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The electronic band structure of Bi is calculated using state of the art electronic structure methods, including
density functional theory and G0W0 quasiparticle approximations. The delicate ordering of states at the L point
of the Brillouin zone, which determines the topological character of the electronic bands, is investigated in detail.
The effect on the bands of strain, changing the structural parameters of the rhombohedral crystal structure, is
shown to be important in determining this ordering and the resulting topological character.
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I. INTRODUCTION

Due to its unique electronic properties bismuth is a well
studied material and the discovery of topological phases of
matter has further motivated continued interest. Without ques-
tion Bi can be considered an important building block for
topologically nontrivial compound materials such as Bi2Te3,
which is due to the strong spin-orbit coupling inherent to
such a heavy element. Nevertheless, the intricate details of the
band structure of bulk bismuth around the Fermi level still
pose a challenge for its accurate theoretical description. It is
these details however which are substantial for the material’s
properties, e.g., the conductivity, as well as the topology of
the band structure and its respective implications. Likewise,
experiments designed to investigate the topology of bismuth
are limited by their energy resolution since a precision on
the scale of only a few meV is required. As a consequence
it is not surprising that different conclusions for the topol-
ogy of bismuth have been presented in the literature. In
this paper, we want to contribute to the discussion by us-
ing state of the art electronic structure methods, including
G0W0, which we compare to previous results. We investi-
gate the band inversions in the bulk via a direct comparison
with the state ordering in the atomic limit and investigate
the influence of structural parameters on the topology of
the material.

Strong spin-orbit coupling such as in Bi is considered to be
essential for topologically nontrivial materials. Thus the issue
of Bi bulk topology was addressed early on in the context of
band topology [1,2] and the material was found to be either
a weak topological insulator or, based on the popular tight
binding model by Liu and Allen [3], topologically trivial. Al-
though the small direct gap at the L point (10 meV to 15 meV
[4–9]) is by design very well reproduced by this model, the
ordering and character of the bands may not necessarily be
correct. As was pointed out by Fukui and Hatsugai [10], and
later also in Refs. [11,12], small changes in some of the tight
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binding parameters can have substantial impact on the band
topology of bulk bismuth.

Density functional theory (DFT) calculations in general
agree in so far as they predict bismuth to be a topologically
trivial material, see, e.g., Refs. [4,13]. Nevertheless, the un-
derestimation of the band gap which is inherent to DFT may
be particularly problematic in the context of small direct band
gaps and the possibility of band inversions. Thus higher lev-
els of theory including many-body corrections should where
possible be used in order to obtain more reliable results. To the
best of our knowledge, to date only Aguilera et al. investigated
the topology of bulk bismuth with the generally more accurate
GW quasiparticle method in Ref. [4].

Experimental studies are primarily restricted to the surface
of bismuth crystals or thin films and angle-resolved photoelec-
tron spectroscopy (ARPES) has been extensively employed.
As is explained in Ref. [14] it can be concluded from the
connection of the surface states on the Bi(1 1 1) surface to
the projected bulk valence or conduction bands at � and M
whether Bi is topologically trivial or nontrivial. Since the
bulk L point projects to the M point in the two-dimensional
surface Brillouin zone, an energy resolution of better than
10 meV would also be required for reliable experimental re-
sults if the measurement was done on a semi-infinite surface.
This precision is not easily achieved. In thin films on the
other hand, quantum confinement increases the splitting of
the states at M which at first glance further complicates the
situation.1 Artifacts due to confinement have to be removed
for a thorough analysis. As proposed in Ref. [12] and mea-
sured in Refs. [14,15] or used in the analysis of Ref. [16], the
enhanced splitting at M as a function of the film thickness can
not only be measured with much better overall accuracy, but it

1In fact, one of the two surface states is pushed into the con-
duction band so that the dispersion of the surface states on thin
films consistently implies a nontrivial topology of bulk bismuth in
experiment and theory. This result is only directly in contradiction
to the calculated topological properties of the bulk if the effect of
confinement is not accounted for in the analysis.
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can also be exploited in order to determine the true topology
of the bulk. This is done via extrapolation to the semi-infinite
bulk, i.e., practically films with infinite thickness where the
influence of confinement vanishes. These high accuracy mea-
surements which account for confinement have suggested that
bulk bismuth is topologically nontrivial.

We note that the topology discussed here refers to that of
the three-dimensional system and the topological classifica-
tion has therefore consequences for two-dimensional surface
states. We do not discuss if bismuth is a two-dimensional
topological insulator with topological edge states and we refer
to, e.g., Ref. [17]. For clarity we also point out that relatively
recently higher order topology has been found in Bi (Ref. [18],
combination of experiment and density functional theory) as
well as it has been predicted to be a first order topological
crystalline insulator (see the DFT study in Ref. [19] and
Refs. [20,21]).

Regardless of its band topology, the small direct gap at
the L point makes Bi prone to inversions. Therefore dif-
ferent ways of inducing a topological phase transition have
been investigated. This foremost includes the effect of strain
[4,11–13,16,22] and doping [23]. In two dimensions it has
also been shown that quantum confinement can induce a Berry
phase [24] and that a phase transition can be driven via the
interaction with an electric field [25]. The effect of strain has
to be considered particularly for applications since thin films
can be grown with moderate strain on mismatched substrates.
In this paper, we expand on the existing discussion of the
topology of the Bi bands, using an accurate G0W0 quasipar-
ticle method to calculate the band structure and explicitly
considering the effects of strain relevant to epitaxially grown
material. We find that a transition in the ordering of states
at the L point occurs with relatively small changes of the
lattice parameters and that strain could be used to alter the
topological character of the bands.

II. COMPUTATIONAL DETAILS

The QUANTUM ESPRESSO software package [28,29] was
used for the density functional theory (DFT) calculations.
Spin-orbit coupling (SOC) was included which requires
fully-relativistic pseudopotentials. The SG15 pseudopoten-
tials [30–32] were used since they are norm-conserving
and thus compatible with YAMBO. Fifteen valence electrons
(5d106s26p3) per atom remain to be treated explicitly. We em-
ployed the generalized gradient approximation (GGA) with
the functional of Perdew, Burke, and Ernzerhof [33] as it is
superior to the localized density approximation (LDA) regard-
ing the description of the direct gap at L and the indirect
overlap between the valence band at T and the conduction
band at L [4]. A kinetic energy cutoff of 50 Ry and a uniform
8×8×8 k-point grid in the Brillouin zone proved to be suffi-
ciently accurate for the calculation of the DFT bands.

Many-body interactions were calculated with single shot
GW (G0W0) as it is implemented in YAMBO [34,35]. The code
treats SOC in DFT and GW in a consistent manner, i.e. in
each calculation step (see also Ref. [36]), and we do thus not
rely on the common (perturbative) post-processing treatment
of SOC. The quasiparticle equation is solved using standard
approximations, i.e., the random phase approximation (RPA)

and plasmon pole approximation (PPA). A terminator [37]
reduces the number of unoccupied states required for the
convergence of the correlation part of the self-energy. No
terminator was used for the screening as it turned out to
introduce an unacceptable systematic error in the calculated
gap and furthermore was detrimental for k-point convergence.
Therefore, many unoccupied bands which are used as input to
G0W0 had to be calculated in DFT which required a larger
energy cutoff (100 Ry) for the DFT electronic states.

In order to plot the band structure along a path in the
Brillouin zone, the G0W0-corrected energies which were cal-
culated on a grid were smoothly interpolated. This was
achieved with BOLTZTRAP2 [38,39] which exactly reproduces
the band energies on the grid points. This includes the main
high-symmetry points T and L.2

III. DFT STUDY: ATOMIC LIMIT

A nontrivial topology of crystalline materials is associated
with band inversions with respect to the atomic limit [2,40].
The interaction between the atoms changes the relative ener-
gies between the electronic states. In extreme cases this leads
to a reordering of the states so that a number of occupied
atomic states form part of the crystal’s conduction band while
previously unoccupied states drop in energy and become part
of the valence band. For this to occur, the gap between the
valence and conduction bands has to close and reopen [40].
Therefore, naturally, those points in the Brillouin zone where
the local gap is small are the most interesting. For bismuth,
this is the L point which—in conjunction with the overlap
between the valence band at the T point and the conduction
band at L—also determines the overall electronic properties of
the material. Figure 1 shows a plot of the DFT band structure
along a path between the high-symmetry points. In this section
we investigate the transition from the atomic limit to the bulk
material which offers a direct way to observe bulk inversions.

Before we begin with the analysis, there are two important
points to highlight regarding the theoretical framework. First
of all, bulk bismuth is a semimetal due to the indirect overlap
between the valence and conduction bands. Therefore it can
not be a topological “insulator” in the conventional sense.
Nevertheless, due to the local gap everywhere in the Brillouin
zone, the same formalism as for insulators applies. As is out-
lined in Ref. [11], a continuous transformation corresponding
to a k-dependent potential can be used to locally adjust the
Fermi level in reciprocal space without closing the band gap.
Since the closing of a gap during the transformation is essen-
tial for a topological transition to occur, this clearly elucidates
the similarity with insulating materials and shows that a clas-
sification in terms of topologically trivial or nontrivial phases
is possible. Furthermore, Fu and Kane have shown in Ref. [2]
that the calculation of the Z2 invariants is much simplified for
systems like bulk bismuth which have inversion symmetry. In
this case an analysis of the valence state parities at the time
reversal invariant momenta (TRIM) is sufficient in order to

2We note that the cost of exactly fitting the energies at the grid
points is that minor Gibbs oscillations occur in the band energies
between grid points.
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FIG. 1. (a) The rhombohedral unit cell of Bi is defined by the cell parameters ar = 4.7458 Å and α = 57.230◦ and the position of the
second basis atom at (1 − 2u) · (1, 1, 1) with u = 0.23389 (parameters as per Ref. [26] and used in Ref. [4]). The material forms bilayers
perpendicular to the trigonal [1 1 1] axis. (b) shows the corresponding Brillouin zone with the high-symmetry points. The time reversal
invariant momenta �, T , L, and X are a subset of the high-symmetry points. There is only one T point and three inequivalent L and X points.
The bulk bands for this geometry in (c) were calculated with DFT. In order to avoid smearing effects in the visual presentation, the Fermi level
was recalculated with the tetrahedron method and set to 0 eV; the T hole pocket and L electron pockets are thus clearly visible. The gap and
overlap are overestimated in DFT as discussed in the text. Figure (b) is reprinted with permission from Ref. [27]. Copyright (2012) by the
American Physical Society.

calculate the four invariants (ν0; ν1, ν2, ν3) that determine the
topology.3

Figure 2 shows the band energies at the four TRIM points
of the rhombohedral unit cell as function of the cell parameter
ar which varies from 100% to 350%. This corresponds to an
increase in volume without otherwise changing the cell ge-
ometry. For values of the lattice parameter ar larger than three
times the experimental value, the electronic state energies do
not change significantly so that Fig. 2 clearly represents the
transition from the bulk limit to the atomic limit. The electron
configuration of Bi is [Xe]4 f 145d106s26p3 so that the bulk
bands at the Fermi level can be identified with the 6p states on
the right hand side of each panel in Fig. 2. We observe eight
degenerate atomic states directly at the Fermi level which
are the four states with l = 1 and total angular momentum
j = 1.5 for each of the two atoms in the unit cell. Only two
of these bands are valence bands (see, e.g., the X point in the
band structure). We distinguish valence and conduction bands
by the splitting close to the atomic limit. The remaining four
p bands with j = 0.5 lie lower in energy and are separated
from the j = 1.5 states by about 1.84 eV due to the strong
spin-orbit coupling.

In total there are six occupied and unoccupied states in
the relevant energy range (states 25–30 and 31–36) which all
originate from the 6p states of an isolated Bi atom. We can
see that inversions between the valence and conduction bands
happen at the � point and the three inequivalent L points.
At �, the purple states first cross the orange valence states
when approaching the bulk limit before the actual inversion
takes place by crossing the orange conduction states. At L,
the highest valence band directly inverts with the lowest con-
duction band. At the remaining TRIM points, the order of the

3Further details will be given below but it is already apparent how
band inversions play a role here since they turn valence bands into
conduction bands and vice versa.

states only changes within the subset of the valence bands (X )
or conduction bands (T ) which does not have an impact on
the topology of the material. Clearly, the interaction at the
� point pushes one degenerate set of states with j = 0.5 to
higher energies so that it becomes a conduction band while
in exchange two additional j = 1.5 states now form valence
bands. Another inversion happens during the deformation of
the cell at the three nonequivalent L points, this time between
the highest valence and lowest conduction bands. The inver-
sion happens very close to the bulk geometry, and the energy
splitting (i.e., the L gap) remains small. This emphasizes
again that an accurate theoretical description of the system is
required in order to get reliable results and we can expect the L
point to have the main impact on the topological classification
of bismuth.

Overall, the even number of inversions in the bulk as calcu-
lated with DFT implies a trivial topology. This can be checked
with the method of Fu and Kane [2] and we find that for
calculations of the topological invariants via

(−1)ν0 =
∏

�i∈{TRIM}
δi, (1)

and the corresponding subsets of the TRIM for ν1, ν2, and ν3,
considering the 2N occupied states4 in

δi =
N∏

m=1

ξ2m(�i ), (2)

via their parities

ξ2m(�i ) = ±1, (3)

only the 6p-derived bands are relevant and the product of all
lower lying bands yields +1 for each TRIM point. This is

4ν1: L1, X1, X3, T1; ν2: L2, X1, X2, T1; and ν3: L3, X2, X3, T1; Kramers
degenerate states are considered only once.
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FIG. 2. The band energies near the Fermi level in Bi versus scaling of the rhombohedral lattice parameter ar . The color code implies the
parity of the state with respect to the inversion point between the bilayers (see the legend in the � panel). The lattice parameter ar is defined
with respect to the value in Ref. [4]. The internal displacement of the second atom and the angle α between the rhombohedral lattice vectors
were not changed. The right hand side of each panel corresponds to the atomic limit with negligible interaction between the atoms. The Fermi
level is readjusted for each ar and the significant changes in the full band structure (see Ref. [41]) occasionally lead to kinks in the lines. Each
line corresponds to two degenerate states (time reversal and inversion symmetry leading to Kramers degeneracy everywhere in the Brillouin
zone).

consistent with the argument that the core states remain in
the atomic limit and also with Eq. (2) which is not changed
by a reordering of the valence bands only. As can be directly
deduced from the information given in Fig. 2, we find the
trivial case (ν0; ν1, ν2, ν3) = (0; 0, 0, 0) in agreement with the
simple analysis of bulk inversions. This result agrees well with
all DFT calculations in the literature that we are aware of
and for a more detailed comparison we refer to the discussion
below.

IV. DFT DEPENDENCE ON GEOMETRY

In the preceding section, we have analyzed the band topol-
ogy of bulk bismuth in its experimental equilibrium geometry.
Naturally, the changes in volume which are required to reach
the atomic limit are significant. However, the band inversion
at the L point happens relatively close to the bulk limit and
there are two scenarios where this becomes important. Firstly,
a strain induced topological transition of the bulk has been
discussed by several authors [4,11–13,16,22,23]. In particular
this applies to the growth of bismuth films on a substrate
which dictates the in-plane lattice constant. At the maximum
a few percent of strain can be achieved. The second case
which has to be considered are calculations where experimen-
tal structure parameters are not used but where the crystal is
relaxed so that (ideally) the lattice parameters corresponding
to the theoretical energy minimum are used. The difference
between theoretical and experimental lattice parameters de-
pends on the accuracy of the theory in general, e.g., the use of

the LDA or GGA, as well as the quality of the pseudopoten-
tial. Thus, this case requires extra consideration.

We note that a relaxation of the system is also particularly
important in lower dimensional systems, e.g., in films which
may interact with their substrate or when a passivation of the
surface is required. In this case, a reorganization of the atoms
is essential and an individual control of each atomic position
is not feasible, therefore these studies rely on the capabilities
of the particular implementation of the theory to find the
energy minimum. From our experience, the weak chemical
bonding in bismuth can be a challenge for typical relaxation
algorithms. If van der Waals corrections are included in DFT
calculations, the particular choice and parameters can also
have an impact on the structure.

Based on the discussion above, in the following, we sys-
tematically investigate how the bulk properties of bismuth
change as a function of the crystal structure. Although it is
most intuitive to think about an expanding cell in terms of a
changing rhombohedral lattice parameter ar , we here use a
different approach. A hexagonal supercell with the parame-
ters ah and ch can be constructed which contains six atoms
and more clearly reflects the layered structure of the mate-
rial.5 Thus, although the calculations are still done for the

5ah defines the width of the cell in-plane with the bilayers. ch is
the out-of-plane coordinate and thus controls the distance between
the bilayers. Typically, thin Bi films grow so that the bilayers lie flat
on the substrate. For a conversion between the rhombohedral and
hexagonal cell see, for example, Ref. [45].
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FIG. 3. Plot (a) shows a quadratic fit of the L gap as a function of the hexagonal lattice parameters ah and ch as calculated with DFT (GGA).
The position of the second atom in the corresponding rhombohedral unit cell was determined by fitting the minimum energy with respect to
this parameter. The experimental lattice parameters are marked by a circle and the line of constant volume is drawn as a dashed line. We use
the convention that the L gap is defined to be negative for an inversion with respect to the atomic limit. We find that the L gap varies only
slightly with ah but changes substantially with ch. A topological phase transition occurs (only) for large ch where the L gap changes sign (solid
black line) and the material becomes nontrivial. In (b), the value of the indirect overlap defined as the energy difference between the valence
band at T and the conduction band at L is shown (quadratic fit). Here, the semimetallic characteristics of bulk bismuth correspond to a positive
value and overlapping bands. The solid black line in (b) marks where the T -L band overlap vanishes.

rhombohedral cell, we provide the corresponding hexagonal
parameters instead for ease of interpretation.

Figure 3 shows how the direct gap at the L point and
the indirect T -L overlap, as calculated in the GGA, depend
on the cell parameters. These are the crucial observables for
the electronic and topological properties. The displacement of
the second atom in the unit cell was determined by fitting the
minimum energy with respect to this parameter at each point
in the plot. The experimental values for ah and ch are marked
in the figure and a dashed black line shows how these two
parameters depend on each other if the experimental volume
is kept constant, as was done in Ref. [4].

Clearly, a variation of ah alone does not significantly
change the L gap. Note that thin bismuth films preferentially
grow along the trigonal axis and that ah is the in-plane param-
eter of these Bi(1 1 1) films. The range in Fig. 3 is roughly
±4.5% so that we cover all strains which might realistically
occur. On a Si(1 1 1)–7×7 substrate the strain is −1.3% in the
plane of the bilayers [42] (compressive strain). The strain on
Bi2Te3(1 1 1) was reported to be as large as −3.3% [13].

On the other hand, in contrast to ah, the distance between
the bilayers has a significant impact on the L band gap. To
highlight this, a solid black line in Fig. 3 marks where the
sign of the L gap changes. The lifting of the bulk inversion
for large values of ch leads to a topological phase transition,
with only the inversion at � remaining, so that the bulk be-
comes topologically nontrivial. We have chosen a relatively
wide range of ch values since, due to the weak interlayer
bonds, this quantity is not always well reproduced by DFT.
Furthermore, depending on the flavor of DFT used, the actual
position of the transition may move slightly and we show
the results for LDA in the Supplemental Material [41] where
we also discuss additional details. The second plot in Fig. 3

shows the indirect overlap between the T valence band and
L conduction band which is responsible for the semimetallic
character of the material. In line with Ref. [4] we observe that
this quantity can vanish and a tiny band gap exists for a narrow
strain window. However, the bulk in the bottom right corner is
still semimetallic since now the L valence band lies higher in
energy than the conduction band at T . Thus we do not observe
a robust semimetal-to-semiconductor transition due to strain.

It is worth highlighting that Ref. [4] only considers con-
stant volume and does not distinguish between the effects
of ah and ch. We can observe the same topological phase
transition as Aguilera et al. for in-plane compression (e.g., by
a substrate) and find that the transition relies on the increasing
distance between the bilayers, which is a result of relaxation
due to the assumption of constant volume. In this context
the distance is to be understood as the distance between the
centers of the respective bilayers, not the minimum distance
between atoms of neighboring bilayers.

V. MANY-BODY CORRECTIONS

As was adequately pointed out in Ref. [4], the well known
deficiencies of DFT demand for more reliable methods like
GW . The authors employed all-electron calculations and
found that the many-body approach not only improves the
agreement between the electronic structure calculations and
experiments but also confirms the DFT results in that bismuth
is topologically trivial. The compressive strain in-plane with
the bilayers required to push the material into the nontrivial
phase was reduced to 0.7% for G0W0 and 0.4% for a fully self-
consistent GW , compared to DFT, which are easily achievable
in experiment.
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FIG. 4. (a) G0W0 corrected state energies for the bulk cell with experimental lattice as functions of the DFT energy. The Fermi level of the
DFT states (recalculated by YAMBO with smearing) is set to 0 eV. Labels indicate the position of the valence and conduction band edges at T
and L. For clarity, the bare corrections are shown as function of the DFT energy or band in (b) and (c) to highlight the variations within each
of the bands. The effect of G0W0 goes beyond a simple scissors operator which would correspond to a steplike function shifting the conduction
bands to higher energies. The straight line for low DFT energies in (b) represents the low lying 6s states and the states above −5 eV in DFT
energy are the 6p states. We note that G0W0 as implemented in YAMBO does not change the wave functions so that the parities stay the same
after the correction.

In this section we present our results for G0W0 as it is
implemented in YAMBO. This serves two purposes. First of all
we want to expand on our discussion of the results above and
check how well DFT performs. Secondly, we want to compare
our pseudopotential based approach to that in Ref. [4] which
to the best of our knowledge is the only available GW data for
bulk bismuth. Realistically, only the computationally cheaper
pseudopotential method used here will allow for calculations
of systems with many atoms such as nanostructures. The rea-
sons for choosing YAMBO are outlined in the methods section.

The G0W0 calculations take the DFT eigenvalues as input
and correct them by calculating the self-energy of the many-
body system. Therefore changes in the ordering of the states
are clearly visible. Both the plasmon pole and random phase
approximation (PPA/RPA) were used in the calculations. The
small size of the direct band gap demands for a high accuracy
and the calculation parameters were chosen accordingly in
order to ensure adequately strict convergence for both observ-
ables in the bulk cell, i.e., the L gap and T -L overlap.

We find that the L gap increases from −94 meV to 29 meV
and the indirect overlap changes from 108 meV to 48 meV
(GGA compared to G0W0). The significant reduction of the
absolute values of both quantities compares well with Table I
in Ref. [4] and brings the calculation in closer agreement
with experiment. The crucial difference however is that the
ordering of the states at L changes and an inversion occurs.

Even without strain this inversion leads, as is evident from the
discussion in the previous section, to a topologically nontrivial
bulk. We note that the unit cell geometry used in Ref. [4] and
in our calculations is identical.

Figure 4 shows the effect of the many-body corrections
on the DFT bands. The eigenvalues of all 6s and 6p bands
were calculated on the full 8×8×8 grid. In Fig. 4(a), only
the states in an energy window of ±1 eV around the Fermi
level are considered, corresponding to the first valence and
conduction band. The state energies at L and T are la-
beled to highlight the reordering at the L point. It is often
assumed that the effect of G0W0 can well be approximated
by a rigid shift of the conduction bands with respect to the
valence bands (scissors operator). Based on the changes in the
direct gap and the overlap, a shift of the order of 100 meV
might be expected. It is however clear from Fig. 4(a) that
there is considerable variation in the corrections within each
of the bands and any small offset between the valence and
conduction bands, if present, is disguised. For clarity, Fig. 4(b)
shows the bare G0W0 corrections as a function of the DFT
energy; Fig. 4(c) shows the band resolved corrections. We
conclude that a scissors operator does not represent the many-
body corrections well, which is consistent with the inversion
of the valence and conduction bands at the L point and
similar findings for complex systems with strong SOC, e.g.,
in Ref. [36].
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FIG. 5. G0W0 corrected L gap of Bi as function of geometry.
In contrast to the DFT results in Fig. 3, the topologically trivial
region is limited to small ah and ch. In particular, cells with constant
experimental volume are all topologically nontrivial. We note that
compared to the DFT results, the effect of the parameter ah increased
substantially. For better accuracy, the corrections were fitted with a
third order polynomial.

For comparison, Fig. 5 shows the L gap including the G0W0

energy correction as a function of geometry. Most notably, the
topologically trivial region is no longer crossed by the line
of constant volume. Therefore, within the limitations of the
theoretical framework presented above, bulk bismuth is topo-
logically nontrivial and a compressive strain in all directions
would be required to make the material trivial.

Finally, in Fig. 6, we show a comparison of the band
structures before and after correction. The T , W , and L points
are most affected by the many-body approach. The reorder-
ing of the states was considered prior to the interpolation
of the bands with BOLTZTRAP2, to reproduce the expected
avoided crossing [43] without explicitly rediagonalizing the
Hamiltonian.

VI. DISCUSSION

In the first part of this paper, we discussed the nature of
the band inversions in bulk bismuth. By comparing with the
atomic limit, we have shown that within DFT there is an inver-
sion at � and at each of the three L points. The even number
of inversions indicates a topologically trivial material which
is consistent with our analysis of the parities at the TRIM
points and the DFT results in the literature. We note that our
convention for defining the parities at T and L differs from the
calculations in Refs. [3,44] (tight binding and pseudopoten-
tial, respectively) as well as from the VASP DFT calculations in
Refs. [13,18,19,23]. This is simply due to the fact that we have
defined the parity with respect to the inversion point between
the bilayers. If we instead choose the inversion point within
the bilayers, then the parities at T and L change sign and we
recover those of the references above. The analysis and results
remain the same, as expected since the topology should not
depend on the choice of the inversion center. As was pointed
out in Ref. [11], there are no measurements of the state parities
which could be used as a benchmark and experimental papers
often use the symmetry labels which were obtained by one
of the theoretical works above. By tracking the evolution of
the states from the atomic limit to the bulk lattice, a much
more concise picture of the bulk inversions was obtained
compared to the usual comparison of the parities alone. In par-
ticular this method allows us to reliably distinguish inversions

FIG. 6. Comparison of the DFT band structure as calculated in QUANTUM ESPRESSO with the G0W0 results interpolated along the same
path. (a) Shows bands within 2 eV of the DFT Fermi level which was calculated with the tetrahedron method and (b) shows bands from
−0.75 eV to + 1.25 eV of the DFT Fermi level to highlight the band structure near L, T , and �. A 16×16×16 grid is sufficient to well
reproduce the QUANTUM ESPRESSO bands via an interpolation of the DFT states. G0W0 calculations on such a dense grid are however very
expensive. Thus, we interpolated the quasiparticle corrections from the 8×8×8 grid to a 16×16×16 grid which was then combined with
the DFT energies before the final interpolation along the path. The energies were shifted so that the valence bands approximately align with
the DFT bands. Using BOLTZTRAP2 ensures that the state energies at �, T , L, and X are exactly reproduced in the plot although the method
introduces, depending on the parameters, some or many Gibbs oscillations between the high-symmetry points (unphysical artifact of the
method).
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between valence and conduction bands from those within each
individual group of bands. The importance of this distinction
becomes clear at �. In agreement with Ref. [19], we there
find three states with even parity below the Fermi level which
is however related to just a single inversion of valence and
conduction bands.

Our G0W0 calculations indicate that Bi is a topologically
nontrivial material. This is in line with recent high accuracy
measurements in Refs. [11,14,15] but does not agree with the
results of Aguilera et al. [4] where a small compressive strain
in the bilayer plane was required to induce a transition into the
nontrivial regime. We are not aware of any other GW calcula-
tions for bismuth in the literature which we could compare our
results to. While SOC, which is critical for the inversion, was
treated in each step of both calculations, we identify four main
differences. The authors of Ref. [4] employed all-electron
calculations while our calculations are based on pseudopo-
tentials. Also, only our calculations use the PPA. Another
difference is that Ref. [4] uses the full self-energy matrix (not
just the diagonal elements) and updates the wave functions in
the single-shot calculation. Furthermore, the internal displace-
ment of the basis atoms in the unit cell was kept constant in
Ref. [4] while we fitted the optimum atomic positions when
applying strain. We note that the absolute value of the gap
and overlap which are the common observables agree well
in the absence of strain. Overall, we conclude that even with
these high accuracy methods no unambiguous claim can be
made with regards to the topological properties of bismuth.
The calculated L gap appears to be very sensitive to the calcu-
lation details.

The strain induced topological phase transition discussed
by several authors (see above) usually considers the effect of
in-plane strain. The importance of the interbilayer distance
has been pointed out in Ref. [17] for the two-dimensional
system. The effect on the bulk has been shown in an extreme
case in Ref. [16] and has also been hinted at in Ref. [23].
Overall, different publications made different assumptions
regarding the crystal structure, e.g., a constant volume and
fixed u in Ref. [4], fixed ah and changing ch while keeping
u fixed in Ref. [16] or an overall expansion of the cell in
Ref. [23]. Avoiding any issues related to the relaxation with
weak interlayer bonds, we have expanded this discussion and
systematically investigated the effect of the lattice geometry
on the L gap (and overlap). Since there is no direct experimen-
tal control over the internal displacement parameter, it was
determined by fitting the position of lowest energy. We believe
that our discussion above provides a more complete picture
of the topological phases of bulk bismuth and is particularly
useful for the interpretation of experimental data. From Fig. 3,
we conclude that the often considered in-plane strain only
indirectly gives rise to a topological phase transition by ef-
fectively increasing the distance between the bilayers (in line
with the assumption of constant volume in Ref. [4]). Our DFT
calculations show that in comparison to the in-plane lattice
constant, the bilayer distance is a very important parameter
which may not have been expected, given the weak interlayer
bonds. Notably, under the not unreasonable approximation of
constant volume, the trivial phase can no longer be reached in
our G0W0 calculation, see Fig. 5, i.e., the nontrivial phase is
stable with respect to strain.

Due to the small L gap, differences in the band topology
between the various calculations are always likely to be the
result of a discrepancy at the L points. The G0W0 many-body
corrections remove the inversion at L in the bulk, similar
to the modified tight binding models mentioned in the in-
troduction. In general, the valence and conduction states at
the other TRIM points are sufficiently separated in energy so
that they should not give rise to controversy. In the context
of two-dimensional systems, the apparent nontrivial surface
state dispersion of thin Bi(1 1 1) films, which is the result
of an increased splitting of the valence and conduction bands
due to confinement, is well reproduced even with DFT. Thus
the authors of Ref. [11] assume that confinement lifts the—
presumably artificial—DFT L point bulk inversions. We note
that in this case it is not as straightforward to construct a
corresponding three-dimensional system as it is for strained
films.

Finally, we want to highlight that knowledge about the
dependence of the topology, L gap and overlap on the crystal
structure is very valuable in the context of DFT calculations.
Often the experimental lattice parameters can not be used.
This is for example the case for nanostructures and at inter-
faces where the atoms have to be relaxed and control over each
atomic coordinate is not feasible. In particular, the weak bonds
between the bilayers are a challenge, i.e., the distance between
the bilayers can deviate substantially from the experimental
value even in the bulk so that ch and the unit cell volume are
affected. Accordingly, the side effects on the crucial details of
the band structure should be considered in the interpretation
of the results.

VII. CONCLUSIONS

All in all, our results are in agreement with recent experi-
ments which predict a nontrivial bulk material. The band gap
at L is in much better agreement with respect to experiment
after calculation of the G0W0 correction. For constant vol-
ume deformations, the band topology does not change. The
topologically trivial region is limited to small values for the
lattice parameters ah and ch within the G0W0 calculations. For
measurements on (1 1 1) free standing films, it is anticipated
that compressive strain for ah will result in strain relaxation in
the ch lattice parameter, hence this region may not be easily
accessible to experiment. Compared to the in-plane lattice
parameter ah, the out-of-plane lattice parameter ch has an
unexpectedly high impact on the L gap—this effect is larger in
the DFT results than as predicted from G0W0 but it is a notable
effect seen in both methods.
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