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Abstract: A systematic analysis of photonic bands and group index in silicon grating waveguides
is performed, in order to optimize band-edge slow-light behavior in integrated structures with low
losses. A combination of numerical methods and perturbation theory is adopted. It is shown that
a substantial increase of slow light bandwidth is achieved when decreasing the internal width of
the waveguide and the silicon thickness in the cladding region. It is also observed that a reduction
of the internal width does not undermine the performance of an adiabatic taper.
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1. Introduction

Slow light in Photonic Integrated Circuits (PICs), especially in the �eld of Silicon Photonics, has
drawn considerable attention in recent years because of the fundamental interest in controlling
how light propagates, and thanks to the advanced functionalities and improved performance
that are provided by a long interaction time in the medium [1,2]. In fact, slow light can provide
enhancement of light-matter interaction in a way similar to optical resonators, but retaining the
large bandwidth of traveling wave devices. Example applications are the realization of all-optical
bu�ers and memories [3], or the enhancement in sensitivity of interferometers, for example in
Mach-Zehnder modulators [4,5] or for sensing purposes [6,7].

Various approaches to slow down light in PICs have been studied. The most common ones are
based either on coupled cavities, usually rings [8] or Photonic Crystal (PhC) resonators [9], or
on PhC waveguides with tailored dispersion [10], or on all-optical analogs of EIT [11]. These
approaches lead to a very low group velocity and/or a relatively wide bandwidth with low Group
Velocity Dispersion (GVD). The realisation of a large bandwidth together with low GVD requires
the photonic dispersion to be almost linear in the spectral region of interest. This is a desirable
feature but usually requires a complex design leading to substantial propagation and insertion
losses.

In this work, we focus on the conceptually simpler approach of band-edge slow light in
one-dimensional periodic structures. This follows naturally from the fact that the dispersion of
light in a periodic structure is �at near the photonic band gap [12, 13]. Band-edge slow light
can be implemented in PICs by using Grating Waveguides [14], namely conventional ridge
waveguides with a periodic modulation of their width. The advantage of such structures is that
they are easy to produce with the fabrication techniques for silicon based PICs, propagation
losses are low as they operate below the cladding light line, and insertion losses can be reduced
to very small values by the application of adiabatic taper [15].

Furthermore, electro-optic modulation is a key function in optical communication systems.
Such devices require invariably to realize electrical contacts to the waveguide, which makes the
rib waveguide structure one of the most commonly used systems [16]. The low refractive index
contrast inherent with such an approach places a serious physical constraint on the performance
of slow light devices. Nonetheless, reducing the footprint of optical modulators is a crucial
goal for the �eld of silicon photonics, therefore giving band-edge slow light in rib waveguides
considerable practical importance [15].
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Fig. 1. Schematic cross section (a), top view (b) and 3D view (c) of the grating waveguide
structure analyzed in this work. All the relevant parameters are de�ned: orange represents Si
and yellow represents SiO2 materials (missing in 3D view). The black banded region in the
2D view shows the borders to which coordinate transformations are applied (see Sec. 2).
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The aim of this work is to optimize the performance of band-edge slow light in general, and
for rib waveguide structures in particular (see Fig. 1). We calculate the photonic dispersion by
combining a numerical approach (aperiodic-Fourier Modal Method) and Perturbation Theory,
which allows us to examine a large parameter space. The maximum slow-light bandwidth occurs
when the internal waveguide width goes to zero i.e., for a 1D lattice of trenches, which is
problematic for e�cient coupling. Realising very low insertion losses by means of tapering is
important and a region of parameters is identi�ed where the structure is still a grating waveguide
amenable to tapering, and the slow-light bandwidth is close to the maximum values. The results
will allow the implementation of slow light in rib-waveguide based devices, such as Mach-Zehnder
modulators, reducing their length and thus their power dissipation while maintaining useful
bandwidth.

2. Bands calculation and �tting procedure

The numerical analysis presented in this work is carried out using a Python based implementation
of the aperiodic Fourier Modal Method (a-FMM), which has proven to be both reliable and
fast to deal with such problems. This method combines a 2D Fourier expansion in thexy plane
with the scattering matrix algorithm in thez direction [17, 18]. The strength of this method
is the possibility to apply a particular coordinate transformation that maps the 2D unit cell of
the Fourier expansion to the wholeR2, thus making crosstalk between adjacent replicas of the
structure negligible [19]. This allows the application of a class of Fourier Methods to structures
that do not exhibit a periodicity in a 2D plane, such as waveguide gratings.

Direct calculation of the complete band structure requires a great number of frequency points
(an example is given in Fig. 2(a)), especially in the slow light region where the bands are
almost �at. We are interested in the lowest-lying band near the lower gap edge, which minimizes
propagation losses in actual experiments. This allows us to reduce the computational e�ort by
using a hybrid approach: perturbation theory is employed to get an analytic expression for the
dispersion, depending on a few free parameters, then the numerically calculated dispersion is
�tted at a few energy points (�10per structure) to extract the analytic parameters.

The analytic formula for the �t of the dispersion, which generalizes the quadratic model
of Ref. [14], is obtained by perturbing free space propagation through a dielectric constant
variation� " with a single Fourier component (i.e., the optical analog of the nearly-free electron
model in solid state physics). Near the edge of the Brillouin zone the dimensionless frequency
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Fig. 2. (a) Complete band dispersion calculated for the same structure as in Ref. [15]; (b)
Close-up of the fundamental TE mode near the band gap. Both full numerical solution and
the corresponding �t using only the red square points are shown. Parameters of the structure
are:W1 = 400 nm,W2 = 800 nm, t = 150 nm, a= 213.2 nm,d2•a=0.5; Fit parameters are:
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where� = 1 � ka• � . A comparison between this �tting procedure and a direct calculation with
several energy points is presented in Fig. 2(b), showing that this method allows calculating the
slow light band edge dispersion with high precision, while reducing the computational e�ort and
providing a compact representation of the data.

3. Results

First, we address the study of the band-edge slow light e�ect as a function of the waveguide
geometry, starting from horizontal parameters since the vertical structure is usually �xed by the
PIC fabrication technology used (here we choose h=310 nm and t=150 nm, a common platform).
All the materials are modeled as lossless dielectrics with" = 12:30 (Si) and" = 2:09 (SiO2).
The band dispersion is calculated as a function ofW1, W2. The period of each structure is chosen
to tune the position of the band edge exactly at the target wavelength of� =1:3µm. An example
of bands calculated for di�erentW1 values is presented in Fig. 3, where the fundamental mode
dispersion is plotted next to its corresponding group index. When decreasingW1 at �xed other
parameters, the bands tend to become �atter and the group index at �xed wavelength increases.

The use of an optimization strategy requires the de�nition of one or more �gures of merit
(FoM) that capture the e�ciency of slow light behavior of the waveguides allowing a quick
comparison between di�erent structures. Inspired by the trend in group index, which increases
monotonically towards the band gap before diverging, we choose to de�ne the bandwidth in
which the group index is larger than a given cut-o� value as the relevant FoM for our purposes.
As an example, in Fig. 4 we show a contour plot of the slow light bandwidth forng > 20, as a
function ofW1 andW2 at �xed d2•a=0.5. As a �rst comment, we notice that the largest value of
slow light bandwidth is quite small in this case, below 1 nm. Hence, grating waveguides can
allow for very large group indices but only within a rather narrow bandwidth (and with very
high GVD). As a consequence, the best application of such structures is likely to occur for a
lower group index, around 10-15, which allows for a larger bandwidth and lower GVD (as seen
in Fig. 6(a), where a plot analogous to Fig. 4 is reported forng > 10). As a second comment,
it is worth stressing that the slow light bandwidth exhibits a quite simple trend: it increases
monotonically on decreasingW1 and increasingW2.
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Fig. 5. Slow light bandwidth forng > 10as a function of the ratiod2•a for some selected
sets of parameters.

The best structures in terms of slow light bandwidth are the ones in whichW1 goes to zero,
i.e., the system reduces to a 1D lattice of trenches. This result is interesting on its own, however
it may lead to a critical issue for application requiring low insertion losses of light entering
the device. In fact, direct butt coupling of grating waveguides to standard ridges usually causes
quite high re�ection or scattering losses. This problem is usually solved by adiabatic tapering,
which gradually modi�es the geometry between the two waveguides allowing for a gradual
adjustment of wavevector and mode pro�le, leading to a strong reduction of such insertion
losses. When considering current lithographic techniques, which have some minimum critical
dimension, it turns out that an adiabatic taper from ridge waveguide to the lattice of trenches is
not a technologically viable route. A solution to this problem can come from using a deep grating
waveguide, whereW1 is chosen to be small but compatible with fabrication techniques (i.e.,�
100 nm); the resulting bandwidth would only be slightly smaller as compared to the lattice of
trenches, however this structure could ultimately be tapered, as we show in the next Section.

To further extend our analysis, we now allow for variation of other parameters, in particular of
the ratiod2•a and of the silicon layer thickness in the cladding region surrounding the waveguide,
i.e., the parametert in Fig. 1(a).

The slow light behavior as a function of the ratiod2•a was analyzed in the range between 0.45
and 0.70 with a 0.05 increment. Some of the results obtained are presented in Fig. 5, where the
slow light bandwidth for a group indexng > 10 is explicitly shown for few selected structures. It
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Fig. 6. Contour plot showing the slow light bandwidth forng > 10as a function ofW1 and
W2 for d2•a = 0:5 and di�erent values oft: (a) 150 nm, (b) 100 nm, and (c) 50 nm.

Fig. 7. Evolution of the group index versus wavelength as function of the cladding silicon
thickness,t, for the structure withW1 = 100nm,W2 = 800nm andd2•a = 0:5. A bandwidth
of about 10 nm forng > 10 is evident for the simulated structure witht = 50nm.

is evident that the variation of the ratiod2•a around 0.5 weakly a�ects the overall performance.
It is also evident that each structure exhibits a maximum of slow light bandwidth as a function of
d2•a, which is always within the range between 0.45 and 0.6. Values ofd2•a farther from 0.5 are
less interesting since such structures would be very di�cult to fabricate, requiring proportionally
smaller features, and would fall outside the optimal region of parameters. For the rest of this
work we will focus on a ratiod2•a = 0:5, as it is the best compromise between performances and
possibility of fabrication.

The behavior as a function of the silicon thickness in the cladding region,t, is much more
signi�cant. In Figs. 5, 6 and 7 we show that decreasing the thicknesst to 100 or 50 nm allows
increasing the bandwidth up to 6 or 10 nm, respectively. This is physically explained, since
decreasingt increases the e�ective index contrast between the thin and thick sections of the
waveguide. Allowing for full etching of the Si layer would likely boost the performances even
further, although it would undermine some targeted applications such as, e.g., electrically driven
Mach-Zehnder modulators. Thus, we believe the thicknesst = 50nm to be the optimal choice
for maximizing slow-light bandwidth while allowing modulation. For details on all the37 638
analyzed structures seeData File 1in supplementary material, where the period and �t parameters
are reported for each simulated structure.

4. Taper

We now show that reducingW1 is compatible with the realization of an adiabatic taper. Here we
take advantage of the versatility of the a-FMM, which allows to calculate the in-plane transmission
and re�ection through an arbitrary structure of �nite length. As a target structure we consider
a �nite size grating waveguide witht = 150nm andW2 = 800nm, coupled at both ends to
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Fig. 8. Performances of 150 periods long adiabatic tapers fort = 150nm,W2 = 800nm
and di�erent values ofW1, respectively 100 and 400 nm: (a) group index as a function of
wavelength, (b) transmission as a function of wavelength, (c) transmission as a function of
group index. An example of a 20 periods long tapering structure is shown in the inset.

a conventional ridge waveguide (400 nm wide) by means of two tapering sections. We have
simulated the transmission for di�erent lengths of the slow light region and the tapers. The taper
sections are constructed in analogy with Ref. [15], by gradually modulatingW1 andW2 from the
400 nm width in the ridge waveguide to their respective values in the slow light region with a
Blackman function (see, e.g., the inset in Fig. 8(b)). The transmission spectrum typically shows
very rapid oscillations that mainly depend on the length of the slow light section (compatible
with Fabry-Perot interference in the whole structure), with an overall envelope mainly depending
on the taper length.

The transmission through a 128 periods section of a slow light waveguide surrounded by two
150 periods long tapers for two di�erent values ofW1 is shown in Fig. 8. It can be noticed that a
relatively short taper (� 30µm) is enough to achieve high transmission (> 90%) in almost all
the region of interest. Figure 8(c) shows that theW1 = 100nm structure keeps a transmission of
almost 100% up to a group index of around 20. Thus, reducingW1 from 400 nm to 100 does
not worsen the performances of the taper. This con�rms that the structures withW1 around
100 nm represent an optimal compromise between the requirements of maximizing the slow
light bandwidth and having a structure that can be connected to a standard Si waveguide by an
adiabatic taper.

5. Application to asymmetric Mach-Zehnder interferometer

To further prove the accuracy and versatility of our method, we decided to tackle the simulation
of an actual device. We simulate an asymmetric Mach-Zehnder interferometer similar to the one
employed in [15] to demonstrate the slow light e�ect. The schematic of the interferometer is
presented in Fig. 9(a), and it is substantially a conventional Mach-Zehnder interferometer in
which the two arms are respectively composed of a ridge waveguide and of a grating waveguide.
Standard Multi Mode Interferometers (MMI) or Co-Directional Couplers can be used as beam
splitters.

The simulation is based on a simpli�ed4 � 4 Scattering Matrix approach (2 channels, forward
and backward propagation). To simulate the entire structure we only need two di�erent4 � 4
matrices: the one expressing the beam splitters and the one expressing the propagation in the
waveguides inside the interferometer.

For the present simulation we assume ideally lossless 50/50 beam splitters, which are



Fig. 9. (a) Schematic representation of the Mach-Zehnder interferometer, (b) e�ective group
index of the slow light arm and (c) transmission at the output 1 channel of the interferometer.

represented by the following scattering matrix:

SBS =
1
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(2)

While this approximation is generally a good one, since Co-Directional Couplers and MMI can
be realized with very low losses, we have to point out that the extension of this kind of approach
to real beam splitters requires only minor modi�cations to the matrix of Eq. (2).

The propagation scattering matrix is constructed from two2� 2 scattering matrices, expressing
the propagation in the normal and slow light waveguides, respectively. The scattering matrix for
the propagation in the normal part of the waveguide is easily obtained, �rst employing the mode
solver embedded in the A-FMM to get the dispersionk = k¹! º of the fundamental mode in the
waveguide, and then building the scattering matrix simply as:

SW ¹! º =
�

eikL 0
0 eikL

�
(3)

where L is the length of the waveguide.
The propagation matrix of the slow light waveguide can be calculated in two ways. The �rst

is basically the same procedure used in the conventional waveguide but taking the dispersion
of the fundamental Bloch mode in the grating. This approach can only model a �nite length of
periodic waveguide and completely discards the problem of the coupling, but it is simple and
computationally mild. The second one consists in modeling a complete �nite structure by full
calculation with A-FMM (as in the previous section) and then retaining only the elements of the
entire scattering matrix between the fundamental input and output modes. This approach is exact
and can really simulate existing structures, considering transmission, re�ection and losses, but
with the drawback of being computationally very expensive.

This second method lends itself also to the calculation of the e�ective group index of the
complete structure, which is simple for a periodic waveguide, but can be trickier when the
structure involves tapers or more complicated geometries. To do this we recall that the e�ective
wavevectork can be related to the phase shift� along a distanceL by � = kL. In a scattering
matrix calculation we can obtain� by taking the phase of transmission amplitude and then get
the group index as:

ng = c
@k
@!

=
c
L

@�
@!

(4)



We apply this framework to the simulation of an asymmetric Mach-Zehnder interferometer, in
which the normal arm is composed by a 600µm conventional ridge waveguide (h = 310nm,
t = 150nm,W = 400nm) and the slow light arm is composed by a 100µm of grating waveguide
(W1 = 400nm,W2 = 800nm,a = 213nm) between two 250µm long adiabatic tapers (build as
in the previous section). Results are summarized in Figs. 9(b) and 9(c), where the group index
calculated with Eq. (4) and the transmission in one of the output channels of the interferometer
are shown, respectively. We see that we have a decreasing of the dip spacing when increasing
the group index, demonstrating the slow light e�ect and in agreement with the results reported
in Ref. [15] . This type of analysis, which allow us to simulate complete devices and to access
quantities that can easily be compared with experiments, can in principle be extended to other
structures, such as slow-light based electro-optical modulators.

6. Conclusion

We have analyzed slow light performances of silicon grating waveguides as a function of geometric
parameters. The maximum slow-light bandwidth is obtained when the internal waveguide width
W1 is reduced to zero, i.e., for the 1D lattice of trenches. Moreover, the bandwidth is substantially
increased (from� 3nm to� 10nm for ng > 10) by reducing the cladding silicon thickness from
150 to 50 nm. While the lattice of trenches cannot be easily connected to a standard Si waveguide
with a taper section, group index values that are close to the maximum ones can be obtained with
an internal widthW1 of the order of 100 nm. Grating waveguides with such a value ofW1 can be
connected to a Si waveguide by a standard adiabatic taper. Transmission through a �nite length
section of slow light waveguide surrounded by30µm long tapers is close to 100% for group
indicesng < 20. Applications of such devices should be considered when a moderate increase of
group index is required while keeping a simple waveguide structure and retaining very low loss
level, as an example in integrated Mach-Zehnder modulators.
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