsible for the short ES pulses obtained.

The very short ES pulses are excitable and thus could be used for pulse

re-shaping by feeding back some of the output into the device. Indeed, tunable

pulse trains could be achieved in such a con�guration. (Tunability outside the

excitable regime was described in [46]). Further, while the SNIC bifurcation is

responsible for the generation of the excitable events, the phase trajectories

are bounded, in contrast to all other instances of Type I excitability in the

optical injection system. It also provides another avenue for the study of

neuromorphic systems using semiconductor lasers, which we investigate

below.
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Chapter 6

Dual state excitability with two

asymmetric thresholds

One of the de�ning characteristics of excitability is the existence of an

excitable threshold: The minimum perturbation amplitude necessary to

produce an excitable response. We optically inject a QD laser which can only

emit from the ES when free running, to operate in a region near that of a dual

state stochastic excitability dynamic previously discussed in Chapter 5. We

show that deterministic triggering of this dynamic can be achieved via optical

phase perturbations. Further, we demonstrate that there are in fact two

asymmetric excitable thresholds in this system corresponding to the two

possible directions of optical phase perturbations. For fast enough

perturbations an excitable interval arises and there is a limit to the

perturbation amplitude above which excitations no longer arise, a

phenomenon heretofore unobserved in studies of excitability.

I was responsible for the entirety of the experimental work and took part in

discussions regarding the numerical work, which was primarily carried out by

Dr. Ilya Dubinkin, Dr. Nikita Fedorov and Dr. Evgeny Viktorov. This chapter is

based on the following publication:

M. Dillane, B. Lingnau, E. A. Viktorov, I. Dubinkin, N. Fedorov, and B. Kelleher,

“Asymmetric excitable phase triggering in an optically injected semiconductor

laser”, Optics letters 46, 440-443 (2021).
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ASYMMETRIC THRESHOLDS 6.1 Introduction

6.1 Introduction

In Chapter 5, excitable Ground state (GS) dropouts and the corresponding

Excited State (ES) pulses were triggered by noise. Now we go one step further

and deterministically trigger these pulses. Excitable optical pulses can be

triggered via both coherent [20, 85] and incoherent perturbations [73]. The

coherent perturbations consist of rapid rotations of the phase of the secondary

laser relative to the primary. The direction of the phase perturbation is crucial

in this system even if this is not often explicitly described. This can be seen

easily in the for low injection levels (approximately 0.01) where the system

can be shown to reduce to the prototype, one dimensional Adler model [60].

Close to the negative detuning boundary, anticlockwise phase perturbations

must be applied to achieve an excitable pulse. Close to the positive detuning

boundary the converse is true.

The existence of a perturbation threshold that must be exceeded in order to

excite a pulse is well-known. Increasing the amplitude of the perturbation ever

further beyond the threshold results in a continuous evolution of the response

with the return to the phase-locked regime consisting of ever shorter

trajectories, following the perturbation. This arises since all perturbations in

the 1D Adler case merely move the system along the (trivially in 1D) invariant

cycle. This �nding carries over to the conventional optical injection system for

both quantum well and single state quantum dot (QD) devices, despite the

higher dimensionality. As the perturbation is increased beyond the threshold,

the intensity pulse changes continuously, becoming ever smaller as the

perturbation amplitude grows, and vanishing as the perturbation approaches

2� . In the limit of discrete, instantaneous perturbations, the 2� periodicity

means that anticlockwise perturbations of amplitude �� are equivalent to

clockwise perturbations of amplitude j2� � �� j. This raises the question can

the threshold be observed with perturbations from both directions? By

increasing the clockwise perturbations from zero in the 1D Adler case an all or

none response will not be observed. Instead there will be a continuous

increase in the amplitude of a pulse as the perturbation simply kicks the

system further along the invariant circle. Thus we investigate what effect

perturbation direction has on the dual state system and compared it to the

naive 1D Adler picture.
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6.2 Experiment

The primary laser is an Agilent 81672B tunable laser source (TLS). It injects

the secondary laser, a 300� m InAs/GaAs Fabry-Perot QD device via a lensed

optical �ber. The QD device has the same structure as the 600� m device

discussed in Chapter 5 but here it is only 300� m long and is the same device

used in Chapter 4. As a result, this device never lases from the GS when

free-running, instead moving directly from the off state to multimode ES lasing

as the pump current is increased. It is pumped at 75 mA (1.3 times threshold

at 20.5 � C), with the strongest ES mode 42.5 dB greater than the GS ampli�ed

spontaneous emission, see Figure 6.1(a).

Figure 6.1: Spectra of the ES (a) and (c) and the GS (b) and (d) before and
after optical injection. While Free running at 75 mA the strongest ES mode
is 42.5 dB greater than the strongest GS mode which is visible due to ampli-
�ed spontaneous emission. After optically injecting into a GS mode the ES is
quenched and the GS mode increased by 52.6 dB.

By optically injecting close to the frequency of one of the GS modes (all of

which are below lasing threshold), all the ES modes can be suppressed

(maximum mode reduced by 36 dB, Figure 6.1(c)) and the device made to

emit from one mode in the GS instead (increased by 52.6 dB), see Figure

6.1(d). The SL is now phase locked to the primary laser.

Outside this phase locked region and close to the negatively detuned

unlocking boundary, a stochastic antiphase intensity dynamic is obtained

where the GS undergoes deep intensity dropouts accompanied by sharp ES
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pulsations, similar to the ones shown in Chapter 5. For the experiment, we

choose the wavelength of the primary laser by �rst moving to the dynamical,

pulsing regime and then progressively reducing the wavelength of the primary

laser until no stochastic pulses are obtained, as indicated by the dark blue

region in Figure 4.2 in Chapter 4. This is an important consideration both for

potential applications and indeed for statistical measures in this work. As the

free-running GS is always below the lasing threshold it is not possible to obtain

an accurate detuning value. The phase of the secondary laser is monitored

with respect to that of the primary laser using a phase resolving technique

described below. A constant phase difference is observed, verifying that the

secondary laser is indeed phase locked. Further, linewidth measurements such

as that shown for a similar system in [46] also con�rm the phase locking.

The experimental setup is similar to the one discussed in Chapter 5, but here

light from the primary laser is �rst sent through a LiNbO 3 phase modulator

and is then split, see Figure 6.2. 90% is injected into the secondary laser via an

optical circulator and a polarisation controller is used to maximise the

coupling. The remaining 10% is sent into one arm of a 3� 3 optical coupler

used for an interferometric phase resolving technique which allows us to

measure the amplitude of the phase perturbations directly and verify phase

locking [84]. The output of the secondary laser is �ltered, the ES emission is

sent to a 12 GHz detector and the GS emission is sent into the second arm of

the 3� 3 coupler while the third input arm remains unconnected. All three

output arms of the 3� 3 coupler are connected to a real-time digital

oscilloscope via 12 GHz detectors. The phase modulator is controlled by a

pulse generator producing 5 ns square pulses. The perturbing elements of the

square pulse are the rising and falling edges that quickly change the optical

path length and thus the phase difference between the primary and secondary

lasers. The rise and fall times of approximately 200 ps and 470 ps respectively

are the duration of the perturbations. The different times are a result of the

pulse generator's limitations. A clockwise perturbation is generated by the rise

of the pulse and an anticlockwise perturbation via the fall of the pulse.
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Figure 6.2: A unidirectional optical injection experiment similar to the one
shown in Figure 5.1 is set up, where the secondary laser (SL) is a QD laser and
the primary laser (PL) is a tunable laser source (TLS). The main difference is a
LiNbO3 phase modulator (MOD) driven by a pulse generator (PG) is introduced
between the PL and SL, which perturbs the injected light. After modulation,
light from the (PL) is split; 10 % is sent into one arm of a 3� 3 coupler for
an interferometric phase measurement technique. 90% is sent to a circulator
and is then injected into a QD laser. A polarisation controller (PC) is used to
maximise coupling. The light emitted from the SL is sent into the circulator and
is then to a �lter where the ES and GS are separated. The GS light goes into
another arm of the 3� 3 coupler and the ES light is sent directly to a 12 GHz
detector. The third arm of the 3� 3 coupler is left empty. Polarisation controllers
are used to maximise the interference of the 3� 3 coupler input signals. All
3 outputs of the 3� 3 coupler are connected to 12 GHz detectors and each
detector is connected to the oscilloscope (OSC). The red lines represent light
at approximately 1300 nm close to the GS emission, the blue is ES only and the
purple is both GS and ES. The black are high speed electrical cables.

6.2.1 Dual threshold

One thousand perturbations were applied for each amplitude value in both

directions in order to create excitation ef�ciency curves, Figure 6.3 (a). For

conventional anticlockwise phase rotations, the threshold, which is de�ned at

50% ef�ciency, is located at approximately 2 radians. The unconventional

clockwise perturbations also produce an ef�ciency curve with a clear threshold

at -3.5 rad. Figure 6.4 (a) and (c) show the response of the secondary laser to

a 1 rad anticlockwise and a -3 rad clockwise phase perturbation respectively.

Both amplitudes always fail to trigger a pulse, and correspond to 0%

ef�ciencies in Figure 6.3 (a). From � 2.7 rad up to our highest amplitude of

approximately 4.2 rad we �nd 100% ef�ciency for anticlockwise perturbations.

To obtain 100% ef�ciency using clockwise perturbations the absolute

amplitude must be greater than -4.1 rad. Figure 6.4 (b) and (d) show
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examples of successfully triggered pulses using 4.2 rad and -4.2 rad

anticlockwise and clockwise perturbations. In a noise free system the

threshold would be a step function, but noise can bring the system further or

closer to threshold introducing a probabilistic element.

Figure 6.3: (a) Experimental ef�ciency curves for anticlockwise and clockwise
perturbations. The thresholds, de�ned at 50% ef�ciency, are at approximately
2 rad and -3.5 rad respectively. (b) The corresponding theoretical ef�ciency
curves with thresholds at 0.975 rad for anticlockwise perturbations and at -
1.7 rad for clockwise, where � = 1.

Figure 6.4: The response of the secondary laser to phase perturbations. (a) and
(b) are for anticlockwise perturbations of 1 and 4.2 rad. (c) and (d) are for
clockwise perturbations of -3 and -4.2 rad. The left panels show unsuccessful
perturbations and the right show successfully triggered excitations.
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The dual state nature of our system leads to another interesting detail. While

sub threshold perturbations do not yield excitable events, their presence is

nonetheless visible in the output of the GS albeit much less pronounced than

the excitable dropout. Since the ES pulse only arises close to the end of the full

GS excitable dropout, sub-threshold effects are completely invisible in the ES

intensity, as is clear in Figure 6.4 (a) and Figure 6.4 (c) yielding a striking

example of a true all-or-none response.

6.2.2 Delay time

Both the primary and secondary lasers have some spontaneous emission, so

while the secondary laser remains phase locked to the primary there are some

small �uctuations and the system is continuously changing to remain phase

locked. As mentioned, the noise can bring the system closer or further from

seperatrix, making it easier or more dif�cult to trigger a pulse. We have seen

in the section above that this led to a stretched out ef�ciency curve rather than

the ideal step like function. The closer the perturbation brings the system to

the separatrix the slower the escape time. An escape here corresponds to the

triggering of a pulse. In fact, in the absence of noise, if conditions place the

system right on a separatrix, it will remain there inde�nitely. When the

amplitude of a perturbation is close to the value of the threshold, noise heavily

in�uences the delay time of a pulse.

The delay time or response time is the time it takes the system to �re a single

pulse after a single supra-threshold perturbation has been applied. In a Leaky

Integrate and Fire (LIF) photonic neural network each neuron �res a train of

pulses. The information is encoded in the speci�c timing of each pulse in the

train, therefore it is vital that the time at which a neuron �res is predictable

and reproducible. Thus the �rst step in creating a LIF network is �nding the

perturbation amplitude that will produce pulses with a consistent delay time.

The delay times for the clockwise and anticlockwise perturbations are shown

in Figure 6.5. For anticlockwise perturbations with amplitudes of �= 2 rad the

resulting pulse could be triggered anywhere between 1 and 4 ns after the

perturbation arrives. An amplitude greater than � rad will produce a reliable

delay time as the distribution in time is narrow. The delay for clockwise

perturbations also has a wide distribution when ef�ciency is small. When

clockwise perturbations are greater than 4.1 rad, there is minimal variation in

the delay time. The perturbation amplitudes with consistent response times
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will be used below when discussing the refractory periods.

Figure 6.5: Heatmap showing delay times; the time a pulse is �red after the
system has been perturbed. The left panel is for clockwise and the right is for
anticlocwise. The ef�ciency curves are also plotted. The delay time is largest
when the ef�ciency is below 100 %.
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6.3 Model

We now show that the phenomenon is reproduced by direct numerical

simulations. The model is the same nine dimensional set of ordinary

differential equations described in Chapter 5 and is included again for

completeness.
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A dot denotes differentiation with respect to t = ~t=� ph , where ~t is time and � ph

is the photon lifetime. � = � ph=� , where � denotes the carrier recombination

time. The subscriptse and h stand for electron and hole respectively. � is the

usual GS phase-amplitude coupling. For simplicity here we take this to be a

constant although the true situation is more complex [87]. Despite this

simpli�cation, this assumption is suf�cient to reproduce the experimental

�ndings. gg
0 and ge

0 are gain coef�cients and � couples the phase of the GS to

ES carriers and also models the effect of inhomogeneous broadening [46]. The

primary laser control parameters are " and � � ! i � ! g, respectively the

injection strength and the detuning between the frequency of the injected light

and that of the GS. The pump current isJ . The B terms Be;h and B w
e;h are the

capture rates to the GS and ES respectively, while the escape rates are given by

the C terms and are linked to the capture rates via Kramers type relations, as

described in [46]. The different spin degeneracies in the QD energy levels,

Pauli blocking, and interstate captures and escapes are all included.

As shown in Chapter 5 this model reproduces the phase-locking phenomenon
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and the stochastic generation of excitable GS dropouts/ES pulses when noise

is included. The dropouts in Chapter 5 were shown to terminate in a saddle

focus with oscillations at each dropout minimum. However, as seen in the

experimental traces, Figure 6.4, these oscillations do not appear in the

dropouts with our shorter device and so we use a different set of parameters to

better match the reduced photon lifetime. The dropouts then terminate in a

saddle rather than a saddle-focus and there are no oscillations at the bottom of

the dropout (see Figure 6.6) as in the experiment. Once the saddle is reached,

the system moves along the repulsive trajectory, the ES emits a sharp pulse and

the GS returns to CW operation.

Figure 6.6: Numerically generated sample responses to an above threshold (a)
anticlockwise perturbation where d = 1:7 and (b) clockwise perturbation where
d = � 2. The longer response time for clockwise perturbations is partially due
to the positive and non-zero � . The �xed parameters are � = 0:01, � = 0 ,
� = 3, � = 1:5, gg

0 = ge
0 = 0:55, J = 5, Be;h = B w

e;h = 100, Cw
e = 0, Cw

h = 100,
Ce = Bee� 2,Ch = Bh, " = 0:327.

For instantaneous perturbations the system displays asymmetric directional

thresholds as found in the experiment. In fact, using instantaneous

perturbations one can �nd an excitable interval. By increasing the amplitude

of the perturbations from 0 rad to 2 � rad in one direction the 2� periodicity

means that there is a closed interval over which excitations are possible.

However, instantaneous perturbations are unphysical and so we also

investigate the more realistic case of �nite time perturbations, speci�cally

using sigmoid perturbations of the phase, to induce our excitations. These

perturbations take the form d=(1 + e(� � (t � t0 )) ) where d is the amplitude of the
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perturbation, t0 is the centre of the perturbation and 1=� sets the rise time of

the perturbation. To compare directly with the experiment, we analyse the

effect of perturbations in both the anticlockwise and clockwise directions.

Figure 6.3(b) shows the ef�ciency curves generated for the two perturbation

directions for � = 1. The existence of a threshold in each direction is clear. The

anticlockwise threshold is approximately 0.975 rad while the clockwise

threshold is approximately -1.7 rad for the chosen parameters, reproducing

the experimentally observed asymmetry.

6.4 Discussion

There are some subtle details in using �nite rise time perturbations, where the

behaviour is necessarily more complicated than in the instantaneous

perturbation case. During the perturbation the system can also evolve due to

the intrinsic dynamics and the fast intrinsic timescales. As a result, the

thresholds vary signi�cantly depending on the duration of the perturbation.

For suf�ciently fast rise times of the perturbations, an interval can be obtained

as with the instantaneous case. For example, with� = 5 we �nd an

anticlockwise interval of excitation from 0.9 rad to 5.4 rad. That is, for

anticlockwise perturbations above 5.4 rad, excitations are not obtained. The

evolution of the system depends on the direction of the perturbation and so

the interval also changes depending on the direction of the perturbation.

Further, for slow rise times, an interval is not obtained. In fact, for suf�ciently

slow perturbations, pulses are never excited; instead the system simply

adiabatically follows the slowly changing phase. Of course, this is also found

in the case of optical injection of conventional devices.

6.4.1 Phase measurement

The phase measurement technique has already been described in Chapter 2

and Chapter 5. These were relatively straightforward experiments but when

performing phase measurements for deterministic triggerings there are some

subtleties that cannot be overlooked. As mentioned there are two inputs into a

3� 3 coupler. One arm receives light from the TLS after it has gone through the

phase modulator and the other receives light from the QD laser and the third

is left empty. The path lengths to each arm are set so that when the 10% of

perturbed light from the TLS enters the 3� 3 coupler it is mixed with CW light
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from the QD laser. Consequently the light from the response of the QD laser is

mixed with CW light from the TLS.

To reconstruct the phase of the QD laser, two measurements must be taken.

First, the phase of the perturbed TLS and then the response of the QD laser.

These are later subtracted from each other in a post processing step. To

measure the perturbation encoded by the modulator on the light coming from

the TLS, the QD laser is operated in CW and acts as a reference. The blue line

in Figure 6.7(c) shows the phase of the perturbed light with respect to a CW

reference. This is an effective way to measure the amplitude of the

perturbation applied. In Figure 6.7 (c) the square pulse has amplitude 5.7 rad.

The orange line in �gure 6.7(c) shows the optically injected QD with respect to

a CW TLS signal.

Figure 6.7: (a) Intensity traces from a QD laser. (b) A zoom in on the intensities
where the QD laser is emitting pulses after clockwise and anticlockwise pertur-
bations were applied. (c) The phase of the TLS with respect to CW QD laser
and the phase of the QD laser light with respect to CW TLS light. The phase
perturbation amplitude can be measured, 5.7 rad. (d) To see what the QD laser
is doing with respect to the TLS while it is perturbed, the two must be aligned
and subtracted.

The end goal of this technique is to measure how the phase of the secondary

laser evolves with respect to the primary laser. At the moment the electric �eld

of the secondary laser is only shown with respect to a CW �eld, the orange line

in Figure 6.7(c). Because of phase locking the primary laser's phase will simply

be mirrored by the secondary laser and appear inverted when the CW �eld of
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the TLS is used as the reference. Here, in Figure 6.7(c) there are two similar

square shapes, one shows the phase change of the TLS (blue) and the other

shows the secondary laser (orange) trying to follow the primary, but

importantly there are some differences (apart from the fact they are inverted).

These differences are where the secondary laser momentarily loses phase

locking and pulses are triggered, due to suf�ciently fast perturbations. It is

dif�cult to interpret the result because when observing the phase of the

secondary laser (orange) with respect to a CW reference there is information

about both the perturbations and the response of the secondary laser. To

decouple the information and see how the secondary laser is acting with

respect to the perturbing primary, the primary laser's phase (blue) is inverted

and aligned with the phase of the QD laser (orange) and the difference

between them is calculated. The green line in Figure 6.7(d) shows the

response of the secondary laser with respect to the perturbed primary. Initially

the QD laser tries to follow the clockwise perturbation as there is a sharp

increase in phase. Then the phase begins to decrease and appears to go on an

excitable trajectory as a pulse is triggered, Figure 6.7(b) and 6.7(d). The phase

returns to steady state before the anticlockwise perturbation triggers a second

pulse and a similar phase trajectory is observed.

The GS and ES intensities are shown in Figure 6.7 (a). There is a small

�uctuation around 8 ns where the rise time of the perturbation is measured.

This is a result of the light from the TLS and the CW QD laser mixing in the

3� 3 coupler, a quick change in phase alters the amount of

constructive/deconstructive interference. The intensity �uctuation therefore is

a result of the measurement and is not related to the light being injected into

the QD laser.

Figure 6.8 (d) and Figure 6.9 (d) show rainbow plots that illustrate that it is in

fact the same excitable trajectory being undertaken regardless of the

perturbation direction. The different colours show different sections of the

timetrace. The dark purple section in Figure 6.8 (e) show the clockwise phase

perturbation. 5.7 rad is very close to 2� so the perturbation almost completes

a full circle. The pink line shows the anticlockwise perturbation and it returns

to the same point. There are much fewer points on the clockwise perturbation

than in the anticlockwise due the faster rise time. Figure 6.8 (d) shows the

phase of the QD laser after the perturbations were applied. The dark purple

corresponds to the response of the QD laser when the clockwise perturbation

was applied. Initially the QD laser tries to follow the TLS and moves in the
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Figure 6.8: (a) intensity timetraces of the GS and ES after successful clockwise
and anticlockwise perturbation. (b) the phase measurement is shown in a rain-
bow plot. The colour of the line changes in time for easy comparison to the
phasor plot (d). (c) shows the phase of the TLS, the perturbation is 5.7 rad.
(d) the phasor diagram showing the phase of the QD laser. Initially there is
a large kick brought about by the clockwise perturbation. The trajectory turns
around and completes a bounded rotation. After the anticlockwise perturbation
the initial trajectory is not present, but the bounded trajectory is the same. (e)
shows the phasor diagram corresponding to the TLS perturbation in (c).1

same direction and then changes course and completes an excitable bounded

trajectory. When the excitable trajectory brought about by the anticlockwise

perturbation is plotted on top (pink) it's clear that the traces are very similar.

It is likely that these pulse are from the same trajectory in phase space. Two

different routes can each achieve an excitable response which leads to two

thresholds. When a smaller amplitude perturbation is applied in Figure 6.9 a

similar result is observed. The initial kick in the clockwise direction doesn't

produce as large an initial excursion but inevitably the excitable trajectory is

the same.
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Figure 6.9: (a) intensity timetraces of the GS and ES after successful clockwise
and anticlockwise perturbation. (b) the phase measurement is shown in a rain-
bow plot. The colour of the line changes in time for comparison to the phasor
plot (d). (c) shows the phase of the TLS, the perturbation is 3.5 rad. (d) the
phasor diagram showing the phase of the QD laser. The clockwise perturbation
is not as large as it was in Figure 6.8 so the initial trajectory is not as far. The
trajectory still turns around and completes a bounded rotation. After the an-
ticlockwise perturbation the initial trajectory is not present, but the bounded
trajectory is the same. (e) shows the phasor diagram corresponding to the TLS
perturbation in (c). 1

With all conventional single state only Type I excitable scenarios in the optical

injection con�guration, the phase evolution is the dominant characteristic of

the excitable trajectory and much of the underlying physics can be understood

via the Adler model. In particular, this results in the appearance of one

threshold only. However, in our dual state system, the phase is not the

dominant parameter since the underlying physics is akin to that of Q-switching

[136] rather than phase rotations and so a one dimensional reduction of the

dynamic is not possible. This is re�ected in the excitable trajectory which can

now be reached via either direction.

1We have chosen to discuss phase in the reference frame of the primary laser. As
mentioned earlier, the rising edge of the square electrical pulse corresponds to a clockwise
perturbation, where the phase of the secondary laser is moving in a clockwise direction with
respect to the primary. However, when measuring the perturbation directly using the 3� 3
technique, we can only observe the phase of the primary laser in the reference frame of the
secondary laser. This is why the phase appears to rotate in the opposite direction in (e).
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In summary, we have shown that the novel Type I excitable behaviour �rst

reported in Chapter 5 can be deterministically triggered - a crucial property for

any potential applications. What's more, in contrast to all existing reports of

Type I excitability in the optical injection con�guration, there are two

asymmetric excitable phase perturbation thresholds in this system. The

insensitivity of the ES response to sub threshold perturbations may also be

valuable for error avoidance. Other excitable regimes where phase is not the

dominant characteristic may also have similar two threshold properties, such

as the Type II excitability [37].
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Chapter 7

Dual state excitability

neuromorphic capabilities

7.1 Refractory Periods

Obviously the faster a network can process data the better, but there is a limit.

After a pulse is �red the system takes some time to recover as it returns to a

steady state. After this time has passed another pulse can be triggered. This

period of time is known as the refractory period. The end of the refractory

period is called the refractory time. More speci�cally there are two; during the

absolute refractory period it is impossible to trigger a second pulse; during the

relative refractory period it is possible to trigger a second pulse but it is

somewhat inhibited and the delay times can be dif�cult to predict. Therefore

the fastest a reliable LIF neuron can �re a subsequent pulse is after the relative

refractory period has passed.

Previous studies have found the absolute and relative refractory periods for a

semiconductor laser with a saturable absorber [30]. During the relative

refractory period the second pulse was inhibited because the gain did not have

suf�cient time to fully recover. The absolute refractory period was also

investigated in an optically injected VCSEL laser, where phase perturbations

were used to excite pulses [20]. The theoretical simulations indicate that the

relaxation oscillations (ROs) are responsible for a small number of pulses

being triggered before the absolute refractory period had passed.

Similar to Chapter 6 the detuning was set so the secondary laser remained

phase locked to the primary and noise was not suf�cient to trigger any pulses.
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To measure the refractory period we need to perturb the QD laser with two

perturbations and vary the time between them, then measure the response of

the system. The perturbations are of the same form as those discussed in

Chapter 6. A second phase modulator was placed in series with the original,

see Figure 7.1. The signal from the pulse generator was split with a 50/50

power splitter. A variable electrical delay line was used to �nely adjust the

time at which a perturbation arrived at one modulator, relative to the other

modulator. Different length high speed RF cables were used for coarse

adjustments. There are some limitations to the setup. Because the cable length

and number of connections are different the signals reaching each phase

modulator are not identical. Although the modulators are the same model

they have slightly different responses.

Figure 7.1: A second LiNbO3 phase modulator is added in series to the setup
shown in Figure 6.2. Again the secondary laser (SL) is a QD laser and the pri-
mary laser (PL) is a tunable laser source (TLS). The LiNbO3 phase modulators
are driven by a pulse generator (PG). A 50:50 power splitter sends a similar sig-
nal to each modulator (MOD). A variable electrical delay line (VDL) is added
to adjust the time between two perturbations. A polarisation controller (PC) is
used to maximise coupling. The light emitted from the SL is sent into the circu-
lator and then to a �lter where the ES and GS light are separated and are sent
directly to 12 GHz detectors connected to an oscilloscope (OSC). The red lines
represent light at approximately 1300 nm close to the GS emission, the blue is
ES only and the purple is both GS and ES. The black are high speed electrical
cables.

7.1.1 Small amplitude anticlockwise perturbations and

refractory periods

Remembering that the signal from the pulse generator is a square pulse,

clockwise and anticlockwise perturbations always perturb the system 5 ns
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apart. The perturbation strength was initially set to approximately � rad,

where there was little variation in delay time for a single anticlockwise

perturbation, see Figure 6.5. This amplitude provides the simplest case where

only anticlockwise perturbations excite a pulse. The clockwise perturbations

were still sub-threshold but the time at which they perturbed the system

corresponded to sharp negative spikes in the GS intensity. This allowed for a

convenient measurement of the time between perturbations, see Figure 7.2 at

approximately 2 ns.

Figure 7.2: (a) Timetraces close to the absolute refractory period, the second
pulse can have long escape times. (b) Perturbations separated by 0.85 ns. There
is a narrow distribution as the �rst dropout is interrupted. (c) Perturbations are
separated by 1.22 ns, there is a large distribution of delay times because a
relaxation oscillation increases the threshold. (d) The system has returned to
steady state when the second perturbation is applied and the relative refractory
period has passed. The two small GS negative spikes at approximately 2 ns are
the location of the subthreshold clockwise perturbations.

The �rst perturbation always triggered a pulse, see Figure 7.2. Figure 7.3 (a)

shows the average times between two ES pulses vs the time between two

perturbations, in the cases where two perturbations triggered two pulses. If

the second perturbation arrived before 0.62 ns a second pulse is never �red,

0% ef�ciency shown by the red dotted line in Figure 7.3(a). This marks the

boundary of the absolute refractory period. Close to the absolute refractory

time the escape time for the second pulse refractory time can be as large as

2 ns for perturbations 0.62 ns apart, see Figure 7.3 (a). To get a better idea of

how the system reacts with respect to the perturbations, the responses are
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normalised to the time between perturbations in Figure 7.3 (b). A value of 1

represents the case where the time between two pulses is equal to the time

between perturbations. Figure 7.3 (b) shows a large standard deviation of

times between ES pulses close to the absolute refractory time, highlighting

how the escape time of the second pulse is in�uenced by noise. In Figure 7.4 a

heatmap shows the distribution of response times of the second pulse and it is

clearly much wider for perturbations that arrive closely in time.

Figure 7.3: (a) (Blue) Average time between two ES pulses after two pertur-
bations were applied vs the time between two perturbations. Each data point
is the average of 1000 sets of perturbations. The �rst perturbation was always
successful. The absolute refractory period was 0.62 ns. (Red) Ef�ciency of the
second perturbation. The �rst perturbation was always 100 % successful. (b)
(Blue) the normalised average times between two ES pulses after two perturba-
tions were applied vs the time between perturbations. The average is of 1000
sets of perturbations. (Red) standard deviation of the times between two ES
pulses. (b) The average peak intensity of the second ES pulse vs the time be-
tween perturbations. (Red) The standard deviation of the peak intensities vs
the time between perturbations.

Now we look at the characteristics slightly after the absolute refractory time

has passed in Figure 7.2 (a). A heatmap shows many pulses being �red, where
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the time between perturbations is 0.66 ns. This value is chosen as multiple

second pulses are �red, making it possible to visualise the large distribution of

the second pulse's delay times even though the time between perturbations

remains constant.

Figure 7.4: The normalised times between two ES pulses after two perturba-
tions were applied, shown in Figure 7.3 (a), have been normalised to the time
between perturbations. The �rst perturbation was always successful.

Between 0.8 ns and 1.2 ns the normalised time between two ES pulses goes

below 1, see Figure 7.3 (b). This means that the time between pulses is less

than the time between perturbations. Although this appears like the system is

preempting a pulse, this is not the case. The second pulse is indeed triggered

after the second perturbation. After the �rst pulse is �red the system has not

had adequate time to return to a steady state when the second perturbation

arrives. The system appears to be very close to the excitability threshold,

hence it doesn't take as much of the perturbation's rise time to kick the system

past the threshold again. Figure 7.2 (b) shows the GS intensity does not return

to its steady state value before the second dropout is triggered. So the time

between the second perturbation and second pulse is shorter than the time

between the �rst perturbation and �rst pulse. Figure 7.3 (b) shows the

standard deviation of times between ES pulses and it is smallest between

0.8 ns and 1.2 ns. We have seen that the distribution of response times for a

single perturbation gets smaller with larger perturbation amplitudes in Figure
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6.5. Here, when the second perturbation is applied, the system is closer to the

threshold so it has a similar effect to a very large perturbation.

Between 1.2 and 1.5 ns the normalised time between two ES pulses increases

beyond 1 and the standard deviation of times between two ES pulses increases

again, see Figure 7.3 (b). This also corresponds to a small decrease in

ef�ciency shown in Figure 7.3 (a) to 98% at 1.36 ns. This is due to GS

relaxation oscillations. Figure 6.9(d) shows the phase diagram of a pulse after

one perturbation. The yellow section is the steady state phase value, but above

it there is a small overshoot represented by light pink. This overshoot occurs

when the system is returning to steady state. The system �nds itself further

away from the separatrix, which will make it more dif�cult to trigger a

subsequent pulse. The amplitude of the second perturbation is not large

enough to perturb the system far enough beyond the separatrix to negate the

effects of noise. So the system �nds itself close to the separatrix and thus there

is a large distribution of escape times and an increase in the probability of

failure. This failure can be avoided by using a slightly larger perturbation

amplitude, as discussed below. When the time between perturbations goes

beyond 1.5 ns in Figure 7.3 (b) the normalised time between two ES pulses

remains constant at 1, and the standard deviation remains �xed at 1.5 shown

in Figure 7.3 (b), thus we de�ne 1.5 ns as the relative refractory time.

Figure 7.3 (c) shows the average peak intensities of the second ES pulses and

their standard deviation for different times between perturbations. Initially the

average peak intensity is large, then it decreases to a small plateau before

increasing again as the time between perturbations increases. The high

intensities for short times between perturbations are because the pulses have

long delay times and are actually triggered hundreds of picoseconds after the

perturbation arrives, as shown in Figure 7.3 (a). The decrease in the average

ES pulse peak intensity around 0.85 ns is due to the �rst dropout being

interrupted by the second perturbation and the subsequent trajectory of the

second GS dropout not being not as deep, Figure 7.2 (b). Therefore there is

less gain available for the ES pulse. This is not to be misunderstood with a lack

of ES gain due to slow carrier scattering into the dot, where the scattering rate

into the dots is of the order of 10s of picoseconds. Figure 7.5 shows the

relationship between the GS and ES intensities and the time between triggered

pulses. For close triggerings the GS trough depth intensity can vary between

0.25 and 0.31, whereas the ES pulse varies from 0.4 to 0.6. The width of a GS

dropout is much larger than the ES pulse width so a small change in GS
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droupout depth has a bigger impact on ES pulse peak intensity. Surprisingly,

Figure 7.3 (c) shows that the ES pulse peak intensity varies most in the region

where the response time is most predictable, shown in Figure 7.3 (b). As

mentioned the system hasn't reached steady state if the second perturbation is

applied between 0.8 ns and 1.2 ns after the �rst one. So the path to the trough

of the dropout (corresponding to the saddle/saddle focus in phase space

discussed in Chapter 5) is no longer the natural trajectory. The forced

trajectory is sensitive to noise leading to different dropout depths. The

variation in the ES intensity is less than industry standard 3 dB tolerance,

therefore, the optimal rate to pass information through the device is actually

inside the relative refractory period at 0.85 ns.

Figure 7.5: Heat map showing the ES peak intensity (top) and the intensity of
GS dropout troughs (bottom) vs the time between ES pulses.

7.1.2 Large amplitude perturbations and refractory periods

In order to investigate the refractory periods using clockwise perturbations the

amplitude of the perturbations was increased to approximately 5.5 rad, where

a single clockwise perturbation was 100% successful in triggering a pulse with

short delay times. Due to the nature of the square electrical pulse, the

refractory periods using large anticlockwise perturbations were simultaneously

investigated. Because clockwise perturbations are now triggering pulses the GS

intensity cannot be used to measure the time between perturbations. To obtain

the time between two perturbations the derivative of the phase is found,

Figure 7.6, and the time a perturbation occurs is de�ned to be the point where
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its slope is steepest. This is necessary because it can be dif�cult to resolve two

perturbations when the time between them is much less than their rise times.

Figure 7.6: A unidirectional optical injection experiment similar to the one
shown in Figure 7.1 is set up, where the secondary laser (SL) is a QD laser
and the primary laser (PL) is a tunable laser source (TLS). Two LiNbO3 phase
modulators, driven by a pulse generator (PG), are placed between the PL and
SL, which perturbs the injected light. A variable delay line (VDL) is used to
adjust the time between perturbations. After modulation, light from the (PL) is
split; 10% is sent into one arm of a 3� 3 coupler for an interferometric phase
measurement technique. 90% is sent to a circulator and is then injected into a
QD laser. A polarisation controller (PC) is used to maximise coupling. The light
emitted from the SL is sent into the circulator and then to a �lter where the
ES and GS light are separated. The GS light goes into another arm of the 3� 3
coupler and the ES light is sent directly to a 12 GHz detector. The third arm of
the 3� 3 coupler is left empty. Polarisation controllers are used to maximise the
interference of the 3� 3 coupler input signals. All 3 outputs of the 3� 3 coupler
are connected to a 12 GHz detectors which are connected to an oscilloscope
(OSC). The red lines represent light at approximately 1300 nm close to the GS
emission, the blue is ES only and the purple is both GS and ES. The black are
high speed electrical cables.

7.1.2.1 Anticlockwise perturbations

Large anticlockwise perturbations produced similar results to those seen in

Section 7.1. The �rst perturbation always excites a pulse as shown in Figure

7.7 but the absolute refractory period is shorter with a pulse recorded where

the time between perturbations was 0.42 ns, the timetrace is shown in Figure

7.8. After 0.63 ns the second perturbation is 100% successful in triggering a

pulse, Figure 7.7. However, just before this ef�ciency is achieved a new

dynamic arises as a result of the anticlockwise perturbations being so large. If

the second perturbation arrives between 0.56 ns and 0.90 ns after the �rst,

then three pulses appear to be triggered. As usual the �rst perturbation always
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triggers a pulse, but when the second perturbation interrupts the �rst dropout

it can force the GS into a much more shallow dropout with a corresponding

small increase in ES intensity. A third dropout and full ES pulse can then �re

after some delay, see Figure 7.9(b). The ef�ciency curve for three ES maxima

has a peak probability of 95% at perturbations separated by 0.72 ns, although

it never reaches 100% this high probability still suggests that there may be

some deterministic trajectory being undertaken. After the �rst perturbation the

system hasn't returned to steady state and a large kick moves the system even

further from its natural trajectory in phase space, the most likely route back to

the steady state appears to be through an extra oscillation. When three pulses

do not �re, the two perturbations operate as expected and produce two

dropouts with two ES pulses. Figure 7.9(a) shows a timetrace for the same

perturbation spacing as Figure 7.9(b) but only two pulses �re. The minimum

peak intensity of a second ES pulse, when only two pulses �re, is de�ned to be

the minimum amplitude required to claim a full ES pulse has indeed been

�red, which will be used in the next section.

Figure 7.7: Blue line shows the ef�ciency of the �rst perturbation. It always
excites a pulse. The red line shows the ef�ciency of the second perturbation.
0.42 ns marks the end of the absolute refractory period, if the second pertur-
bation arrives 0.42 ns after the �rst, a second pulse can be observed, timetrace
shown in Figure 7.8. After 0.63 ns the second perturbation always triggers a
pulse. Between 0.56 ns and 0.90 ns two perturbations can produce three pulses,
timetrace shown in Figure 7.9.
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Figure 7.8: Timetrace showing two anticlockwise perturbations applied 0.42 ns
apart and both trigger a pulse. This marks the absolute refractory time.

Figure 7.9: (a) Timetrace showing two pulses arising from two perturbations,
the time between the two perturbations is 0.72 ns. (b) Timetrace showing three
pulses arising from two perturbations with the same time between them as in
(a). There is an 95% probability of three pulses occurring for this perturbation
separation.

Figure 7.10 shows the average normalised time between ES pulses after two

large anticlockwise perturbations were applied. The average normalised time

goes below 1 at 0.9 ns, similar to the case where two smaller anticlockwise

perturbations were used in Figure 7.3 (b). The �rst dropout is interrupted and

system is close to the threshold when the second perturbation arrives. Less of
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the perturbation's amplitude is required to trigger a pulse, so the threshold is

exceeded earlier in the perturbation's rise time. What is absent in the case for

large perturbations is the increase in average response time at 1.3 ns, where

the GS relaxation oscillations previously brought the system further from

threshold. This is however a slight increase in the standard deviation. With the

larger perturbation amplitude we can help to compensate for the GS

relaxation oscillation which temporarily makes the threshold larger. The

relative refractory period ends at 1.4 ns.

Figure 7.10: (Blue) the average time between two ES pulses after two anti-
clockwise perturbations are applied. (Red) the standard deviation of the times
between two ES pulses.

7.1.2.2 Clockwise perturbations

Inhibitory perturbations

The presence of an excitable interval was proposed in Section 6.3 for

instantaneous perturbations. This interval was not observed using one phase

modulator with its �nite rise time. However, a slow rise time can be

compensated for by applying a large enough perturbation. Alternatively, two

perturbations arriving closely in time can sum together to produce this large

perturbation. The closest time recorded between two clockwise perturbations

was 0.22 ns. If the time between two clockwise perturbations is between 0.22

and 0.47 ns the second perturbation stops the �rst perturbation from

triggering a pulse, a timetrace is shown in Figure 7.11. This inhibitory

behaviour is not observed for anticlockwise perturbations. This is likely due to
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the clockwise perturbation resembling more of an instantaneous perturbation

as the rise time is faster than the anticlockwise fall time given by the electrical

pulse from the pulse generator. The ability to inhibit a pulse is a useful tool in

the toolbox for optical computation and photonic neural networks.

Figure 7.11: Timetrace showing that a second clockwise perturbation can in-
hibit the �rst perturbation if it arrives close enough in time. In this case the
perturbations are separated by 0.22 ns.

Perturbations arriving during �rst GS dropout

As the time between clockwise perturbations is increased the system has more

time to undergo the �rst dropout before the second perturbation arrives. The

second perturbation does not always completely inhibit the pulse triggered by

the �rst perturbation. In fact we classify the laser's responses into four

different categories when the perturbations are separated by between 0.47

and 0.93 ns. Figure 7.12 shows all four behaviours which were observed when

the time between between perturbations remained constant at 0.84 ns. Figure

7.12 (a) is the inhibitory case discussed in Section 7.1.2.2. In Figure 7.12 (b)

the ES intensity increases slightly but not enough to be deemed a pulse, which

has previously been de�ned in Section 7.1.2.1. Figure 7.12 (c) shows the

conventional case when the second perturbation arrives before the absolute

refractory time has passed. The �rst perturbation excites an ES pulse which

has suf�cient amplitude to be considered a full pulse and the second arrives

too early and does not. In Figure 7.12 (d) a small increase of ES intensity is

observed when the �rst perturbation is applied but similar to the case shown

in Figure 7.12 (c) it is not large enough to deem it a pulse. The second
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perturbation can trigger a pulse with a signi�cant delay time.

Figure 7.12: Four different behaviours are observed when the time between
two clockwise perturbations is between 0.47 and 0.93 ns. This �gure shows
examples of each behaviour when the perturbations are separated by 0.84 ns.
(a) the second perturbation inhibits an ES pulse that would have been triggered
by the �rst perturbation. (b) there is a small increase in ES intensity but not
enough to deem it a pulse. (c) the peak ES intensity is large enough and is
considered a pulse. (d) the �rst perturbation does not trigger a pulse as the
second perturbation acted as an inhibitory signal. But a pulse is triggered after
the second perturbation.

If two perturbations can sum together and do not produce a pulse and if the

time between them is increased so as the same two perturbations can trigger

two separate pulses, it is no surprise that there is a region between these

distinct behaviours where both of these dynamics are observed for the same

experimental parameters. As mentioned the region spans from 0.47 to 0.93 ns,

which has similar values to the region where three pulses are observed for two

anticlockwise perturbations shown in Section 7.1.2.1, which spans from

0.56 ns to 0.90 ns. Although both cases show small increases in ES intensity,

these are very different behaviours. In the anticlockwise case the �rst pulse

always �red and the second perturbation caused a shallow dropout freeing up

some gain for the ES. Here the �rst dropout is shallow because it was partly

inhibited but some gain was still available for an increase in ES intensity.

When the perturbations are this large the all or none response of the system,

previously observed for smaller anticlockwise perturbations in Section 7.1, can

be destroyed. However, this is obviously necessary in order to achieve an
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integrate and inhibit mechanism.

Conventional refractory times

To investigate refractory times the �rst perturbation must always excite a

pulse, so the behaviour in Figure 7.12 (c) must �rst be achieved. An ef�ciency

curve for this case is plotted in Figure 7.13. If perturbations arrive at least 1 ns

apart there is 100% probability that the �rst perturbation will trigger a pulse.

The absolute refractory period ends when two perturbations are separated by

1.02 ns, where there is a 0.003% probability that the second perturbation will

trigger a pulse given that the �rst perturbation already has excited a pulse.

When the time between perturbations is increased to 1.18 ns the second

perturbation is 100% successful in triggering a pulse.

Figure 7.13: Ef�ciency curves for the �rst clockwise perturbation (blue) and the
second clockwise perturbation(red) given that the �rst perturbation has already
triggered a pulse.

The shape of the normalised time between two ES pulses curve in Figure 7.14

is similar to the anticlockwise case in Figure 7.10. Here the average time

between ES pulses is large close to the absolute refractory period (1.02 ns)

and then it levels off to a constant value at 1.25 ns marking the end of the

relative refractory period. A feature missing from the clockwise curve is that

the average time between ES pulses never goes below 1. For this to happen the

system must be perturbed when it is close to its threshold. But as mentioned in

Chapter 6 there are two separate thresholds for each perturbation direction. In

the clockwise case the threshold is not as close to the excitable trajectory, see
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Figure 6.8. This is further evidence that the two thresholds are indeed

separate. There is also not an increase in average response time like there was

in Figure 7.3 (b) because the perturbation amplitude was large enough to

exceed the threshold even if a relaxation oscillation increases it marginally.

Figure 7.14: (Blue) the average time between two ES pulses after two clockwise
perturbations are applied. (Red) the standard deviation of the times between
two ES pulses.

To conclude the discussion on the effects of two above threshold perturbations

we now summarise the results:

• For small anticlockwise perturbations the �rst perturbation always

triggered a pulse. The absolute refractory period ended at 0.62 ns and

the relative refractory period ended at 1.5 ns. There is an optimal time

where subsequent pulses can be reliably triggered in time with a small

�uctuation in the ES pulse amplitude at 0.85 ns.

• For large anticlockwise perturbations the �rst perturbation was always

100% successful in triggering a pulse. The absolute refractory period was

recorded at 0.42 ns. The relative refractory period ended at 1.4 ns.

• Large clockwise perturbations can integrate an inhibit. If perturbations

are separted by 1 ns the �rst perturbation always triggers a pulse. The

absolute refractory period ends at 1.02 ns and the relative refractory

period ends at 1.25 ns.

While the absolute refractory times vary depending on the amplitude and

direction the relative refractory times are all within 0.25 ns of each other
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showing that the system is robust to changes in perturbation amplitude and

direction.

7.2 Subthreshold perturbation integration

In an integrate and �re network two or more sub threshold perturbations can

be integrated together to yield a supra-threshold perturbation. The time

between the perturbations must be short, so that the second subthreshold

perturbation arrives before the system has adiabatically returned to a steady

state.

7.2.1 Setting new thresholds

To investigate an integrate and �re mechanism the same setup described in

Section 7.1 is used, but the amplitude of the phase perturbations are

decreased so that individually they are subthreshold. It is important to

remember that the clockwise and anticlockwise perturbations come from the

rise and fall times of the same square pulse so their amplitudes are inherently

tied to each other. Thus selecting a sub-threshold perturbation amplitude to

suit both perturbation directions is not straight forward. In Figure 6.3 the

perturbation amplitude must be at least 4.1 rad to obtain 100% ef�ciency for

clockwise perturbations. Then, in a crude integrate and �re calculation using

just two perturbations, to get reliable �ring, each individual perturbation must

be at least 2.05 rad to achieve threshold when integrated. However, moving

now to the anticlockwise case, each perturbation must be at most 1.5 rad so

that each individual perturbation is subthrehold. Clearly the conditions

necessary to obtain an integrate and �re mechanism for both perturbation

directions for the same experimental parameters are not met. To overcome

this the frequency of the TLS is increased (magnitude of the detuning is

decreased), changing the threshold values for each perturbation direction.

This is simply an equipment enforced limitation not a system limitation. It

could easily be resolved with an arbitrary waveform generator.

7.2.2 Measurement of large thresholds

To �nd the new thresholds the electrical delay line is varied so as two phase

perturbations occur at the same time, effectively acting as one large

perturbation. The amplitude of the square pulses from the pulse generator are
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varied. Two ef�ciency curves are shown in Figure 7.15, one showing two

clockwise perturbations summed together and the other two anticlockwise

perturbations summed together. The magnitude of both the clockwise and

anticlockwise thresholds have increased from -3.5 rad and 2 rad in Figure 6.3

to -5.6 rad and 5.2 rad in Figure 7.15. For Figure 6.3 the maximum peak

voltage that could be applied to a single phase modulator was 4.5 V producing

the largest possible phase shift of approximately 4.2 rad. Therefore, it is not

possible to measure the new threshold in Figure 7.15 with one phase

modulator alone. Care must be taken when comparing the thresholds in

Figure 7.15 directly with those in Figure 6.3. The delay between the two

perturbations is set to be a minimum. But this is limited by the resolution of

the oscilloscope (20 ps). Therefore the rise time or fall time of the integrated

perturbation could be 20 ps longer than what it would be if it was a single

phase modulator. This is relatively small compared to the rise and fall times of

the perturbations themselves but it must be pointed out for completeness as

the rise and fall times play a large roll when trying to exceed a threshold, see

Chapter 5.

Figure 7.15: Two clockwise perturbations with similar amplitudes are summed
together (green line). The amplitude of the perturbations are coupled to each
other as the signal from the pulse generator is split 50/50. Thus the amplitude
of both are varied simultaneously. The green line shows the ef�ciency curve for
their total effective amplitude. The clockwise threshold is at -5.6 rad. The same
experiment was done using two anticlockwise perturbations and the ef�ciency
curve is represented by the black line. The anticlockwise threshold is 5.2 rad.
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7.2.3 Integrate and �re mechanism

From this point on the perturbation amplitude from the pulse generator will be

�xed so that each modulator will produce sub-threshold perturbations only.

Similar to the �gures discussed in Chapter 5, the �rst half of Figure 7.16 (b)

shows the perturbations encoded on the light being injected into the QD laser.

The time between two subsequent clockwise perturbations is set beyond the

width of a square electrical pulse. This allows us to observe the perturbations

applied from each modulator independently. The response of the QD laser (the

last 20 ns of the timetrace) can also be monitored. 1000 sets of square signals

never triggered a pulse, con�rming all perturbations are sub-threshold. In

Figure 7.16 (a) an example is shown where no pulses �re and the ES is acting

in an all or none fashion.

Figure 7.16: Timetraces that show two sets of perturbations from two electrical
square signals, four perturbations in total. The perturbations are show in the
�rst 19 ns of (b). The subsequent 20 ns shows the lasers response, similar to
the �gures shown in Chapter 5. (a) shows the intensity traces of the GS and
ES. No ES pulses are triggered, con�rming that these perturbations are indeed
sub-threshold.

Next, the time between the perturbations will be varied. To begin the

perturbations are brought together and the time between two anticlockwise

perturbations is approximately zero and consequently the time between

clockwise perturbations is the same. The two perturbations appear as one

large phase perturbation as shown in Figure 7.17 (c). The time between two

anticlockwise perturbations is increased and an ef�ciency curve is plotted in
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Figure 7.18 1. There is 100% ef�ciency as long as the time between the

perturbations is less than 320 ps, then the ef�ciency begins to decrease. Figure

7.17 (a) shows a successfully �red pulse when two anticlockwise perturbations

with approximately zero delay are integrated together. Figure 7.17 (b) shows

an example when two perturbations integrated together fail to trigger a pulse.

They are separated by 320 ps and are 99% successful. The phase of the

perturbation is shown in Figure 7.17 (d), the amplitude is very similar to the

successful phase amplitude shown Figure 7.17 (c). Increasing the time

between perturbations has a similar effect to increasing the rise time of a

single perturbation.

Figure 7.17: (a) ES and GS intensities when a pulse has been successfully trig-
gered. The time between two anticlockwise perturbations is 0 ns. (c) shows the
effective perturbation amplitude from two anticlockwise perturbations summed
together. When the time between perturbations is increased to 320 ps the ef�-
ciency of a pulse being triggered decreases to 0.991. (b) is an example of the
intensities after two perturbations summed together are unsuccessful and (d)
shows the phase has longer rise time when the time between perturbations is
320 ps.

1To obtain data where the times between perturbations was greater than 420 ps an extra
RF cable and connector had to be included in the experimental setup. As this measurement is
so sensitive to rise time it would be misleading to compare these measurements directly with
those shown in Figure 7.18.
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Figure 7.18: The time between two anticlockwise perturbations is varied and
an ef�ciency curve is plotted.

Clockwise perturbations are also integrated together and �re with 100%

ef�ciency when the time between them is zero, Figure 7.19 (a). When the time

between the perturbations is increased to 120 ps the ef�ciency drops to 0%.

The story is similar to that of the anticlockwise perturbations, where the

Figure 7.19: (a) ES and GS intensities when a pulse has been successfully trig-
gered. The time between two clockwise perturbations is 0 ns. (c) shows the
effective perturbation amplitude from two clockwise perturbations summed to-
gether. When the time between perturbations is increased to 120 ps the ef-
�ciency of a pulse being triggered decreases to 0. (d) is an example of the
intensities after two clockwise perturbations summed together are unsuccessful
and shows the effective phase perturbation.
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amplitude of the phase perturbation is similar between Figure 7.19(c) and

Figure 7.19(d) but the rise time of the perturbation has increased.

Next perturbations of different directions are integrated together.

Unsurprisingly these sub-threshold perturbations become even less likely to

trigger a pulse. They simply cancel each other out as they rotate the phase in

opposite directions and have similar amplitudes. Figure 7.20 (a) shows an

example of an anticlockwise perturbation followed by a clockwise

perturbation, where the time between perturbations is 200 ps, no pulse is

triggered. The phase initially decreases and then increases, see Figure 7.20

(c). Figure 7.20 (b) shows an example of a clockwise perturbation followed by

an anticlockwise perturbation 40 ps later. Now the phase in Figure 7.20 (d)

begins to increase but then the clockwise perturbation arrives and effectively

cancels out the �rst perturbation.

Figure 7.20: (a) ES and GS intensities when a clockwise perturbation is ap-
plied 200 ps after an anticlockwise perturbation, a pulse is not triggered. (c)
shows the effective perturbation amplitude, there is a small dip related to the
anticlockwise perturbation, but when the clockwise perturbation is applied they
effectively cancel each other out. (b) shows the ES and GS intensities when a
clockwise perturbation is applied and then an anticlockwise one is applied 40 ps
later. (d) shows the effective perturbation applied and similar to (c), the two
opposing perturbations essentially cancel out.

7.3 Image edge detection

The integrate and �re mechanism described above is the basis of a leaky

integrate and �re neuron, the core building block of a spiking neural network.
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But because we are limited to just one device we will take a closer look at the

function of one neuron in convolution neural networks for image edge

detection.

Convolution neural networks have been central to computer vision and image

processing over the past few decades. These networks have multiple layers of

neurons each performing their own operation. The �rst layer usually performs

some kind of an edge detection, using the Sobal, Prewitt or Canny method

[156]. In these techniques an image can �rst be converted to greyscale, where

each pixel is given an integer value between 0 and 255, the result contains

only information about the pixel's intensity. Then a kernel (matrix/�lter) is

applied to the image. Figure 7.21 shows how the kernel is applied; sections of

the image are taken and the intensity values of a section are multiplied by the

kernel in a matrix multiplication. The results are placed in an output matrix.

The output matrix is essentially a measurement of the intensity gradient,

similar to a derivative. The kernel continuously slides one pixel over and other

multiplications are calculated. In the case of the Roberts kernel shown in

Figure 7.21, this is done horizontally to produce the output matrix Gx

(horizontal gradient) and then the kernel is rotated by 90 � and applied to the

image to produce Gy (vertical gradient). After the kernel is applied to all

horizontal components in that line it is moved down a pixel and repeated.

Both output matrices are combined when calculating the magnitude

G =
q

G2
x + G2

y. After this a threshold is applied and if the magnitude of the

intensity gradient is greater than the threshold, an edge is detected. The

parallel nature of a neural network means that instead of sliding the kernel

across sequentially, many neurons can perform convolutions simultaneously.

Figure 7.21: An example of a matrix multiplication when applying the Roberts
Kernel to an image.
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7.3.1 Binary

We would like to detect the edge of the image shown in Figure 7.22, similar to

the work in [157]. To begin we simplify the greyscale image, Figure 7.22 (a),

once more and convert the greyscale image into a binary image, Figure 7.22

(c). A threshold is chosen in a preprocessing step, in this case 166, and if a

pixel is brighter than this threshold it is assigned to be to a white pixel (1). If

the intensity of the pixel is below the threshold it is assigned as a black pixel

(0).

Figure 7.22: A 256 level greyscale image of two elephants. The image is con-
verted into a 4 level image and a binary image. Prewitt and Canny edge de-
tection techniques are applied on the greyscale image and are compared to the
2� 1 kernel photonic neural network.

7.3.1.1 2 � 1 kernel

These binary values can then be converted into a form that a photonic neuron

can compute. Sub-threshold clockwise perturbations are chosen to represent

white pixels (1) and sub-threshold anticlockwise perturbations are chosen to

represent black pixels (0). A very rudimental 2� 1 kernel, [1 1], is applied to

the binary image. Because this kernel contains unitary values it is more

intuitive to consider this matrix multiplication in following way: The same

integrate and �re scheme described in Section 7.2.3 is set up, where each

perturbation is sub-threshold and the time between them is zero. The end goal
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is to detect when two neighbouring pixels are different, this is the de�nition of

an edge. Pairs of perturbations, containing information about neighbouring

pixels, are passed into the photonic neuron (QD laser). If neighbouring pixels

are the same, be they both clockwise or both anticlockwise, the perturbations

integrate together and exceed a threshold, triggering a pulse. However, if

neighbouring pixels are different then a clockwise and anticlockwise

perturbation sum together and fail to trigger a pulse, indicating an edge has

been detected. Figure 7.22 (f) shows the results of applying the technique to

an image of two elephants. First the pixels which neighbour each other

horizontally are compared, and to create a matrix Gx . The kernel is rotated

90� and the same is done for vertically neighbouring pixels to obtain Gy. The

magnitude is calculated in a post processing step usingG =
q

G2
x + G2

y. The

edges detected by the binary photonic neuron are shown in Figure 7.22 and

are compared to Canny and Prewitt methods which are well-known edge

detection techniques on full greyscale images.

The magnitude post processing calculation can actually be approximated in

the photonic neuron. With a dual threshold system, large positive and large

negative perturbations each have an intrinsic threshold so there is no need to

square anything to make them positive in G =
q

G2
x + G2

y before applying a

threshold. Gx and Gy can be taken separately. This approximation actually

produces the exact same result with this binary image and 2� 1 kernel but can

also be implemented in more advanced techniques. The advantage of the dual

threshold system is that the calculation can be done optically rather than

adding another post-processing step.

7.3.1.2 2 � 2 kernel

As mentioned the Roberts �lter is one of the simplest kernels used to detect

the edge of an image. Again in the binary image black pixels are given the

value 0 and white pixels are 1. In a preprocessing step the intensity of each

pixel is multiplied by the weight. When we used the 2� 1 kernel the weights

were always unitary, but here the weights are assigned to be perturbation

directions; 1 is a clockwise perturbation, 0 is no action and -1 is an

anticlockwise perturbation. What the matrix multiplication means in terms of

our system is if any weight is applied to a black pixel (0), no perturbation will

be sent to the neuron, because trivially anything multiplied by zero is zero. If a

weight is applied to a white pixel (1) a signal can be sent to the neuron. To
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make this convolution even easier, only the two diagonal components of the

Roberts �lter are non-zero, so only two elements need to be summed in the

last step of the matrix multiplication. A similar integrate and �re set up in

Section 7.2.3 can be set up where these are the two values that will be passed

to the photonic neuron at the same time. But here we set the perturbation

amplitudes of both directions representing � 1 to be above threshold. In the

case where a� 1 is summed with 0, the integrator of the photonic neuron will

simply produce the non-zero value, and since� 1 has been set to be above

threshold, a pulse will be �red. As we have seen in Section 7.2.3 if a clockwise

(1) and anticlockwise (-1) perturbation integrate together, no pulse is

produced, the mathematical result is 0 and this has the net effect of taking no

action/ sending no perturbation to the photonic neuron.

Figure 7.23 (a) and (d) show the output matrices Gx and Gy, the convolutions

after the �lter was applied, what the mathematically output would look like. 0

are represented by grey pixels, +1 are white and -1 are black. Our photonic

neoruon will not produce these images. Instead it goes directly to edge

Figure 7.23: Gx and Gy show the output matrix after the Roberts �lter was
applied to a binary image. 0 is represented by grey pixels, +1 are white and -1
are black. High (+1) and low (-1) thresholds are applied to both Gx and Gy,
where +1 and -1 perturbations that are sent to the photonic neuron trigger a
pulse. The conventional magnitude is compared to the approximatedGx + Gy,
that is built into the dual threshold system.

Optically injected dual state quantum dot
lasers

139 Michael Dillane



7. DUAL STATE EXCITABILITY NEUROMORPHIC

CAPABILITIES 7.3 Image edge detection

detection. The black and white pixels in Figure 7.23 (a) and (d) are large

positive and negative gradients. When an integration in the photonic neuron

has the net effect of +1 or -1 both would be above threshold and will �re a

pulse marking an edge, Figure 7.23 (b) and (e). So both the black and white

edges seen in Figure 7.23 (a) and (d) have a threshold immediately applied

due to the dual threshold of this system, Figure 7.23 (f). This approach is just

as good as that shown in Figure 7.23 (c) where extra steps to calculate the

magnitude and then apply a threshold were added.

7.3.2 4 level system

We would like to apply a more advanced �lter such as the Prewitt �lter to a

256 level greyscale image. The maximum value in an output matrix is then

(256� 1) + (256 � 1)+(256 � 1) = 768 and the minimum is -768. The range of

phase perturbations applied to the system in Figure 7.15 was from2� to � 2� ,

so 1,536 (2� 768) values must exist in this range, meaning each element of a

matrix multiplication would need to be separated by 0.004 rad. The main

challenge of this method is the slow rise time of the pulse generator stretching

out the ef�ciency curve. If the ef�ciency curve was an ideal step function then

there would be no problem. A perturbation amplitude that is not either 100%

successful or 100% unsuccessful introduces a probability, which leads to the

failure of an edge being detected or the detection of an erroneous edge

respectively. Therefore the minimum amplitude difference between the results

of the convolution is limited by the width of the ef�ciency curve. In this case

1.9 rad, see Figure 7.15. This is suf�cient to apply the Roberts �lter to a 4 level

system shown in Figure 7.22, where the intensity values go from 0 to 3.

In Section 7.2.3 we have demonstrated that the phase perturbations can be

added and subtracted. This was using similar sized perturbations, but we

propose that the following is realistic and achievable with an arbitrary

waveform generator. Again the weights of the kernel are assigned to be

perturbation directions; 1 is a clockwise perturbation, 0 is no action and -1 is

an anticlockwise perturbation. The intensity of the pixel could de�ne the

amplitude of the perturbation in preprocessing step, where 0, 1, 2 and 3 can

be assigned 0 2 ,4 and 6 rad respectively. The thresholds shown in Figure 7.15

are -5.6 and 5.2 rad. When computing the edge from the convolution, Figure

7.24 (a) and (d), mathematically the required threshold is 1 as shown, the

results are shown in Figure 7.24 (b) and (e). This would be the equivalent to
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� 2 rad for our system and practically, this means any non-zero result in the

output matrix should indicates an edge. Clearly 2 rad is less than 5.2 rad so

another preprocessing step is added.2� is subtracted from positive

perturbations and is summed to the negative. This essentially moves any 0

value of Gx or Gx above threshold and everything else below, now the absence

of a pulse indicates an edge. The results of this theoretical and achievable

example are quiet impressive as some features around the ear of the elephant

are now detected in Figure 7.24.

Figure 7.24: Gx and Gy show the output matrix after the Roberts �lter was
applied to a binary image. The values range from +3 to -3. +3 are white
and -3 are black and integers in between are represented by different shades
of grey. A high and low thresholds of (1) are applied to both Gx and Gy. The
conventional magnitude is compared to the approximated Gx + Gy, that is built
into the dual threshold system.

To conclude we have shown a working example of a leaky integrate and �re

neuron. Two subthreshold anticlockwise perturbations can be integrated

together to trigger a pulse, similarly two clockwise perturbations integrated

together will also excite a pulse. If a clockwise and anticlockwise perturbation

are summed they simply cancel each other out. The ability to have positive

and negative weights is useful in neural networks and a very basic image edge

detection technique was demonstrated using these weights. Although

rudimental it performed well against other well known methods. The
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asymmetric dual threshold allowed us to combine the convolution and

thresholding steps involved in edge detection into a single step, allowing for

faster processing. Using optical devices for image edge detection is logical.

Live images could be kept in the optical domain without ever needing to be

converted to the electrical domain, again increasing the speed of detection.
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Chapter 8

Conclusion

The objective of this work was to investigate different excitable regimes of

optically injected quantum dot lasers with a view to implement them in

photonic neural networks. Because of their highly damped ROs they are stable

in optical injection con�gurations and their ability to lase from two states

opens up the possibilities for multiple ways of performing a computation.

8.1 Overview of the results presented

Chapter 1 was an introduction where the fundamental concepts of a laser are

introduced. It goes on to introduce the motivation for photonic neurons,

inspired by biological neurons. Excitability previously observed in injected

laser systems and the bifurcations used to describe the phenomenon are

discussed.

Chapter 2 looks at an optically injected QD laser biased so as to emit from the

GS. A theoretically predicted bistability is destroyed by an optothermal effect.

A new cycle is born where the intensity operates in a square wave train where

the upper and lower plateaus are related to the two states of the bistability. As

the magnitude of the detuning (at the negative side) is varied from large to

small values, different dynamics are observed, from noise induced square

pulses, to periodic square wave trains to noise induced square dropouts. The

square pulses are deterministically triggered and a bounded phase is observed.

Bifurcation analysis begins with a Class A model where a Canard Explosion is

found. A quantum dot model shows that depending on the ratio of the photon

lifetime to the carrier lifetime, either a subcritical Hopf bifurcation is observed
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or the Class A case is recovered and a supercritical Hopf with associated

Canard Explosion is found.

Chapter 3 is a review of dual state optical injection experiments and

simulations. QD lasers are biased to emit from the ES and optically injected

into the GS. This quenches the ES and the laser emits from the GS, the laser is

then experimentally shown to be phased locked to the primary laser. Fast

switching is observed and is simulated using a semi-classical rate equation

model and a microscopic model. A tunable Q-switching regime is found where

GS dropouts had corresponding ES pulses. A hysteresis cycle which was

observed experimentally was recovered in simulations by the introduction of a

term to couple the phase of the GS to the carriers of the ES. Higher injection

strengths show square wave trains similar to the ones discussed in Chapter 2,

where an optothermal effect breaks a bistability. The intensity of the ES and

GS squares operate in anti-phase. One plateau is CW while the other

undergoes a slow passage through a Hopf bifurcation, leading to oscillations

with continuously varying frequency and amplitude in the bursting section of

the square wave. Simulations show no sign of chaos at the unlocking

boundaries, highlighting the stability of this con�guration, an ideal candidate

for neuromorphic applications.

In Chapter 4 locking maps are created. Again a QD laser biased to emit from

the ES is optically injected near the GS. The injection strength and frequency

of the TLS are varied and the intensities recorded. A wide phase locking region

is observed. The negatively detuned boundary shows individual excitable

pulses, periodic pulses, a switching regime where the system moves from

periodic pulses to a phase locked state, and square wave trains similar to those

discussed in Chapter 3. The positively detuned boundary shows slow

oscillations with period of tens of milliseconds. Simulations incorporate two

optothermal effects; the �rst is couples the detuning to the carriers and the

second couples the detuning to the intensity of the light. The changes in

temperature changes the refractive index and thus the detuning.

Chapter 5 looks at the noise induced GS dropouts and ES pulses in detail. The

phase of the GS is experimentally obtained and it's clear that it is bounded,

thus very different to the Adler mechanism often used to describe optically

injected QD lasers. Simulations reveal that these pulses are born from a SNIC

bifurcation and a saddle focus corresponds to end of the GS dropout. These

pulses are deterministically triggered by phase perturbations in Chapter 6.
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Two asymmetric thresholds are found, one for each perturbation direction, a

unique characteristic that doesn't exist in the Adler mechanism. The delay

times are found and the phase is investigated. Although the thresholds are

different the excitable trajectory remains the same. Chapter 7 investigates the

refractory periods of clockwise and anticlockwise perturbations. When two

supra-threshold clockwise perturbations arrive closely in time the second

perturbation can inhibit the pulse triggered by the �rst perturbation. The

amplitude of the perturbations can be set so each of them is sub-threshold.

When two sub-threshold perturbation of the same direction are summed

together they can exceed the threshold and excite a pulse. Perturbations of

opposite direction have the net effect of cancelling each other out. The

integrate and �re mechanism is investigated and is used in a basic application

to �nd the edges of an image.

The novelty of obtaining both Type I and Type II excitability is also noteworthy.

To the best of our knowledge, this has not been described for any other single

optical system in literature. Thus, the optically injected QD system remains a

treasure trove of excitability and related phenomenon and given the intensive

ongoing research in neuromorphic dynamics, is of great potential interest to

researchers in a range of �elds.

8.2 Future work

8.2.1 Optothermal

Future work includes further investigation of the optothermal effect

responsible for producing square waves trains. It would be very interesting to

experimentally analyse a device identical in all respects apart from the photon

lifetime (via re�ective coatings for example) to see if the supercritical case and

the associated Canard Explosion could be identi�ed. Perhaps by pumping the

device just above threshold it would be possible to achieve a Class A like

behaviour [66] and recover a Canard Explosion. We also believe that

depending on device details (such as fabrication methods), the optothermal

coupling may vary from device to device and that for suf�ciently low values of

c, a true phase-locked bistability may be possible.

The optothermal effects could also be further investigated using

CCD-thermore�ectance imaging [158]. It would be particularly interesting to
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experimentally verify that the second optothermal effect does indeed originate

from facet heating, discussed in Chapter 4. The period of the optothermally

induced oscillations are of the order of tens of milliseconds. With such slow

oscillations it may even be possible to even capture multiple images during a

single heating and cooling cycle to produce a live measurement.

8.2.2 Neuromorphic

The maturation of integration technology presents great opportunities for

applications based on coupled semiconductor lasers. Several aspects of QD

lasers make these extremely attractive for implementation on photonic

integrated circuits. The high RO damping means that they may be coupled on

chip without the requirement for isolators, they display superb thermal

insensitivity, and they offer a multitude of controllable dynamic responses

from coherent outputs to deterministic dual state bursting. Further, the carrier

con�nement in QD material results in a much higher tolerance to crystalline

defects compared to quantum well based material [159]. What's more, since

the ES lasing regime is utilised, it should be possible to integrate very short

lasers, as can be done with conventional quantum well based devices. Thus,

the integration of QD lasers is extremely promising.

Recently in [160] on-chip coupled quantum well based devices were analysed

and their potential as building blocks for excitable neuromorphic networks

highlighted. Utilising QD material in place of the quantum well material would

greatly enhance the capabilities in this direction, and bring a multitude of

controllable, excitable regimes and in particular both the dual state excitability

and dual state bursting MMOs described above. The stability of phase-locked

QD lasers means conventional information processing applications could also

bene�t. In particular, the intrinsic bistabilities and consequent memory and

optical �ip �op functionalities of dual state QD lasers are extremely promising

for optical signal processing, including optical logic gates and interconnects.

Throughout this thesis phase perturbations were used as the input signals to a

dual state QD laser acting as an arti�cial photonic neuron. The advantages of

using this form of perturbation with this type of laser is that a true all or none

responses can be achieved, two asymmetric thresholds can be accessed and

importantly for neural networks, inhibitory signals can be implemented as

negative weights and can stop pulses from �ring. But the output of a neuron

should be a signal that can be interpreted by another neuron. At the moment
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the output of the QD laser is not of the same form as the step-like function of a

phase modulator. One possible solution is to use the dual state QD laser as the

leaky integrator and place another QD device in series to convert the ES pulse

and GS dropout into a phase perturbation. The dual state integrator would

then act a primary laser and optically inject a QD laser biased to emit from the

GS only with low injection strength. 2� clockwise and anticlockwise phase

slips have been observed at the positive and negative unlocking boundaries

[19] for optically injected GS only QD lasers and have been deterministically

triggered with incoherent light sources [73]. We have shown that the rise and

fall time of phase perturbations determines whether or not the threshold is

surpassed. The rise and fall time of the2� slips can be controlled be varied the

detuning of the GS QD laser, which has the same effect of varying the

amplitude of the perturbation. This would be relatively straightforward to

implement on a photonic integrated chip and is a promising building block of

a neural network for the future.
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edited by B. Witzigmann, M. Osiński, and Y. Arakawa (International

Society for Optics and Photonics, 2017), pages 67–77.

[140] F. Arecchi, G. Lippi, G. Puccioni, and J. Tredicce, “Deterministic chaos

in laser with injected signal”, Optics communications 51, 308–314

(1984).

[141] D. O'Shea, S. Osborne, N. Blackbeard, D. Goulding, B. Kelleher, and

A. Amann, “Experimental classi�cation of dynamical regimes in

optically injected lasers”, Opt. Express22, 21701–21710 (2014).

[142] A. Gavrielides, V. Kovanis, and T. Erneux, “Analytical stability

boundaries for a semiconductor laser subject to optical injection”,

Optics Communications136, 253–256 (1997).

[143] K. E. Chlouverakis and M. J. Adams, “Stability maps of injection-locked

laser diodes using the largest lyapunov exponent”, Optics

Communications 216, 405–412 (2003).

[144] C. Bonatto, J. C. Garreau, and J. A. C. Gallas, “Self-similarities in the

frequency-amplitude space of a loss-modulatedco2 laser”, Phys. Rev.

Lett. 95, 143905 (2005).

[145] D. O'Brien, S. Hegarty, G. Huyet, J. McInerney, T. Kettler,

M. Laemmlin, D. Bimberg, V. Ustinov, A. Zhukov, S. Mikhrin, et al.,

“Feedback sensitivity of 1.3/spl mu/m inas/gaas quantum dot lasers”,

Electronics Letters39, 1819–1820 (2003).

[146] D. O'Brien, S. Hegarty, G. Huyet, and A. Uskov, “Sensitivity of

quantum-dot semiconductor lasers to optical feedback”, Optics letters

29, 1072–1074 (2004).

[147] B. Lingnau, M. Dillane, J. O'Callaghan, B. Corbett, and B. Kelleher,

“Multimode dynamics and modeling of free-running and optically

injected fabry-pérot quantum-dot lasers”, Phys. Rev. A100, 063837

(2019).

[148] B. Kelleher, C. Bonatto, P. Skoda, S. P. Hegarty, and G. Huyet,

“Excitation regeneration in delay-coupled oscillators”, Phys. Rev. E81,

036204 (2010).

[149] D. Bera, L. Qian, T.-K. Tseng, and P. H. Holloway, “Quantum dots and

their multimodal applications: a review”, Materials 3, 2260–2345

(2010).

[150] M. Ziegler, J. W. Tomm, T. Elsaesser, G. Erbert, F. Bugge, W. Nakwaski,

and R. P. Sarza�a, “Visualization of heat �ows in high-power diode

Optically injected dual state quantum dot
lasers

161 Michael Dillane



BIBLIOGRAPHY

lasers by lock-in thermography”, Applied Physics Letters92, 103513

(2008).

[151] B. Kelleher, D. Goulding, B. Baselga Pascual, S. P. Hegarty, and

G. Huyet, “Bounded phase phenomena in the optically injected laser”,

Phys. Rev. E85, 046212 (2012).

[152] J. Thévenin, M. Romanelli, M. Vallet, M. Brunel, and T. Erneux,

“Resonance assisted synchronization of coupled oscillators: frequency

locking without phase locking”, Phys. Rev. Lett.107, 104101 (2011).

[153] S. Wieczorek, B. Krauskopf, and D. Lenstra, “Multipulse excitability in

a semiconductor laser with optical injection”, Phys. Rev. Lett.88,

063901 (2002).

[154] M. Abusaa, J. Danckaert, E. A. Viktorov, and T. Erneux, “Intradot time

scales strongly affect the relaxation dynamics in quantum dot lasers”,

Phys. Rev. A87, 063827 (2013).

[155] J. L. Dubbeldam, B. Krauskopf, and D. Lenstra, “Excitability and

coherence resonance in lasers with saturable absorber”, Physical

Review E60, 6580 (1999).

[156] V. Mutneja, “Methods of image edge detection: a review”, Journal of

Electrical Electronic Systems04, 10.4172/2332-0796.1000150

(2015).

[157] J. Robertson, Y. Zhang, M. Hejda, J. Bueno, S. Xiang, and A. Hurtado,

“Image edge detection with a photonic spiking vcsel-neuron”, Optics

Express28, 37526–37537 (2020).

[158] R. McKenna, D. Mickus, S. Naimi, C. Murphy, M. McDermott,

S. Corbett, D. McCloskey, and J. F. Donegan, “Spatially resolved

self-heating and thermal impedance of laser diodes using ccd-tr

imaging”, OSA Continuum 4, 1271–1281 (2021).

[159] J. C. Norman, D. Jung, Y. Wan, and J. E. Bowers, “Perspective: the

future of quantum dot photonic integrated circuits”, APL Photonics 3,

030901 (2018).

[160] B. Lingnau, A. H. Perrott, M. Dernaika, L. Caro, F. H. Peters, and

B. Kelleher, “Dynamics of on-chip asymmetrically coupled

semiconductor lasers”, Optics letters45, 2223–2226 (2020).

Optically injected dual state quantum dot
lasers

162 Michael Dillane


