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Abstract

Abstract

Interactive preference elicitation plays a crucial role in multi-criteria decision-
making (MCDM) and recommender systems, particularly when user prefer-
ences are uncertain or noisy. Traditional Bayesian approaches offer a princi-
pled way to handle such uncertainty by representing preferences as probabilis-
tic models, updating them iteratively based on user responses. However, these
methods often entail high computational costs and require prior assumptions on
preference distributions, making them less feasible for real-time applications.

This thesis introduces a non-Bayesian framework for interactive preference
elicitation under noisy user responses, offering a computationally efficient
alternative to probabilistic approaches. Instead of relying on prior distributions,
our method identifies and refines a set of plausible preference models by
evaluating their consistency with observed user responses. The framework
incrementally selects targeted queries that maximize information gain while
remaining robust to response inconsistencies, allowing for an effective trade-
off between query efficiency and recommendation accuracy.

We propose a novel query selection strategy that prioritizes alternatives based
on their potential optimality across multiple preference models, reducing the
number of interactions required to identify the user’s most preferred alternative.
To ensure scalability, our method operates on a finite approximation of the
preference space, allowing for efficient real-time decision-making.

Empirical evaluations demonstrate the effectiveness of the proposed approach,
showing that it achieves high accuracy in identifying user preferences while
significantly reducing computational costs compared to Bayesian and minimax
regret-based methods. The results suggest that this non-Bayesian framework is
well-suited for interactive decision-support systems, personalized recommenda-
tions, and real-time MCDM applications, offering a practical balance between
efficiency, adaptability, and robustness to noise.
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Chapter 1

Introduction

1.1 Multi-criteria Decision-making

The rise of artificial intelligence (AI) in recent years has transformed how
products, services, and content are recommended, leading to an increased
reliance on intelligent systems to make decisions on behalf of users. Al-
based recommendation systems, from product suggestions to streaming con-
tent, require a robust understanding of user preferences to ensure their rec-
ommendations align with individual user needs and values. However, user
preferences are often complex, multidimensional, and not immediately appar-
ent, necessitating efficient mechanisms for preference elicitation — the pro-
cess of gathering information to model and understand a user’s preferences
[RRS11, [Agg16), ATOS5, TWM* 15|, BZM12].

The field of multi-criteria decision-making (MCDM), or multi-criteria decision
analysis (MCDA) [DFGZ19, \GEF16, [GSH13| IN13| ZD16, KWZ11], |GEF10,
BMP" 06, NM21, [Sav51), [Fin72|, [Rai68], addresses decision-making challenges
where choices must be evaluated based on several, often conflicting, criteria.
This approach is crucial in domains where alternatives cannot be ranked
or chosen based on a single attribute. Instead, decision-makers (DMs) are
tasked with balancing multiple dimensions—such as cost, quality, efficiency,
and environmental impact—that may pull the decision in different directions.
MCDM provides the framework and methodologies to navigate these trade-offs,
making it a foundational element in decision science, economics, engineering,
and artificial intelligence.

In a typical MCDM scenario, it is rarely clear-cut which alternative is "better"



1. INTRODUCTION 1.2 Preference Elicitation

overall. Consider two alternatives, « and §3, evaluated on the criteria of cost
and quality: « may be lower in cost, while § may provide higher quality. In
this situation, the optimal choice is not inherently obvious but rather depends
on the DM’s personal or organizational preferences—whether cost or quality
holds more value in the decision context. The subjective nature of such trade-
offs introduces complexity, as different decision-makers may prioritize these
criteria differently, even within the same context. This complexity means that,
in MCDM contexts, the concept of an absolute "optimal" choice is often replaced
by the notion of non-dominated or Pareto-optimal alternatives. An alternative
is considered Pareto optimal if it is not inferior to any other option across all
criteria; it may perform worse in one criterion but excels in another, making it
a viable choice depending on the DM’s priorities.

However, the set of non-dominated or Pareto-optimal alternatives can often
be vast and complex, particularly in cases with numerous criteria or a large
decision space. This volume of choices can overwhelm decision-makers, leading
to difficulties in processing and evaluating each alternative effectively. MCDM
methodologies are designed to address this challenge by filtering, ranking,
or sorting alternatives to streamline the decision process. By applying these
methods, DMs can focus on a subset of viable options that align with their

preferences, reducing cognitive load and enhancing decision-making efficiency.

1.2 Preference Elicitation

A core element of MCDM, particularly in Al-driven recommendation systems,
is preference elicitation—the process of determining and refining a user’s pref-
erences to provide tailored recommendations. With the proliferation of Al in
domains such as product recommendation, entertainment, and service selec-
tion, preference elicitation has become essential for systems that operate on
behalf of users. By accurately understanding user preferences, these systems
can deliver recommendations that better reflect individual values and priorities.
Incremental preference elicitation has proven especially effective in Al applica-
tions because it allows for gradual learning of preferences rather than relying
on pre-specified, fixed criteria (as in classical decision theory) [Boul3]. In-
cremental elicitation adapts dynamically, where the system generates targeted
queries that provide maximal information based on the user’s responses so far.

In incremental elicitation, the system engages the user in a series of queries de-

A Non-Bayesian Preference Elicitation 2 Samira Pourkhajouei
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1. INTRODUCTION 1.2 Preference Elicitation

signed to clarify preferences, typically through pairwise comparisons between
alternatives. For instance, a user may be asked to choose between two options
with differing trade-offs, such as a low-cost option versus a high-quality one.
Each response from the user helps refine the system’s model of their prefer-
ences, incrementally reducing the uncertainty surrounding their utility function
or preference model. This iterative process continues until the system can con-
fidently recommend an optimal or near-optimal choice or until a termination
criterion is reached—whether due to low remaining uncertainty, a cap on the
number of queries to prevent user fatigue, or an acceptable level of expected
loss.

In recent Al-driven research on MCDM, two predominant approaches have
emerged for managing the uncertainty of user preferences: Bayesian methods,
which utilize probabilistic modeling and iterative updates to infer preference
structures [VB20, BPS20], and non-Bayesian methods, which rely on deter-
ministic or qualitative frameworks such as minimax regret [BP18, BGPV15] or
constraint-based elicitation [BBO6]. While these approaches are widely stud-
ied in Al-based decision support, other methods, including constructive pref-
erence elicitation [DTP18], robust ordinal regression [GMS14], and support
vector machine-based preference learning [MW16], have also been explored in
broader MCDM contexts.

Bayesian approaches to preference elicitation represent the uncertainty about
the user’s preference model through a probabilistic framework, where a prior
distribution over possible preference models is updated based on the user’s re-
sponses [Sav72, BPS20]. This probabilistic updating allows Bayesian meth-
ods to incorporate the possibility of errors or noise in user responses, offer-
ing robustness in cases where users may occasionally provide inconsistent or
non-optimal answers. For example, Viappiani and Boutilier [VB20] propose a
Bayesian approach that can adaptively choose queries to maximize informa-
tion gain, handling noisy responses in multi-criteria settings. Despite these
advantages, Bayesian methods are computationally demanding, especially in
real-time applications, because updating the probability distribution and com-
puting optimal recommendations after each user response is resource-intensive.
Moreover, Bayesian methods require a prior assumption about the distribution
of user preferences, which may not be feasible or realistic in all cases.

In light of these limitations, non-Bayesian approaches have gained attention
for their potential to provide more computationally efficient solutions while

A Non-Bayesian Preference Elicitation 3 Samira Pourkhajouei
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1. INTRODUCTION 1.2 Preference Elicitation

still accommodating preference uncertainty. Non-Bayesian methods avoid
probabilistic updates and instead focus on feasible preference models by
employing constraints on the parameter space. For instance, minimax regret
methods [Boul3] are designed to reduce the DM’s regret by narrowing the
parameter space as the user answers more queries. Although minimax regret
offers a robust, efficient alternative, it lacks the flexibility to handle noisy
responses because strict constraints can exclude feasible models, leading to
suboptimal recommendations when errors in user input occur.

In this thesis, we explore a non-Bayesian, qualitative approach to preference
elicitation that is designed to handle noisy responses in a multi-criteria decision-
making setting. Our method seeks to identify the most plausible preference
models for a user by examining the consistency of their responses, rather
than assuming a prior distribution over preferences. This allows the system
to incrementally filter out models that do not align with the user’s input
while focusing on those that most plausibly represent the user’s underlying
preferences. By focusing on the most consistent user models, the proposed
approach avoids the high computational costs associated with Bayesian updates
and probabilistic modeling. This qualitative approach is particularly suitable for
real-time decision support and recommendation systems, where computational
efficiency and responsiveness are critical.

Our method leverages incremental preference elicitation by engaging the user
in a series of simple binary queries—“Do you prefer alternative « or 5?”—and
translating each response into constraints on the set of possible preference
models. This constraint-based approach allows the system to refine the space of
feasible models without requiring exhaustive querying or complex probabilistic
updates. Furthermore, we introduce a mechanism to account for potential noise
in user responses, ensuring that occasional inconsistencies do not drastically
reduce the accuracy of the recommendations. This focus on robustness to
noisy responses ensures that the system can continue to provide high-quality
recommendations even if the user’s answers are occasionally incorrect or
inconsistent.

The proposed approach has been validated through experimental results
demonstrating its effectiveness in identifying preferred alternatives with high
accuracy and minimal computational demand. This thesis contributes a
scalable, non-Bayesian framework for preference elicitation, expanding the
toolkit available for Al-based decision support in MCDM contexts. By combining

A Non-Bayesian Preference Elicitation 4 Samira Pourkhajouei
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1. INTRODUCTION 1.3 Outline and Contributions

computational efficiency, robustness to noise, and adaptability, the approach
developed here offers a viable alternative to Bayesian methods, particularly in

applications requiring real-time responsiveness and minimal user burden.

In summary, this research addresses the limitations of existing MCDM and pref-
erence elicitation techniques by introducing a qualitative, incremental approach
that emphasizes efficiency and robustness. This non-Bayesian framework for
preference elicitation provides an accessible and practical solution for real-time
decision-making systems, offering an essential balance between accuracy, user
adaptability, and computational feasibility.

1.3 Outline and Contributions

This thesis is structured to systematically build a comprehensive understanding
of the proposed framework, starting with foundational concepts and culminat-
ing in experimental validation and theoretical insights. Below is an outline of
the thesis, emphasizing the contents and purpose of each chapter.

Chapter 2: [Background and Overview of Preference Elicitation Methods|

This chapter lays the groundwork by providing a thorough exploration of the
fundamental concepts underpinning preference elicitation and decision-making
frameworks. We begin by introducing key ideas in Multi-Attribute Utility
Theory (MAUT), such as multi-attribute utility functions, Pareto dominance,
and preferential independence. These foundational principles serve as the
theoretical basis for understanding how preferences are represented and
evaluated in multi-criteria decision-making contexts.

The chapter then transitions to a discussion of related work, highlighting
prominent approaches to preference elicitation. Special attention is given to
methodologies that address uncertainty in preferences, including the minimax
regret criterion. This criterion is particularly notable for its utility in decision-
making under incomplete or ambiguous preference information. By minimizing
the maximum possible regret associated with a decision, this approach provides
a robust framework for evaluating alternatives in uncertain environments.

Further, we explore the formalization of preference relations through parame-
terized utility functions. This includes an analysis of how these functions can
be used to represent user preferences in a structured and scalable manner. Ad-
ditionally, we introduce standard optimality classes for sets of alternatives, such

A Non-Bayesian Preference Elicitation 5 Samira Pourkhajouei
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1. INTRODUCTION 1.3 Outline and Contributions

as Pareto-optimal sets and possibly optimal sets, which are frequently used to

narrow down choices in multi-criteria decision problems.

This chapter not only provides the theoretical context for the research presented
in this thesis but also identifies gaps in existing methodologies, which the
proposed framework seeks to address. By thoroughly analyzing prior work and
defining the key concepts that underpin preference elicitation, this chapter sets
the stage for the methodological and experimental contributions in subsequent
chapters.

Chapter 3: [Non-Bayesian Preference Elicitation Under Noisy Models|

This chapter introduces a novel, non-Bayesian, incremental preference elicita-
tion technique specifically designed to address challenges in scenarios involving
noisy and potentially inconsistent user responses. In practical decision-making
environments, users may occasionally provide inaccurate or contradictory an-
swers to queries, either due to misunderstandings, fatigue, or inherent uncer-
tainty in their preferences. Traditional elicitation techniques often struggle to
balance robustness against such noise with efficiency in computation and query

interaction.

The approach detailed in this chapter leverages a qualitative representation
of uncertainty to model user preferences. Unlike Bayesian methods, which
rely on probabilistic updates and prior distributions, our technique focuses on
identifying and maintaining a set of the most plausible user models. These
models are defined as those that align most consistently with the decision-
maker’s responses, providing a robust framework for managing inaccuracies

without the computational overhead of Bayesian frameworks.
Our method is guided by the following key objectives:

- Robustness to Noisy Inputs: The approach is designed to tolerate
occasional inconsistencies in user responses, ensuring that the decision-

making process is not derailed by individual errors.

- Efficiency in Query Interaction: Minimizing the number of queries
required to arrive at an optimal or near-optimal decision is a central
goal, reducing the cognitive load on users and expediting the elicitation
process.

- Computational Feasibility: Generating and analyzing queries must
remain computationally efficient, making the approach suitable for real-

A Non-Bayesian Preference Elicitation 6 Samira Pourkhajouei
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1. INTRODUCTION 1.3 Outline and Contributions

time or large-scale applications.

This chapter provides a detailed exposition of the proposed methodology,
covering the following key aspects:

Query Generation: The strategies employed to generate queries that
maximize informational gain while maintaining computational simplicity.
These queries are designed to refine the model incrementally by narrow-
ing the space of plausible user preferences.

- Stopping Criterion: A formalized mechanism to determine when the
elicitation process can be terminated. This is based on predefined
thresholds of uncertainty reduction or practical limits, such as the number
of queries or computational resources.

- Experimental Results: The performance of the proposed approach is
evaluated through computational experiments. These results illustrate its
robustness, efficiency, and scalability across a variety of decision-making

scenarios.

- Comparison with Bayesian Methods: A comparative analysis highlights
the strengths and trade-offs of the non-Bayesian approach relative to
Bayesian frameworks. While Bayesian methods offer theoretical advan-
tages in modeling uncertainty, their reliance on prior distributions and
computational intensity can limit their applicability. In contrast, the pro-
posed non-Bayesian method achieves comparable robustness and accu-
racy with reduced complexity and faster execution times.

By the end of this chapter, the reader will have a comprehensive understanding
of the proposed preference elicitation method, its theoretical underpinnings,
and its practical implications. The experimental validation demonstrates the
approach’s effectiveness and its potential to significantly advance preference
modeling in decision-support systems. This contribution aligns with the
broader goal of making Al-driven decision-making more accessible, efficient,
and resilient to real-world uncertainties.

Chapter 4: |Conclusions & Discussion|

This chapter provides a concise summary of the research conducted in this
thesis, emphasizing the key findings, contributions, and implications of the
work. It reflects on the significant results achieved and outlines potential
directions for future research to build upon the foundation established here.

A Non-Bayesian Preference Elicitation 7 Samira Pourkhajouei
Approach for Noisy Decision Models



1. INTRODUCTION 1.4 Publications

1.4 Publications

Chapter [3| draws upon the research findings and methodologies presented in
the following paper.

1. Samira Pourkhajouei, Federico Toffano, Paolo Viappiani, and Nic Wil-
son. An efficient non-bayesian approach for interactive preference elic-
itation under noisy preference models. In Zied Bouraoui and Srd-
jan Vesic, editors, Symbolic and Quantitative Approaches to Reasoning
with Uncertainty - 17th European Conference, ECSQARU 2023, Arras,
France, September 19-22, 2023, Proceedings, volume 14294 of Lecture
Notes in Computer Science, pages 308-321. Springer, 2023. |https :
//doi.org/10.1007/978 — 3 — 031 — 45608 — 4_23.

Aligned with this thesis, the research received the "Best Student Paper Award" at
ECSQARU 2023. The award decision, made by the program chairs, was based
on the high quality of the paper and the positive feedback received during the

review process.

Additionally, the conference organisers invited the authors to submit an
extended and revised version of the ECSQARU 2023 paper for publication in
a special issue of the International Journal of Approximate Reasoning (IJAR).
After the peer-review process, this work led to the following published paper in
IJAR:

2. Guillaume Escamocher, Samira Pourkhajouei, Federico Toffano, Paolo
Viappiani, and Nic Wilson. Interactive preference elicitation under
noisy preference models: An efficient non-bayesian approach. Interna-
tional Journal of Approximate Reasoning, 178:109333, 2025. https :
//doi.org/10.1016/7.ijar.2024.109333.
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Chapter 2

Background and Overview of
Preference Elicitation Methods

In this chapter, we lay the foundational groundwork for this thesis by exploring
the essential concepts and methods related to preference elicitation in multi-
criteria decision-making (MCDM). We begin by introducing multi-attribute
utility theory (MAUT) and its core concepts, including additive and weighted
utility functions for modeling user preferences.

We then survey traditional and modern preference elicitation techniques,
including comprehensive utility function elicitation, interactive optimization,
and Bayesian methods, each of which addresses preference uncertainty in
different ways. Special attention is given to constraint-based approaches, such
as the minimax regret criterion, which are particularly relevant to this thesis.

The chapter further examines parameterized utility models, such as ISMAUT,
and explores the computation of possibly optimal alternatives and robust
decision rules. We also contrast preference elicitation with preference learning,
situating our proposed method within the broader landscape of Al-driven
decision support systems.

This background provides the theoretical context for the non-Bayesian frame-
work proposed in later chapters and sets the stage for the methodological con-
tributions that follow.



2. BACKGROUND AND OVERVIEW OF
PREFERENCE ELICITATION METHODS 2.1 Multi-Attribute Utility Theory

2.1 Multi-Attribute Utility Theory

Multi-criteria decision-making (MCDM), also known as multi-criteria decision
analysis, is a field dedicated to aiding decision-makers (DMs) in contexts
where alternatives are evaluated based on various and often conflicting criteria.
MCDM methods assist in organizing and synthesizing complex and diverse
information, ultimately helping DMs analyze and evaluate different alternatives
and their impacts on various aspects of the decision-making process. This field
has been widely studied and applied across numerous academic disciplines,
including finance, statistics, telecommunications, and economics (see, e.g.,
Zavadskas et al., [ZTK14]). Foundational works in MCDM include those by
von Neumann and Morgenstern [NM21]], Savage [Sav51], Fishburn [Fis79,
WDF™08], and Raiffa [Rai68].

In this thesis, we focus on a specific branch of MCDM known as multi-
attribute utility theory (MAUT) [Rai68]]. It is designed to quantitatively model
a decision-maker’s preferences when confronted with several, often conflicting,
criteria. By offering a structured framework for evaluating and comparing
alternatives, MAUT transforms subjective preferences into objective numerical
representations, thereby facilitating more systematic and transparent decision-
making processes.

2.1.1 Core Concepts of MAUT

Understanding the foundational principles of MAUT is crucial for appreciating
how this theory facilitates multi-criteria decision-making. Below, we outline the
key concepts that underpin MAUT, providing a structured approach to modeling
and analyzing preferences:

* Quantitative Modeling of Preferences

MAUT seeks to convert qualitative preferences into a quantitative form.
This transformation involves defining a utility function that assigns a
numerical value to each alternative based on its performance across
various criteria. The utility function encapsulates the decision-maker’s
preferences, allowing for a direct comparison of alternatives on a common
scale.

— Criteria and Alternatives: In any decision-making scenario, alter-
natives (choices or options) are assessed based on several criteria

A Non-Bayesian Preference Elicitation 10 Samira Pourkhajouei
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(attributes or dimensions). For example, in choosing a car, criteria
might include cost, fuel efficiency, safety, and comfort. Each criterion
represents a dimension of evaluation, and each alternative is evalu-
ated on these dimensions, producing a multi-dimensional profile for
each alternative.

— Utility Function: The utility function in MAUT is a mathematical
representation that aggregates the performance of an alternative
across all criteria into a single utility score. This function is designed
to reflect the decision-maker’s relative preferences for different levels
of performance on each criterion. Utility functions can take various
forms, but a common approach is the additive utility function, where
the overall utility is the weighted sum of the utilities for each
criterion. The weights relate to the relative importance of each
criterion to the decision-maker.

* Structured Decision-Making Framework

MAUT provides a structured framework for decision-making by ensuring
that all relevant criteria are systematically considered. This structure
helps in:

— Clarifying Preferences: By requiring explicit specification of prefer-
ences and trade-offs among criteria, MAUT helps decision-makers
clarify what is most important to them. This process involves elic-
iting the decision-maker’s preferences through various techniques,
such as direct rating, pairwise comparisons, or conjoint analysis.

— Consistency and Transparency: MAUT promotes consistency in
decision-making by using a formalized approach to evaluate alter-
natives. This consistency is crucial in scenarios where decisions need
to be justified or defended. The transparency of the process is en-
hanced as the rationale behind each decision is clear, based on the
numerical representation of preferences.

- Handling Conflicting Criteria: One of the significant strengths of
MAUT is its ability to handle conflicting criteria. By quantitatively
modeling how much the decision-maker values improvements in one
criterion relative to sacrifices in another, MAUT provides a clear
framework for resolving trade-offs. This is particularly useful in
complex decision-making environments where no single alternative
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is best on all criteria.
* Application of MAUT in Decision-Making

MAUT’s application spans various domains, offering a robust tool for
decision-makers in fields such as finance [DFGZ19]], healthcare [|[GEF16],
engineering [[ZTK14], and public policy [CKM™22]. The method provides
a structured and transparent way to assess trade-offs among multiple cri-
teria, ensuring rational decision-making based on quantitative preference
modeling [GEF16, IN13|, KR93].

— Financial Decisions: In finance, MAUT can be used to evaluate
investment options by considering criteria such as risk, return,
liquidity, and ethical considerations. Investors can prioritize these
criteria based on their preferences and use MAUT to identify the
optimal investment portfolio [DFGZ19, KWZ11]. The method is
particularly useful in sustainable finance, where decision-makers
must weigh financial performance against social and environmental
factors [MunO7].

— Healthcare: In healthcare, MAUT aids in treatment decision-making
by evaluating treatment options across criteria such as effectiveness,
side effects, cost, and patient quality of life. This helps patients
and healthcare providers make informed decisions tailored to the pa-
tient’s values and preferences [Dol10, IGEF16, MK16]. Applications
of MAUT in medical decision-making include prioritizing treatments
for chronic diseases and designing personalized health interventions
[TFL™09].

— Engineering: Engineers use MAUT to evaluate design alternatives,
taking into account criteria such as cost, performance, reliability,
and environmental impact. This structured approach ensures that all
critical factors are considered in the design process [ZTK14, |[CKCO05),
MAO4]]. It has been widely applied in areas such as sustainable
product design, transportation infrastructure planning, and energy
systems optimization [KWZ11].

— Public Policy: Policymakers use MAUT to evaluate policy options,
considering criteria like economic impact, social equity, environ-
mental sustainability, and political feasibility. This helps in craft-
ing policies that balance multiple objectives and stakeholder interests
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[CKM™22, ZGD"15].
e Limitations of MAUT

While MAUT offers a robust framework for structured decision-making, it
may not be appropriate in situations where criteria interact in complex
ways that violate the assumption of preferential independence. For

example:

— Non-Additive Interactions: In cases where the value of one criterion
depends on the level of another (e.g., a product’s price might affect
the perceived importance of its quality), the additive structure of util-
ity functions in MAUT cannot accurately capture these dependencies.

— Synergistic or Antagonistic Effects: Some decision contexts involve
synergies (where the combined value of criteria exceeds the sum
of their individual contributions) or antagonistic effects (where the
value diminishes when considered together). MAUT may struggle to
represent such interactions effectively.

— Ambiguous or Imprecise Preferences: If the decision-maker cannot
articulate clear preferences or if preferences change dynamically
during the process, MAUT’s reliance on explicit trade-offs may pose
challenges.

2.1.2 Defining Alternatives and Utility Functions

In this section, we introduce the formal framework for defining alternatives
and constructing utility functions within the context of a specialized, non-
Bayesian adaptation of MAUT. Unlike traditional MAUT, which often relies
on probabilistic models and expected utility maximization, our approach
incrementally elicits user preferences while maintaining robustness to noisy
responses. By systematically outlining the structure of alternatives and detailing
the mathematical formulation of utility functions, we aim to provide a clear
and precise methodology for evaluating and comparing decision options. This
formalization is essential for capturing the decision-maker’s preferences and
facilitating informed, objective decision-making based on multiple criteria.

Let a € A represent an alternative for the decision-maker, with A being a
potentially infinite set of alternatives. In a MAUT framework, each alternative
is assessed using p criteria, or evaluators, denoted as u; : A — IR for all
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i € [1,p]. Consequently, each alternative « is associated with a vector u(«) =
(ur(a), ..., uy(a)), referred to as the outcome of o, where each u; represents the

value of the alternative o with respect to criterion (or objective) 1.

2.1.2.1 Additive utility function

The criteria us,...,u, used to evaluate an alternative o € A are considered
mutually preferentially independent if there exists an additive ordinal utility
function that can be expressed as:

p
u(a) =Y xi(u)) (2.1)

=1
In this equation, x; represents the single-criterion subutility function defined
for criterion w; [DH83| [Fin72]. Additive independence is a significant concept
in multi-criteria decision analysis, as it simplifies the utility function’s structure
by ensuring that the overall utility can be decomposed into the sum of the
utilities for each criterion. This property allows decision-makers to assess
each criterion separately, making the evaluation process more manageable and
intuitive. Consequently, additive independence is frequently assumed in multi-
criteria optimization problems due to its practical benefits and the ease it offers

in modeling complex decision scenarios.

2.1.2.2 Weighted average utility function

The weighted average model is a prevalent approach for aggregating multi-
criteria outcomes of alternatives. This model is extensively utilized in prefer-
ence elicitation contexts, where it facilitates the combination of different crite-
ria into a single, comprehensive evaluation score. It has been widely adopted
in classical studies such as [Sar78, LPKO2]]. The model’s simplicity and effec-
tiveness have also made it a popular choice in more recent research, including
works [KS14, KVVA17, BL19].

We assume that the user has a utility function v« : A — IR, which is
parameterized by some parameter vector w € W/, where W is the space of
user preferences defined as the set of all the normalised non-negative weights

vectors w,
p

{fweR: ) w(i)=1Lw(i) >0;Vi=1,...,p} (2.2)

i=1
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We assume that the decision-maker’s utility function for evaluating alternatives
is a weighted average of the criteria vector, where each weight w; € W
quantifies the relative importance of the criterion u; for the decision-maker.
These weights are critical as they reflect the priority or significance the decision-
maker places on each criterion when evaluating alternatives. The overall
value of an alternative @ € A is determined by aggregating its performance
across all criteria, with each criterion assigned a weight that reflects its relative
contribution to the decision-maker’s utility function.

To be more precise, let the outcome of an alternative o be represented as
uw(o) = (ur(e),...,u,(c)) where u;(«) denotes the performance of o on the
i-th criterion. The value of « is then calculated as follows:

u(a,w) =w-u(a) = Zp:wiu,-(a) (2.3)

where - is the dot product. The assignment of weights w; is a crucial step in the
decision-making process, as these weights directly influence the ranking and
selection of alternatives. The process of determining appropriate weights can
involve various methods, such as direct assignment, pairwise comparisons, or
more sophisticated techniques like Analytic Hierarchy Process (AHP) or conjoint
analysis. These methods help ensure that the weights accurately reflect the
DM’s preferences and priorities [[Saa80, Yuel4].

As an example consider a scenario where a decision-maker is evaluating
different smartphone models based on three criteria:

* Battery life (u;): Higher is better (measured in hours).
* Performance (uy): Higher is better (measured as a score from 0 to 10).

e price (u3): Lower is better (measured in euros, and normalized as

—cost /100, to reflect that lower cost increases utility).
The decision-maker assigns weights as follows, reflecting their priorities:
* w; = 0.4 for battery life,
* wy = 0.4 for performance, and

* w3 = 0.2 for price (as cost is relatively less important than functionality
for these particular units for the criteria).
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Table 2.1: A multi-criteria decision-making evaluation for smartphones

Smartphone | Battery Life | Performance | Price
A 10 8 -10
B 12 7 -8
C 8 9 -12

We illustrate this with a concrete example. Table presents a multi-criteria
evaluation of three smartphones, assessed based on battery life, performance,
and price. The utility function is computed using the weighted average model:

u(a, w) = wiug () + woug () + wauz ()

Then the overall value of each smartphone would be calculated as:

w(A, w) = (0.4 x 10) + (0.4 x 8) + (0.2 x —10) = 5.5
w(B,w) = (0.4 x 12) + (0.4 x 7) + (0.2 x —8) = 6.0
w(Cw) = (0.4 % 8) + (0.4 x 9) + (0.2 x —12) = 4.4

Smartphone B is the optimal choice, with the highest utility of 6.0. This reflects
a good balance of battery life, performance, and price, which aligns well with
the decision-maker’s priorities.

This example illustrates how the weighted average model integrates various
criteria, allowing the DM to evaluate and compare alternatives systematically
based on their aggregated scores. The weighted average model’s simplicity
and intuitiveness make it a widely adopted approach in multi-criteria decision-
making. It facilitates transparent and rational decision processes, ensuring that
all relevant criteria are considered according to their importance [KR93|, Vin92].
This method is particularly beneficial in contexts where decisions need to be
justified or communicated clearly, as the rationale behind each decision can be
easily understood and explained.

Furthermore, the model’s flexibility allows for adjustments in weights to reflect

changing preferences or priorities over time. This adaptability is essential
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in dynamic environments where the decision context may evolve, requiring
periodic reassessment of criteria importance.

By quantifying the relative importance of each criterion through weights, the
weighted average model empowers decision-makers to make well-informed,
balanced decisions that align with their goals and values.

2.2 Preferences in Artificial Intelligence

Preferences play a significant role in various contexts within the field of artificial
intelligence (AI). They can encompass multiple agents, each representing
real users or persons, or involve multiple criteria over which preferences are
expressed. The complexity arises when preferences of multiple agents conflict
or when preferences across different criteria oppose each other. Determining
how to make decisions or identify "optimal" solutions in such scenarios is a
challenging task [SLBOS]].

In multi-agent systems, preferences from different agents often conflict, reflect-
ing the diverse and sometimes opposing interests of the individuals involved
[Woo09]. Similarly, in multi-criteria decision-making, preferences across var-
ious criteria can be contradictory, making it difficult to balance the trade-offs
required to achieve a satisfactory decision [KR93]].

This dissertation focuses on single-agent decision-making. However, it acknowl-
edges that the different criteria used to evaluate alternatives can sometimes be
viewed as analogous to the preferences of multiple agents. This perspective al-
lows for the application of methods typically used in voting scenarios to handle
the preferences across multiple criteria [Arr12].

Uncertainty in handling preferences in Al can stem from several sources. One
major source is the lack of complete information about user preferences. Users
may have implicit preferences that are not easily articulated or may change
over time [RRS11]. Another source of uncertainty is the variability in the
features of the alternatives themselves. For instance, the actual flight time for
different flight options can vary due to factors like delays, adding an element of
unpredictability to the decision-making process.

Preferences in Al are not static and can evolve based on new information or
changing circumstances. This dynamic nature of preferences necessitates adap-
tive decision-making models that can update and refine preference representa-
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tions as more information becomes available [[AT05]].

Furthermore, Al systems must often deal with conflicting preferences both
within a single agent’s criteria and across multiple agents. For example,
in a recommender system, a user’s preference for both low cost and high
quality might conflict, requiring the system to find a balance that best
satisfies both criteria. In multi-agent contexts, collaborative filtering methods
[HKBR17, ERK11, RRS15, BZM12|, ERR13| LHZ14] leverage the preferences of
similar users to infer preferences for a target user. These systems do not seek
consensus across all users, but rather use patterns in user—item interactions to
make personalized recommendations. For instance, if users with similar rating
histories liked a particular item, it is likely to be recommended to the target
user, even if it is not broadly popular.

Incorporating preferences into Al systems also involves sophisticated techniques
from fields such as optimization, machine learning, and game theory. These
techniques help in formulating the problem, modeling preferences, and finding
solutions that best meet the specified criteria [Mit21]]. For example, preference
learning algorithms can infer user preferences from observed behaviors, while
optimization methods can find solutions that maximize the overall satisfaction
of these inferred preferences [FH10].

Additionally, ethical considerations play a crucial role in preference handling
in Al. Ensuring fairness and avoiding biases are critical, especially when the Al
system’s decisions significantly impact users’ lives. For instance, in automated
hiring systems, preferences must be managed to prevent discrimination and
promote diversity [Bin18]].

2.2.1 Acquisition of Preference Information

To effectively support users in decision-making, it is crucial to understand
their preferences to determine which options they consider favorable. This
understanding involves comprehending the user’s preference relations, which
order alternatives according to their desirability =~ Common methods for
acquiring preference information include the following:

Analyzing Historical User Data: One approach is to analyze historical data
that explicitly or implicitly indicates user preferences. For example, preferences
over travel destinations can be extracted from location-aware information ob-

tained from location-based social networks, allowing for personalized travel
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package recommendations [BZWM15]. Similarly, analyzing browsing behavior
and applying text mining techniques can lead to accurate hotel recommenda-
tions [LWM™15]. However, this approach requires the availability of historical
user data and the user’s consent to use it, which might not always be feasi-
ble. Additionally, it is important to consider the appropriate time frames in the

historical data, as user preferences may change over time.

Leveraging Similar User Behavior: One can assume that, under some measure
of similarity, users with similar preferences in the past are likely to share
similar preferences in the future. This assumption underpins collaborative
filtering, a widely used approach in recommender systems [HKBR17, [ERK11]
RRS15, BZM12, ERR13, LHZ14]. Rather than aiming to satisfy the preferences
of a group or a majority, collaborative filtering constructs predictions for an
individual user by analyzing the preferences of other users who exhibit similar
behavior. These similarities can be based on past ratings, purchases, or other
interactions, and are used to identify items that the target user has not yet seen
but is likely to appreciate.

In contrast, content-based recommender systems [BKNO7]] generate recommen-
dations using only the target user’s own interaction history. These systems an-
alyze the features or attributes of items, such as genre, keywords, or technical
specifications, that the user has liked or consumed in the past, and then sug-
gest similar items. Content-based approaches do not rely on the preferences
or behaviors of other users, nor do they require a similarity metric between
users. Instead, they construct a model of the user’s interests based on item con-
tent, making them well-suited for scenarios where user preferences are unique
or where data about others is sparse. While less affected by cold-start issues
compared to collaborative filtering, content-based systems may suffer from lim-
itations such as over-specialization, where the recommendations lack diversity
and primarily suggest items very similar to those the user has already seen.

Asking the User Directly (Interactive Preference Elicitation): Directly
querying the user for their preferences is a fundamental approach in interactive
preference elicitation. Unlike methods that rely on historical data or user
similarity, this approach actively engages users in providing explicit feedback
on their preferences. While this method offers the potential for highly accurate
preference models, it also requires carefully designed interaction strategies to
balance user effort and the informativeness of responses.

This approach is particularly relevant in scenarios where user preferences
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are uncertain or noisy, necessitating structured elicitation methods to refine
decision models. Chapter 3| explores this in depth, introducing a non-Bayesian
preference elicitation framework designed to efficiently gather user preferences
while accounting for inconsistencies in responses.

2.2.2 Preferences under Certainty

Consider two alternatives, denoted as « and (3, within a set of possible
alternatives A. The expression « = [ indicates that a decision maker (DM)
weakly prefers alternative « to alternative 3, meaning « is at least as good as f3.
The weak preference relation = is assumed to be a total preorder, also known as
a weak order. This weak order is characterized by two fundamental rationality

properties:

Completeness: For any alternatives o and 5 in A, either « %=  or 5 = «a. This
means that the decision maker can always express a preference between any
two alternatives or state that they are equally preferred.

Transitivity: For any three alternatives «, 3, and v in A, if « = f and § = ~,
then « = ~. This property ensures that the decision maker can consistently rank

alternatives, allowing for ties.

The weak preference relation can be decomposed into two more specific
relations:

Indifference relation: « = § if and only if both « = 5 and § = «. This means
the decision maker is indifferent between « and . The indifference relation =
is an equivalence relation, which satisfies reflexivity, symmetry, and transitivity.

Strict preference relation: « > 3 if and only if o = § and  %# «. This indicates
that the decision maker strictly prefers « to 5. The strict preference relation >
forms a strict order, characterized by asymmetry and transitivity.

Utility Representation: A utility representation theorem provides necessary and
sufficient conditions for representing a weak preference relation 3= with a utility
function. More formally, a weak preference relation over a set of alternatives
U C A can be represented by an ordinal utility function v : &4/ — IR. This
function satisfies the following condition for any alternatives «, § € U:

u(a) >u(f) <= a=p (2.4)
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The utility function u that represents the weak preference relation is called
an ordinal utility function. These functions are unique up to a monotonic
transformation [BC19]], meaning that if two utility functions, « and «/, represent
the same preference relation =, then there exists a monotonic increasing
function h such that u(-) = h(«/(-)). This property ensures that ordinal
utility functions only establish a ranking over alternatives, without providing
information on the magnitude of preference differences.

2.2.3 Pareto Dominance

Pareto dominance is a key concept in decision-making and multi-criteria
evaluation. An alternative « is said to Pareto dominate another alternative
g if « is at least as good as 3 in every criterion and strictly better in at least one
criterion. This allows for eliminating Pareto-dominated alternatives from the

decision process, ensuring that no better alternative is overlooked.

Formally, let o and (3 be two alternatives, each evaluated according to multiple
criteria. Denote their outcomes as = (zy,...,z,) and y = (yi,...,y,), where
x; and y; are the evaluations of o and 5 on the i-th criterion, respectively. «
Pareto dominates (3 if and only if:

T >y for all ¢ (2.5)

and

T > Y for some 1. (2.6)

The Pareto dominance relation, denoted as > p, is defined such that o =p 3 if
and only if o Pareto dominates (3. An alternative is considered Pareto optimal
if there is no other alternative that Pareto dominates it. The set of all Pareto
optimal alternatives is known as the Pareto frontier or efficient set, representing
the best possible choices according to the given criteria.

Example 1. Consider three apartments, «, [3, and ~, with the following criteria:
monthly rent (where lower is better), size, and the number of bedrooms (where
higher is better). The outcomes for these alternatives are:

a: (1400, 60, 2), B: (1200, 60, 2), v: (1400, 70, 2)
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In this case, apartment « is Pareto dominated by [ since /3 has the same size
and number of bedrooms but a lower monthly rent. However, both  and ~ are
Pareto optimal since [ offers lower rent, while - provides a larger size. Therefore,
the decision maker’s choice set can be reduced to [ and -, as they represent the
non-dominated options.

Monotonic Utility and Pareto Optimality: A utility function v : [R? — IR is
said to be monotonic if, for any alternatives o and 3, the following condition
holds:

arpf = ula) > up). (2.7)

In preference elicitation, ensuring that the utility function is monotonic guar-
antees Pareto-optimality, aligning with the preferences of a rational decision
maker. This ensures that the final recommendations do not include Pareto-
dominated alternatives, which would be suboptimal.

2.2.4 Al-Driven Recommendation Systems

Traditional recommendation approaches, such as collaborative filtering [RRS15.}}
BZM12]], content-based filtering [LdGS11], and hybrid methods [BurQO2[], have
been extensively employed to predict user preferences based on historical in-
teractions. While these systems have proven effective, they can face challenges
in early-stage recommendation scenarios. In particular, collaborative filtering
methods often suffer from the cold-start problem, where recommendations are
difficult to generate for new users or new items due to the lack of sufficient
interaction data [DNNR18]. Content-based systems are less affected by this is-
sue, as they can rely on item attributes to generate recommendations even with
limited user history.

To overcome these limitations, modern Al-driven recommendation systems
have incorporated sophisticated machine learning techniques, including deep
learning, reinforcement learning, and knowledge graphs, to enhance the
adaptability and intelligence of recommendation processes [ZLJ21]. These
advancements have given rise to interactive and dynamic recommendation
paradigms, where user preferences are actively elicited rather than passively
inferred from historical behavior. One of the most significant innovations in this
area is Conversational Recommender Systems (CRS) [BGMSO05, BKNO7, BRO7,
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SZ18]], which utilize natural language interactions to refine recommendations
dynamically [GGL18].

Unlike traditional recommender systems that rely on implicit signals such
as clicks or ratings, Conversational Recommender Systems (CRS) interact
directly with users to gather explicit feedback, enabling a more adaptive and
personalized recommendation process [GLH"21]. These systems leverage
natural language and dialogue management techniques to engage users in
meaningful interactions, allowing them to express their preferences, clarify
ambiguities, and refine their choices through real-time feedback [SZ18].

A crucial aspect of CRS is their ability to elicit preferences dynamically. Instead
of relying solely on past interactions, these systems engage in conversations
where users can clarify their choices, helping the system build a more precise
understanding of their needs. This interactive approach enhances adaptability,
as CRS do not follow rigid protocols but instead determine which queries to
present based on prior responses. By selecting questions that are most likely
to yield valuable information, these systems optimize both efficiency and user
satisfaction [|ZZZ720].

Context plays a significant role in conversational recommendation. Modern
CRS integrate information such as user intent, previous interactions, and
domain knowledge to provide more relevant suggestions. By leveraging
contextual cues, these systems can refine their recommendations, ensuring that
the content or products offered align closely with the user’s immediate needs
[LZH"20]. This ability to adjust in real-time makes CRS particularly effective
in domains where preferences can shift rapidly, such as travel planning, e-
commerce, and entertainment platforms [ZCA™18].

There are several approaches to implementing CRS. Some systems rely on
predefined rules, where structured scripts guide the interaction and response
selection. Others employ statistical models that analyze patterns in user data
to predict preferences. More advanced CRS leverage artificial intelligence
techniques, such as reinforcement learning and large language models, to
create highly adaptive and intelligent recommendation frameworks [SZ18].
These Al-driven systems can maintain coherent, multi-turn conversations and
continuously learn from user interactions, improving personalization over time.
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2.2.5 Comprehensive Elicitation of the Utility Function

The classical method for eliciting a decision-maker’s (DM) preferences is rooted
in the complete elicitation of their utility function, which is accomplished
through a structured series of questions and responses [Fis67, Rai68]. The
utility function encapsulates the DM’s preferences and serves as a mathematical
representation of how they value different outcomes. The goal of this method is
to fully define the DM’s utility function so that it can be used to guide decision-
making processes and rank alternatives accordingly.

The process of utility elicitation follows a systematic approach, which can be
summarized in the following key steps:

1. Identifying the Structure of the Utility Function: The first step is to
define the foundational properties of the utility function. This includes
determining the number of decision criteria, the range of possible
outcomes (outcome space), and assessing preferential independence
among criteria. Preferential independence refers to situations where the
DM’s preference for one criterion does not depend on the levels of other

criteria, simplifying the construction of the utility function.

2. Comprehensive Parameter Assessment: Once the basic structure is estab-
lished, the next step is to determine the specific parameters of the utility
function. This is typically done through detailed interviews or question-
naires, where the DM is asked to evaluate different trade-offs, express
their preferences, and assign values to different outcomes. The goal is
to precisely quantify the DM’s preferences in a way that fully specifies
the utility function, allowing for clear, quantitative comparisons between
options.

3. Consistency and Sensitivity Analysis: After the utility function has been
formulated, the responses provided by the DM are checked for internal
consistency. Inconsistencies may arise when the DM’s answers contradict
each other, which can indicate confusion or misunderstanding during
the elicitation process. If inconsistencies are found, the DM is asked to
review and revise their answers. Sensitivity analysis is then performed
to examine how changes in inputs (such as slight variations in the DM’s
preferences) affect the final utility function. This ensures that the utility
function is robust and accurately reflects the DM’s true preferences.

Once fully defined, the DM’s utility function can be employed to generate
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optimal recommendations or to rank a set of alternatives that align with the
DM’s preferences. The utility function serves as a powerful decision-making
tool, as it mathematically encapsulates how the DM values different outcomes.
However, due to the complexity and effort involved in its construction, this
approach is most useful when the utility function can be reused in the long
term or applied to a variety of recommendation problems.

Despite its theoretical appeal, this process can be challenging in practice. Re-
search with real users has shown that fully eliciting a utility function can be
a cognitively demanding and error-prone task [[TK74, PC08]. Humans often
struggle with making consistent judgments, particularly when faced with com-
plex decision problems involving trade-offs between multiple criteria. This pro-
cess can also become prohibitively expensive in terms of the number of ques-
tions required to fully specify the utility function, especially in combinatorial
domains where the number of potential alternatives grows exponentially with
the number of criteria involved.

For instance, in multi-criteria decision-making scenarios, where many factors
are considered simultaneously, the number of possible alternatives can increase
rapidly. As a result, learning the DM’s preferences across every point in the
utility function may be impractical. In these cases, alternative approaches such
as Bayesian methods for preference elicitation can be employed. Bayesian
techniques aim to model the uncertainty in the DM’s utility function by
representing it as a probability distribution over possible parameters of the
value function. Instead of attempting to specify the utility function in
full, Bayesian methods incrementally update the model based on observed
preferences, thus reducing the cognitive and computational burden on the DM.

In summary, while the complete elicitation of a utility function offers a
rigorous and precise way to capture a DM’s preferences, it is often challenging
to implement in practice, particularly in complex decision environments.
Therefore, it may be more appropriate in situations where the utility function
can be reused or where decision support needs are long-term. In other contexts,
more flexible and scalable methods, such as Bayesian approaches, may offer a
more practical solution for preference elicitation.
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2.2.6 Interactive Optimization

Interactive optimization is a well-established approach commonly used in multi-
criteria decision-making. It enables the decision-maker (DM) to explore Pareto-
optimal alternatives through iterative interactions, without needing to evaluate
every possible option upfront (see, e.g., [[SS78| Kor05, BLL20, VLBB24]). This
method allows the DM to gradually refine their preferences by interacting with
the system, which uses the information provided to guide the search for optimal
solutions.

In interactive optimization, it is typical to adopt a parameterized form of the
DM’s utility function. This parameterization reflects different preference sce-
narios, and the constraints applied to these parameters evolve based on the
feedback gathered from the DM during the interaction. As the DM provides
additional preference information, the system adjusts these parameters, nar-
rowing down the search space for optimal alternatives. Common utility func-
tions employed in this context include linear scalarizing functions, such as the
weighted average method (discussed in sub-section [2.1.2.2]), and Chebyshev
scalarizing functions, which focus on minimizing the distance from an ideal
utility vector [Wie80].

Methods that progressively interact with the DM to reduce uncertainty about
the utility function are also known as incremental methods [BP15, BGI5,
LB11b]. These methods aim to recommend alternatives without requiring a
fully specified utility function from the outset. Instead, they rely on minimizing
uncertainty or using decision criteria like the minimax regret criterion (see
Section[3.2)) to guide the selection of optimal alternatives. In some cases, these
incremental methods can guarantee optimal recommendations even without a
complete utility function.

Typical Interactive Optimization Process: A typical interactive optimization
approach can be broken down into the following steps:

1. Computation: The system generates a set of solutions that belong to the
Pareto frontier, which represents the set of non-dominated alternatives
where no improvement in one criterion can be made without sacrificing
performance in another.

2. Interaction: The system presents a subset of these Pareto-optimal solu-
tions to the DM, prompting the DM to provide new preference infor-
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mation, such as preferences between alternatives or adjustments to their
stated criteria.

3. Termination: The process continues iteratively until either the DM decides
to stop, or a pre-defined stopping criterion is met, such as a sufficient level
of preference clarity or a maximum number of iterations.

Preference Elicitation Techniques: Different strategies have been developed
to generate queries for the DM during the interactive process [[SR91]. One
classic approach involves asking the DM to compare alternatives directly,
specifying their preferences between two or more options [[ZW76, [SC83]. The
responses help refine the preference model by reducing uncertainty about the
DM’s utility function. Another common technique involves asking the DM to
define aspiration levels or make interval judgments.

Aspiration levels serve as reference points that reflect the DM’s desired
outcomes for specific criteria. For example, the DM might specify that they
want a certain minimum performance in one criterion while being more
flexible in others [Wie80, .SZ92]]. Interval judgments require the DM to make
trade-offs between different criteria, expressing preferences in relative terms,
such as stating that one criterion is at least twice as important as another
[[SH92, KM97].

Advantages and Challenges of interactive optimization: Interactive opti-
mization has several advantages. One key benefit is that it does not require
the system to explore or consider the entire set of possible alternatives. The
information learned through interactions can be reused for new sets of alterna-
tives that may not have been part of the initial elicitation process, making this
method especially useful for complex, large-scale decision problems. It is also
highly effective in cases where the alternatives are represented by a combinato-
rial problem, providing a structured way to explore the Pareto frontier without
overwhelming the DM with choices.

However, one major drawback of interactive optimization is that it often
requires numerous interactions with the DM to identify a solution that fully
satisfies their preferences. As the number of queries increases, so does the
risk of introducing inconsistencies in the DM’s responses, particularly when
their true preferences are not well-defined or when the problem is highly

complex. The accumulation of inconsistent information can lead to inaccurate
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recommendations or misrepresentation of the DM’s actual preferences.

To address this challenge, the literature has proposed several methods for
managing inconsistent preference data. Common solutions include approaches
that use Bayesian models to represent uncertainty in the DM’s preferences,
allowing the system to handle inconsistencies probabilistically. Alternatively,
some methods focus on minimizing an error function that measures deviations
between the collected preference data and an idealized model of the DM’s utility
function. Another option is to start the process with a predefined utility function
that is incrementally updated as the DM provides additional feedback, as seen
in methods like [DTP18].

Recent research has also explored the use of machine learning techniques for
preference elicitation. For instance, [MW16] demonstrated the use of support
vector machines to estimate the DM’s utility function based on their responses,
while [DTP18] developed a method that starts with a pre-configured utility
function and refines it iteratively based on the DM’s input.

Interactive Optimization Interfaces: Implementing interactive optimization
systems requires designing intuitive user interfaces that allow the DM to easily
provide feedback and view the results of their input (see, e.g., [Kli92, Bly02,
TMHI13]). A well-designed interface can significantly improve the decision-
making process by making it easier for the DM to understand the consequences
of their preferences and decisions. Furthermore, if inconsistencies in the DM’s
responses are detected, the interface can notify the DM directly and request
clarification, reducing the likelihood of error propagation.

In conclusion, while interactive optimization offers a powerful framework for
multi-criteria decision-making, especially in complex or large-scale problems, it
requires careful management of DM interactions and the risk of inconsistency.
Continued advancements in preference elicitation techniques and user interface
design are critical for improving the effectiveness and user experience of
interactive optimization systems.

2.2.7 Bayesian Preference Elicitation

Bayesian preference elicitation is a powerful approach that addresses the
uncertainty inherent in modeling a decision-maker’s (DM) utility function.
In this framework, the uncertainty is represented through a prior probability
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distribution, which can be estimated using data from other users with similar
preferences or historical data. This prior serves as an initial belief about the
DM’s preferences when no direct input from the DM is available. Based on
this prior, the system can recommend alternatives by choosing the one that
maximizes the expected utility. This strategy is reasonable when no other
specific information about the DM’s preferences is yet known.

However, in scenarios where interaction with the DM is possible, the system can
improve the accuracy of the utility function through a process of incremental
elicitation. This involves asking the DM targeted questions to refine the utility
model over time. Each interaction is used to update the belief about the DM’s
preferences, reducing uncertainty and making future recommendations more
aligned with the DM’s true utility function (see, e.g., [CKPOO, BB06]).

Value of Information in Bayesian Elicitation: A key concept in Bayesian
preference elicitation is the value of information, which is used to assess the
importance of a query. The value of information measures how much a specific
query can increase the expected utility of future recommendations. In other
words, a query is deemed valuable if the DM’s response to it significantly
enhances the understanding of their utility function. This means that queries
with higher values of information are prioritized, as they are more likely to
yield useful insights into the DM’s preferences.

Despite its theoretical appeal, calculating the exact value of information for
a given query can be computationally prohibitive. This is because it would
require considering all possible future queries and responses, which creates
an enormous computational burden, particularly in complex decision-making
environments (see, e.g., [BouO2]). To address this, a more practical approach
often used is a myopic strategy. In this strategy, the value of information is
calculated based on the immediate impact of a DM’s response to a single query,
rather than considering all possible future interactions. The expected utility
is compared before and after the DM’s answer, simplifying the computational
demands while still guiding the system to meaningful interactions (see, e.g.,
[VB10]).

Advantages of Bayesian Preference Elicitation: Bayesian preference elici-
tation has several distinct advantages, particularly in the context of interac-
tive decision-making. First, it allows for personalized and highly relevant rec-

ommendations with a limited number of interactions. Rather than requiring
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the DM to provide extensive preference information upfront, the system can
learn incrementally, tailoring its recommendations as it gains more insight.
This makes it efficient and user-friendly, as it minimizes the cognitive load
on the DM while still converging toward an accurate utility model (see, e.g.,
[GS10, VB10]).

Another strength of the Bayesian approach is its robustness in handling in-
consistent or incomplete preference information. Unlike some other elicita-
tion methods that discard or override previous inputs when a conflict arises,
Bayesian models treat new information as a refinement of the probability dis-
tribution over the DM’s preference space. This means that even conflicting
responses can be incorporated without excluding possible preference models,
providing greater flexibility and resilience in the face of ambiguity or noise in
the DM’s inputs.

Challenges and Practical Considerations: While the Bayesian framework of-
fers many theoretical benefits, it also presents practical challenges, particularly
when it comes to selecting the optimal queries for the DM. Even with the use
of myopic strategies, the process of query selection can still be computationally
intensive due to the need to continuously update and compute expected util-
ity. To mitigate these challenges, approximate methods are often employed. For
example, Monte Carlo techniques can be used to approximate the value of infor-
mation by simulating different possible outcomes and computing the expected
changes in utility (see, e.g., [Vial2, VLHB20]). These techniques allow for a
more feasible implementation of Bayesian preference elicitation in real-world
applications, striking a balance between precision and computational efficiency.

Despite these advances, another challenge lies in establishing a reliable prior
probability distribution, especially in cases where little or no relevant data is
available. In such situations, it may be difficult to accurately represent the
DM’s initial preferences, leading to a slower convergence towards an optimal
utility model. Moreover, the prior may not always be well-suited for all DMs,
particularly when their preferences diverge significantly from the norm or when
they are dealing with highly unique decision problems.

Bayesian preference elicitation is a flexible and powerful method for modeling
and refining a DM’s preferences through iterative interactions. It balances the
need for personalized, accurate recommendations with the practical constraints
of limited interaction time and computational complexity. By focusing on
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the value of information, Bayesian approaches prioritize the most informative
queries, allowing systems to rapidly hone in on the DM’s true utility function
with minimal effort on the part of the user. However, the challenges of query
selection and prior distribution estimation mean that practical implementations
often rely on approximate methods to ensure efficiency and usability. Despite
these challenges, Bayesian preference elicitation remains a widely adopted
approach for building robust, interactive decision-support systems capable of
handling uncertain and evolving user preferences.

2.2.8 Minimizing the Error Function

In preference elicitation, a common approach involves estimating a decision-
maker’s (DM) utility function by minimizing an error function based on the
DM’s input preferences. Various methods in the literature focus on this
approach, aiming to fine-tune the parameters of a utility function to best match
the given preference information. One notable class of methods following this
strategy is known as Utilité Additive (UTA) (see, e.g., [SGM™05, [SGMP18]),
where the objective is to construct an additive utility function from a set of
input preferences provided by the DM.

Typically, these input preferences could be expressed in various forms, such as
a weak ordering of a subset of alternatives or specific information about the
relative importance of certain criteria. The goal is to estimate the parameters of
a utility function by solving a constrained optimization problem that minimizes
the discrepancy (or error) between the observed preferences and the predicted
utility values. This is often referred to as minimizing a utility error (see, e.g.,
[MROS5]).

UTA Method and Its Considerations: The UTA method is particularly useful
for handling cases where the DM’s preferences can be represented in an additive
form, where the utility of each alternative is the sum of the utilities across
different criteria. By minimizing the error function, the system fine-tunes the
utility function so that it aligns with the DM’s preferences. However, a challenge
with this approach is that the more preference data provided by the DM, the
greater the likelihood of inconsistencies arising. These inconsistencies can
make it difficult to obtain an accurate utility model unless proper inconsistency
management techniques are employed. Without a mechanism to handle
inconsistent inputs, the model’s robustness may be compromised, leading to
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suboptimal recommendations.

Another limitation of this approach is the somewhat arbitrary nature of the
error function used for optimization. Common choices include quadratic error
(see, e.g., [MRO5]) or variance minimization (see, e.g., [KojO7]). The choice
of error function can significantly affect the results, yet there is often no clear
rationale for selecting one over another, which introduces potential bias in the
utility estimation process.

Support Vector Machine (SVM) for Preference Learning: A more modern
variation of utility function estimation leverages machine learning techniques,
such as the use of support vector machines (SVMs) to model preferences. In the
work of [MW16]], SVM is applied to estimate a weighted sum utility function,
where the weights represent the relative importance of different criteria. SVM
is typically used for binary classification, and in this context, it helps in defining
a hyperplane in a multi-dimensional space (R’) that separates two classes of
preferences, those indicating that one alternative is preferred over another.

In practice, this method involves presenting the DM with binary preference
queries such as “Is alternative a better than alternative b?” Each response
is mapped to a point in a multi-dimensional space, and the SVM algorithm
determines the hyperplane that best divides the positive responses (yes) from
the negative ones (no). Once the hyperplane is learned, it can be used to
rank a set of alternatives according to the inferred utility function, making it
a powerful method for preference learning in an interactive environment.

Robust Ordinal Regression: A more general and flexible approach to utility
function estimation is robust ordinal regression, which extends the principles
of UTA by considering all sets of parameters that are consistent with the DM’s
preference information (see, e.g., [GSFM10, [GMS14]). Rather than focusing
on a single utility function, robust ordinal regression seeks to account for
multiple possible utility functions that fit the input preferences, creating a more
comprehensive representation of the DM’s uncertainty.

This method generates a set of linear constraints that capture the conditions
under which the preference information holds. The outcome is not a precise
utility function but rather a family of utility functions, any of which could
plausibly reflect the DM’s true preferences. As a result, robust ordinal regression

can offer a more flexible and reliable model, particularly when the DM’s
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preferences are complex or uncertain. However, a downside is that this
approach may require a larger amount of input data to achieve a meaningful
approximation of the DM’s utility function. The greater the uncertainty in the
utility function’s structure, the more data is necessary to refine the model and
reduce ambiguity.

Advantages and Challenges: The main advantage of these approaches,
including UTA and robust ordinal regression, lies in their ability to work with
limited initial preference information and iteratively refine the utility model.
By minimizing an error function, the system can progressively align its utility
estimates with the DM’s actual preferences. These methods are particularly
useful in decision-making scenarios where the utility function is unknown or
difficult to specify upfront.

However, as with any optimization-based approach, there are trade-offs. The
quality of the final utility function depends heavily on the choice of the
error function and the amount of input data. Too little data may lead
to an inaccurate or incomplete utility model, while too much data could
introduce inconsistencies that degrade the model’s performance. Additionally,
the computational complexity of some of these methods, especially those
involving SVMs or robust ordinal regression, can pose challenges in real-world

applications where decision-making needs to be efficient and scalable.

In conclusion, minimizing an error function is a central approach in preference
elicitation, offering a structured way to estimate utility functions based on the
DM’s preferences. While various methods like UTA, SVM, and robust ordinal
regression provide powerful tools for refining utility models, they must be
carefully managed to avoid inconsistencies and ensure robustness in practical
decision-making settings.

2.3 Parameterized Preferences

In decision-making contexts, user preferences are often uncertain, particularly
in multi-criteria or multi-objective problems. This uncertainty stems from the
challenge of accurately defining a decision-maker’s (DM’s) utility function,
which is a task prone to error. As a result, modern preference elicitation systems
rely on multiple preference models, each parameterized by a set of scenarios,
denoted as 4. Each scenario w € U represents a specific configuration of
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the parameters underlying the utility function, yielding a corresponding utility
function u,, that can be used to compare alternatives.

Consider a scenario where the set of available alternatives is denoted by A. If
the true scenario w € U were known, representing the DM’s actual preferences,
then it would be possible to select the best alternative from A based on the
utility function u,. More precisely, each utility function w,, associated with
a scenario w € U induces a weak preference relation -, over the set of
alternatives. Thus, a scenario w can be seen as a model of the DM’s preferences
that aligns with the available preference information. However, due to the
uncertainty in the DM’s preferences, we often deal with a non-singleton set ¢/
of possible scenarios, each representing a different user preference model.

The main objective of a parameterized preference elicitation system is to
reduce the uncertainty regarding the DM’s preferences by narrowing down
the set /. This set contains the potential parameters that define the utility
function. Common utility functions utilized in such elicitation systems include
the weighted sum function, the ordered weighted average (OWA) function
(e.g., [Yag88]]), and the Choquet integral (e.g., [GPS10]).

In the context of social choice, utility functions are often referred to as
social choice functions or rank aggregation functions (e.g., [LB11al]). Here,
the preferences of individual voters are typically represented as rankings of
alternatives, and the goal is to aggregate these preferences into a consensus
alternative or ranking. Popular social choice functions include the Plurality
Rule and the Borda Count (e.g., [FSST17, 1.S23]]).

Parameterizing preference models provides a way to systematically explore
different scenarios, each capturing a potential configuration of the DM’s utility
function. Preference elicitation techniques aim to progressively reduce the
number of feasible scenarios until the system can make a well-informed
recommendation. These methods often enable the system to recommend an
optimal alternative, even when the DM’s utility function is not fully known.

2.3.1 Bayesian vs. Qualitative Approaches in Parameterized
Preference Models
There is a significant distinction in the literature regarding how uncertainty

in preference models is treated. On one hand, Bayesian approaches assume a
probabilistic model over the parameters of the utility function. These methods,
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such as those in [[CKP0OO], [Bou02], and [VB10], offer a structured way to
handle uncertainty by updating the probability distributions based on new
information. A common approach in this framework is to maximize the
expected value of information (EVOI), either through a myopic or sequential
process. Bayesian approaches are advantageous due to their robustness to
inconsistent preference inputs, although they often come with significant
computational costs, particularly for complex combinatorial alternatives.

On the other hand, qualitative approaches rely on logical, often rule-based,
representations of uncertainty. This line of research includes methods such
as those in [BPPS06], [VB09], [BB12], and [MRW13]. These approaches
are typically computationally efficient but may suffer from sensitivity to
inconsistencies in user responses. An example of this is the minimax regret
(MMR) criterion, which ranks alternatives by minimizing the worst-case regret
across scenarios. MMR, explored throughout this thesis, is particularly useful
when the utility function is only partially known.

2.3.2 Imprecisely Specified Multi-Attribute Utility Theory and]

Minimax Regret Criterion

One of the earliest methods developed to address uncertainty in user prefer-
ences is Imprecisely Specified Multi-Attribute Utility Theory (ISMAUT), which
operates based on the weighted sum utility function. ISMAUT allows for a range
of potential utility functions to be considered, narrowing down the possible sce-
narios through incremental preference elicitation.

The minimax regret criterion (MMR) provides a framework for decision-making
under utility uncertainty. When a DM’s utility function is not precisely known,
MMR offers a method for evaluating and ranking alternatives by minimizing
the worst regret one might experience if the true utility function were known
after making a decision. This criterion is well-suited for situations where the
DM is uncertain about their exact preferences but desires to avoid significantly
worse outcomes.

In summary, parameterized preference models provide a structured way to
manage the inherent uncertainty in decision-making processes. By iteratively
narrowing down the set of possible preference models through either Bayesian
or qualitative approaches, these models allow for more informed and robust
recommendations. In this thesis, we will delve deeper into the specifics of
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ISMAUT and MMR as foundational methods for handling such uncertainty.

2.3.2.1 ISMAUT

The Imprecisely Specified Multi-Attribute Utility Theory (ISMAUT), introduced
by [ISD84], represents one of the earliest methodologies for dealing with uncer-
tain or incomplete information regarding a decision maker’s (DM) preferences.
This approach was designed for additive decision models, where the overall
utility of an alternative is the sum of weighted local utility functions for each
criterion. The key idea behind ISMAUT is to use linear inequalities to represent
the DM’s preferences and reduce the set of alternatives by eliminating those that
are dominated by others. Related works, such as those by Hazen [Haz86]] and
White [WSD84], have expanded on this concept, exploring similar challenges

in decision-making under uncertainty.

ISMAUT addresses situations where a decision maker’s utility function is
parameterized using a set of weights and evaluators, reflecting their preferences
across multiple criteria. It focuses on narrowing down both the set of possible
utility functions and the set of alternatives. This process is done incrementally,
based on the DM’s feedback and preferences, which are formalized through
linear constraints.

Model Structure The ISMAUT approach considers a finite set of alternatives
denoted by A, and an additive utility function parameterized by a weight vector
w = (wy, ..., w,) and evaluators u = (uy,...,u,). The DM’s utility function for
an alternative o € A is defined as:

Uy u(@0) = zp:lwiui(oz) =w - u(a) (2.8)

Here, w represents the trade-offs between different criteria and is constrained to
be a point within the unit (p — 1)-simplex, i.e., w € {w € R? : w; > 0,57, w; =
1}. The function v : A — IR” maps each alternative to a p-dimensional vector
of evaluations.

The goal is to refine the feasible set of parameters by gathering preference
information from the DM, which is used to eliminate less favorable alternatives.
This information can be classified into three main categories:

Weight Constraints: The DM can specify relationships or bounds between the
weights of different criteria (e.g., Weost > Wiime OF Wiime € [0, 0.5]), thus reducing
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the feasible space of the weight vector W.

Evaluator Constraints: These constraints relate to the values of specific
criteria. For instance, the DM can express preferences like wu..s(cheap) >
ucost(€xpensive) or define bounds on the utility values, such as wcos(cheap) €
[0,0.2].

Pairwise Comparisons: If the DM prefers one alternative over another, this
preference can be translated into a linear inequality, w - u(a) > w-u(8). The set
A ={(a,p) € AXA:«a = [} captures these comparisons, which further restrict
the set of possible parameters.

Thus, the aim is to refine the feasible set of utility functions ¢/ and consequently
reduce the set of undominated alternatives. As more preference information
is obtained from the DM, the size of the feasible parameter set I/ decreases,
which in turn reduces the set of undominated alternatives. Several studies,
such as [ILCO1] and [GKO3]], have built upon ISMAUT by simplifying the
parameterization of the utility function, focusing solely on the weight vector w.
These approaches typically assume that the single-criterion evaluators are fixed,
and the DM’s preferences are elicited through a series of binary comparisons
between alternatives. The response to each query is translated into a linear
constraint, further narrowing the set of feasible weight vectors.

2.3.2.2 MMR

The Minimax Regret criterion, as introduced by Savage [Sav72]] and further
explored in decision theory and robust optimization [KY13, |Ger98]l, is a funda-
mental approach used to tackle decision-making problems under uncertainty.
More recently, its application has expanded to fields such as artificial intelli-
gence (Al), where it serves to assess alternatives for decision-making scenarios,
including recommendations and predictions. In these cases, uncertainty typi-
cally revolves around unknown or partially known parameters within a deci-
sion model [SHO1, Bou02|, BPPS06, BBO6]]. The criterion aims to minimize the
worst-case potential loss, given the uncertainty about the true utility function
parameters, represented by a set of feasible scenarios ¢/. This makes the min-
imax regret principle a suitable and robust method for evaluating alternatives
in decision-support systems.

Within AI, the minimax regret approach is extensively used in the elicitation
of preferences, such as determining multi-attribute utilities [WBO03, BB12,
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BP15] or resolving preference-related problems in ranking and voting contexts
[LB11b, BDPV16, BPV17]. One of the key benefits of this method is its
capacity to reduce cognitive load on decision-makers by posing simple, targeted
preference queries, rather than requiring them to define complex utility
function parameters upfront. The effectiveness of this approach has been
demonstrated through various studies, including those involving real-world
users [[BB10].

For simplicity, we assume a set of parameters ¢/ C IR?, which is closed and
bounded. For any scenario w € U, a continuous utility function w,,(«) is defined
for each alternative o« € A. However, the definitions that follow can be extended
to more general sets of parameters ¢/ and utility functions w,, by replacing

max,ey With sup,,¢,-

Pairwise Max Regret (PMR): The Pairwise Max Regret (PMR) of an alterna-
tive « relative to another alternative $ within the set W C Uf is defined as:

PMRyy (a1, 3) = mage(i,(3) = (). 29)

The PMR,y, value represents the worst-case loss, across all feasible utility
functions w,, given by W, that results from choosing « over . If PMRyy(a, §) <
0, this implies that u,,(a) > u,(8) for all w € W, meaning « is at least as good
as (3 given the available preference information.

Max Regret (MR): The Max Regret (MR) of an alternative « relative to a set
of alternatives A C A is given by:

MRyy(a, A) = rggchMRw(a, B) (2.10)

This value represents the worst-case loss for recommending « instead of any
other alternative in A, across all possible scenarios V. It provides an upper
bound on the loss in utility associated with selecting o over any other option in
the set of alternatives.

Key Properties of Max Regret. Two well-known properties of max regret are
stated below, with proofs included for completeness.
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Lemma 2.3.1. Let A C A be a finite set of alternatives and a € A. For W C U,

Proof. Since a@ € A and the regret is maximized over all alternatives 5 € A,
setting = « gives u, () = u,(8) = 0 for any w € W. Therefore:

MRy (a, A) = I}'jleajicPMRw(Oé, e))
= max max(uy (§) — vw(a)) (2.11)

> w — Uy =0
> gg?(ﬁgle%(u (8) = uw(a))

O

Lemma 2.3.2. Let A C Aand o € A. For W C U, MRyy(a,A) = 0 if and only if
U () > uy(B) for allw € W and g € A.

Proof. Following Lemma |2.3.1, MRy, («,A) > 0. Therefore, MRyy(a,A) = 0 only
when the inequality w, (o) > u, (/) holds for every scenario w € W and every
alternative 3 € A. O

Minimax Regret (MMR): The Minimax Regret (MMR) for a finite set of
alternatives A is defined as:

MMRyy(A) = min MRyy(c;, A) (2.12)

The MMRy(A) represents the smallest possible maximum regret one can
achieve by selecting the best alternative from A under the worst-case scenario.
Selecting the alternative that minimizes the MMR,, offers the most robust
choice under uncertainty, as it provides the least amount of regret across all
possible scenarios in W.

When the utility function w, is linear, with respect to the parameters in
W C IRP, the maximization of regret occurs at one of the extreme points
of W [KVVA17]. This insight allows for efficient calculation of the MMR.
Specifically, MMR can be computed also using linear programming, leveraging
Equation for PMR. This makes it a practical choice in complex decision-
making environments.
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2.3.3 Possibly Optimal Alternatives

In decision-making contexts, particularly those involving multiple criteria, an
alternative is considered optimal based on how well it satisfies a decision-
maker’s preferences, which are often represented by a weight vector. Specif-
ically, an alternative « is deemed optimal within a set of alternatives A with
respect to a given weight vector w if, and only if, it yields a utility that is greater
than or equal to that of any other alternative in the set. This condition is math-
ematically expressed as u(«, w) > u(3,w) for every 5 € A.

However, in real-world scenarios, the exact weight vector w representing the
decision-maker’s preferences may not be known with certainty. In such cases, it
becomes useful to consider the notion of possibly optimal alternatives, a concept
widely applied in multiple criteria decision-making and relevant literature

concerning decision problems with uncertain or incomplete preferences.

Definition 2.3.3. An alternative o € A is said to be possibly optimal in the set A,
with respect to a set of possible weight vectors W, if and only if there exists at least
one weight vector w € W such that « is optimal under w. Formally, this means
that u(a, w) > u(fS,w) for all other alternatives 5 € A. In other words, under at
least one possible configuration of the decision-maker’s preferences represented by
a weight vector w € W, the alternative o« emerges as the best choice in the set A.

We denote the set of all possibly optimal alternatives in A with respect to the set of
weight vectors W as PO(A, W). This set includes every alternative for which there

exists some w € W that makes it optimal.

The concept of possibly optimal alternatives is essential for decision-making
under uncertainty, as it allows us to identify all alternatives that could be
the best choice under some plausible preference scenario. This is particularly
valuable when the decision-maker’s exact preferences are unknown or when
they are subject to change. Rather than focusing solely on a fixed preference
structure, we broaden the search to consider a range of potential preferences,
thereby ensuring that no viable option is prematurely disregarded.

Computing Possibly Optimal Alternatives. With linear utility functions the
process of determining whether an alternative « belongs to the set of possibly
optimal alternatives PO(A, W) can be framed as a linear programming problem.
This is because verifying whether @ € PO(A, V) involves determining whether
there exists a weight vector w € W such that the utility of « is at least as large

A Non-Bayesian Preference Elicitation 40 Samira Pourkhajouei
Approach for Noisy Decision Models



2. BACKGROUND AND OVERVIEW OF
PREFERENCE ELICITATION METHODS 2.3 Parameterized Preferences

as the utility of any other alternative in A, given that particular w. Formally,
this means evaluating the feasibility of the system of linear constraints:

u(a,w) > u(f,w) for all g € A\ {a} withw e W
where w is constrained to lie within the set W of possible weight vectors.

By solving this system using linear programming techniques, we can determine
whether there exists a feasible weight vector that makes o optimal, confirming
its membership in PO(A, W). This approach assumes that WV is defined by a set
of linear inequalities, meaning that verifying whether o € PO(A, W) amounts
to checking the feasibility of a linear constraint system. Consequently, this
problem can be efficiently solved using an LP solver. As demonstrated in prior
work, such as [TW22[], this computational approach allows for the efficient
identification of possibly optimal alternatives, even in cases where the set of
alternatives and weight vectors are large or complex.

Importance of Focusing on Possibly Optimal Alternatives. The identifica-
tion of possibly optimal alternatives plays a critical role in decision-making pro-
cedures. When faced with uncertainty regarding the true preference vector, the
decision-maker’s most preferred alternative must be optimal for some weight
vector within the set )V that represents the range of possible preferences. There-
fore, by narrowing our attention to the set PO(A, W), we can focus exclusively
on alternatives that are possibly optimal, given some plausible preference sce-
nario.

This approach has several key advantages: Reduction in Complexity: By
filtering out alternatives that are not possibly optimal, we reduce the size of the
decision problem. This pre-processing step simplifies the subsequent analysis
by reducing the number of alternatives under consideration. However, in cases
where the interaction terminates early, there is a risk that a minimax regret
alternative may not be included in PO(A,)V), which could affect the final
recommendation. Thus, ensuring sufficient elicitation is crucial for maintaining
decision quality. This can be particularly useful in large decision spaces where
evaluating every alternative would be computationally expensive.

Robust Decision-Making: Since the true preferences may not be fully known,
focusing on possibly optimal alternatives ensures that no viable choice is
overlooked. This leads to more robust decision-making, where the decision-
maker retains flexibility in the face of uncertainty regarding their preferences.
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Efficiency: Identifying possibly optimal alternatives early in the process can
streamline decision support systems. Instead of evaluating all possible alterna-
tives under every possible weight configuration, which may be computationally
infeasible, decision-makers can concentrate on a smaller, manageable subset of
candidates.

In practical applications, the pre-processing step of filtering out alternatives that
are not in PO(A, W) is often a crucial first step. By eliminating these alterna-
tives upfront, the complexity of the decision-making process is significantly re-
duced. Since the decision-maker’s most preferred option must lie within the set
of possibly optimal alternatives, examining alternatives outside of PO(A, W) be-
comes unnecessary. This allows decision analysts to focus their computational
resources and analytical efforts on a subset of alternatives that are more likely

to align with the decision-maker’s true preferences.

Thus, the possibly optimal alternatives serve as a focal point in the decision-
making process, ensuring that only the most relevant alternatives are consid-
ered in further analysis, which ultimately leads to more efficient and effective

decision-making.

2.4 Preference Learning vs. Preference Elicitation

Understanding and modeling user preferences is essential for decision-support
systems, including recommender systems and multi-criteria decision-making
frameworks. Two primary approaches exist for capturing and refining these
preferences:

* Preference Learning, which infers user preferences from observed behav-
iors, historical interactions, or implicit feedback using machine learning
techniques.

* Preference Elicitation, which actively queries users to obtain explicit
preference information, often through structured interactions that refine
a decision model incrementally.

While both approaches aim to approximate a user’s true preferences, they
differ in methodology and application. Preference elicitation is often used
in multi-criteria decision analysis, where direct user input is needed to
construct a reliable preference model. Methods such as Bayesian preference
elicitation and minimax regret-based elicitation aim to reduce
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uncertainty about preferences through interactive questioning.

In contrast, preference learning is widely used in recommender systems, where
explicit preference data is often unavailable, and patterns must be inferred
from indirect user interactions [FH10]. More recent developments, such as
Direct Preference Optimization (DPO) and Reinforcement Learning from Al
Feedback (RLAIF), leverage large-scale Al models to refine preferences using
implicit learning techniques [RSM ™23, LPM™24].

2.4.1 Preference Learning Methods

Preference learning methods are widely used in Al-driven recommendation
systems to predict and model user preferences without direct elicitation.
Several well-established techniques include:

1. Collaborative Filtering ([HKBR17, [SKKRO1, ERK11, RRS15, BZM12]):
This method relies on the principle that users who have exhibited similar
behaviors in the past will likely share similar preferences in the future.
Collaborative filtering is divided into two main subtypes:

* Item-based collaborative filtering: This approach analyzes the rela-
tionships between items based on user interaction patterns. If two
items are frequently rated or purchased together by users with simi-
lar preferences, the system recommends one item to users who have
shown interest in the other.

* User-based collaborative filtering: This method identifies users with
similar preferences by analyzing their past interactions. The system
then recommends items that have been rated highly by similar users,
assuming that like-minded individuals will share common interests.

Collaborative filtering is particularly effective in situations where users
have little individual preference history, but there is a large pool of user
data to draw from. However, it may suffer from the "cold start" problem,
where recommendations for new users or new items are difficult due to
limited initial data.

2. Knowledge-Based Filtering ( [Bur02, MPBEEQS|, [UFL"24]): Unlike content-
based and collaborative filtering, which rely on historical data, knowledge-§
based filtering incorporates explicit knowledge about the user, items, and
the relationships between them to generate recommendations. This ap-
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proach is particularly useful in domains where user preferences are com-
plex or change rapidly, such as when purchasing high-involvement prod-
ucts like cars or real estate. In these cases, the system requires more spe-
cific input from the user, such as functional requirements or constraints,
which are then used to filter and prioritize items. For example, a user
looking to purchase a car might specify that they prefer electric vehicles
with a certain range and price, and the system would suggest models that
meet those criteria. Knowledge-based systems are more flexible and can
better accommodate users with specific needs or those who are new to
the system without requiring extensive historical data.

3. Content-Based Filtering ([BKNO7, LdGS11]): In content-based filtering,
recommendations are generated by analyzing the features or attributes
of items (such as products, movies, or articles) and comparing them to
the user’s preferences. These preferences are often inferred from the
user’s history of interactions, such as items they have previously liked or
consumed. The system creates a profile based on these past preferences
and suggests items that share similar attributes. For example, if a user
frequently watches action movies, the system is likely to recommend other
action-packed films. Content-based systems excel in scenarios where user
preferences are well-defined and rely heavily on detailed item descriptions
to make accurate predictions.

4. Machine Learning for Preference Learning ([FH10]): Recent advancements
in preference learning leverage machine learning models to refine recom-
mendations and decision-support systems:

* Pairwise Preference Learning: Uses user comparisons (e.g., "Do you
prefer A or B?") to train ranking models, commonly applied in
decision-support systems.

* Ranking SVMs and Neural Networks: Learn preference functions
from ranking data, improving recommendation quality [FHI10].

* Reinforcement Learning for Preferences: Dynamically adapts rec-
ommendations by interacting with users over time, balancing ex-
ploration (learning new preferences) and exploitation (leveraging
known preferences).

* Direct Preference Optimization (DPO): A recent technique that
refines Al models by directly learning from human preference data
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without requiring reinforcement learning or separate reward models
[RSM*23].

* Reinforcement Learning from AI Feedback (RLAIF): A method for
scaling preference learning by training models using Al-generated
feedback rather than human annotations [LPM™24].

These approaches allow for more efficient and scalable preference learn-
ing, particularly in Al-driven decision-making environments.

Each of these approaches has its strengths and limitations, making them
suitable for different types of applications and user scenarios. Content-based
methods are ideal for scenarios where the user’s preferences are stable and
well-understood, whereas collaborative filtering benefits from large, diverse
user populations to discover new preferences. Knowledge-based systems, on
the other hand, offer greater flexibility in handling complex, constraint-based
decisions, especially where user preferences may not align neatly with historical
patterns.

2.4.2 Relationship to Preference Elicitation

While preference learning passively infers preferences from user behavior,
preference elicitation actively engages users to refine their preference models.
The choice between the two depends on the application domain:

* In recommender systems, preference learning is more common because

direct user input is often impractical.

* In decision analysis and multi-criteria decision-making, preference elici-
tation is preferred to ensure decisions align with user objectives.

The Bayesian and minimax regret elicitation methods represent structured
frameworks where preference models are refined through direct user interac-
tions. While these approaches provide strong theoretical guarantees, they may
require more user effort than preference learning techniques.
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2.5 Reflections and Motivation for the Proposed

Approach

This chapter has outlined the foundational concepts and techniques in pref-
erence elicitation and decision-making, with a focus on multi-attribute utility
theory, interactive and Bayesian methods, the minimax regret criterion, and
the distinction between preference elicitation and preference learning. These
methods address different aspects of handling preference uncertainty and have
shaped the development of decision-support systems.

However, many existing approaches, particularly those based on Bayesian infer-
ence or strict constraint formulations, face limitations in terms of computational
cost or sensitivity to noisy input. These challenges motivate the development of

more efficient, noise-resilient methods for real-time preference elicitation.

In the next chapter, we build on this foundation and introduce a novel non-
Bayesian preference elicitation framework specifically designed to address these
limitations. This approach aims to balance efficiency, robustness, and scalability

in multi-criteria decision-making contexts under noisy user feedback.
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Chapter 3

Non-Bayesian Preference
Elicitation Under Noisy Models

This chapter presents the main component of this thesis, a novel approach
to interactive preference elicitation that can robustly manage noisy user
inputs. Developing models capable of handling such noisy input preferences
is essential in advancing artificial intelligence for interactive decision-making.
Although Bayesian models provide a robust way to manage uncertainty in
user preferences, they come with significant computational cost. The need
for frequent model updates, optimal recommendation calculations, and query
selection generates high processing demands, which restrict the practical
use of Bayesian techniques in real-time applications. Furthermore, Bayesian
approaches require an assumption of prior distributions over potential user
preference models.

This work deals with multi-criteria decision-making problems by adopting
a more qualitative approach to manage preference uncertainty. Instead of
relying on Bayesian priors, we focus on identifying the most plausible user
preference models and aim to generate a query strategy capable of finding an
optimal alternative across these models. We propose a non-Bayesian, algorithm-
driven method for recommendation and interactive elicitation, examining a
broad spectrum of possible user models and evaluating their alignment with
observed input preferences. This approach facilitates efficient query generation,
offering real-time applicability with minimal computational cost. Experimental
results indicate the effectiveness of our method, demonstrating high accuracy
in identifying the user’s preferred choice.
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3.1 Introduction

Over the past decade, artificial intelligence technologies have made significant
strides in areas like product recommendations, entertainment selection, and
service suggestions [Bly02, Bou02, [CGNS13| [CKP0OO]. Consequently, Al-driven
recommendation systems, which operate on behalf of users, must incorporate
mechanisms capable of accurately capturing and assessing user preferences
[KR93|,[SHO1, Bou02].

Incremental elicitation methods work by querying users iteratively to gather
new insights into their preferences. As users respond, the system gradually re-
duces uncertainty around their underlying preference model, often represented
by a parameterized utility function. Unlike static protocols, these methods gen-
erate queries adaptively. At each step, the system can select the most infor-
mative query based on existing user data, adapting the process dynamically to
refine the user model progressively.

The interaction continues until an optimal recommendation is identified, or a
stopping condition is met, whether due to minimized information loss, reaching
a threshold of time or cognitive load, or user fatigue. When the elicitation
process ends prematurely, the system should still provide a recommendation
grounded in the partial preference data gathered, approximating the user’s
preferences as accurately as possible [BPPS06, VB20].

To handle uncertainty in user preferences, many interactive preference elici-
tation methods rely on systematically reducing the preference space through
iterative user interaction. These methods are widely studied in decision
analysis and artificial intelligence, particularly in applications such as multi-
criteria decision-making, multi-objective optimization, and recommender sys-
tems [BPPS06, VB20, Boul3]]. One common class of methods is based on
constraint-based elicitation, where user responses progressively restrict the set
of feasible preference models until a decision can be made with high confidence.

For example, methods rooted in minimax regret rely on iteratively refining
the set of possible utility parameters by treating user feedback as constraints.
This approach simplifies model updates and allows rapid adaptation [WB03|,
BPPS06]. However, deterministic regret-based approaches assume that all
user responses are precise and consistent, which is often unrealistic. Errors
or inconsistencies in user responses can lead to biased parameter estimations,

potentially excluding the true preference model and resulting in suboptimal
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recommendations [BPPS06, BP18].

To address response uncertainty and inconsistency, probabilistic preference
models provide an alternative by representing the decision maker’s preferences
as probability distributions. These models explicitly account for noise in user re-
sponses, ensuring robustness to errors and inconsistencies. Bayesian methods,
in particular, leverage prior distributions over the unknown parameters and
refine them iteratively using Bayes’ theorem as new information is collected
[[CKP00, Bou02, |GP04, [GS10].

One foundational Bayesian approach in preference elicitation was introduced
by Chajewska et al. [[CKPOO], which employed Bayesian updating to refine
a probability distribution over a decision maker’s preferences based on their
responses to pairwise gamble queries. This model was particularly useful for
decision-making under uncertainty, as it tolerated inconsistent responses over
time by maintaining a probabilistic belief over the true utility function.

In recent years, Bayesian models have been extended to multi-objective
decision-making and combinatorial optimization, where the decision space
is significantly larger. For example, Sauré and Vielma introduced an ellip-
soidal credibility region approach, which uses a multivariate normal distribu-
tion to model uncertainty and refines the preference space in a Bayesian man-
ner [SV19]. This approach improves error tolerance while ensuring that the
model remains computationally tractable. Similarly, Vendrov et al. developed a
Bayesian query selection strategy based on the Expected Value of Information
(EVOI), which selects queries that maximize the expected reduction in uncer-
tainty about the decision maker’s preferences [VLHB20].

Within incremental preference elicitation, Bayesian methods have demon-
strated strong performance in handling noisy responses. One significant contri-
bution in this field is the work of Bourdache, Perny, and Spanjaard, who pro-
posed a Bayesian approach for multi-objective combinatorial optimization [?].
Their method assumes that preferences are modeled by an aggregation function
with uncertain parameters, which are refined incrementally using Bayesian up-
dates. This approach balances query informativeness with cognitive efficiency,
optimizing the elicitation process by using mixed-integer linear programming
(MILP) to compute expected regret minimization. By leveraging Bayesian in-
ference, their model is able to handle inconsistencies in responses, ensuring
robustness in decision-making.
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Similarly, Guo and Sanner developed a Bayesian model for pairwise compari-
son queries, demonstrating that this technique effectively reduces the cognitive
burden on users while maintaining elicitation accuracy [[GS10]. Their frame-
work uses logistic noise models to account for inconsistent answers, ensuring
that small errors in preference judgments do not drastically alter the inferred
utility function.

Despite their effectiveness, Bayesian preference elicitation methods face two
primary challenges:

* Computational complexity: Updating the posterior distribution and select-
ing optimal queries require non-trivial inference procedures, which can be
computationally expensive, especially in real-time applications.

* The choice of a prior distribution: Bayesian methods necessitate a prior
over preference parameters, which may not always be straightforward
to define in practice. In some cases, uninformative priors can be used,
but these may slow down convergence rates, requiring more queries to
achieve an accurate preference model [Bis16, TW87].

While adaptive prior selection and approximate inference techniques (such
as Markov Chain Monte Carlo (MCMC) or variational inference [[GCS™13,
HBWP12, Murl2]) can partially mitigate these issues, further research is
needed to develop scalable Bayesian preference elicitation models that balance
computational efficiency with robust handling of user uncertainty.

This chapter presents an alternative, non-Bayesian incremental elicitation
method designed to manage noisy responses efficiently. Instead of probabilistic
assumptions, this approach employs a qualitative uncertainty model, concen-
trating on the subset of preference models most consistent with user feedback.
This enables a robust elicitation process resilient to occasional user errors, while
remaining efficient in both query count and computation time.

3.2 Problem Setting

Consider a system tasked with recommending the best option to a user from
a finite set A of possible alternatives. Each alternative o € A is characterized
by a vector (a(1),«(2),...,a(p)), where each component «(i) reflects the value
of the alternative o concerning a specific criterion i. For simplicity, we assume
without loss of generality that higher values indicate better performance for
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each criterion, allowing for a straightforward comparison across options.

Utility Function We assume that the decision maker has a utility function
u: (W,A) — R, which is parameterized by a vector w € W. Here, WV represents
the space of potential user preferences, defined as the set of all normalized
non-negative weight vectors w such that >* , w(i) = 1 and w(i) > 0 for all
i =1,...,p. The utility function uses these weights to evaluate each alternative
based on the weighted average of its criteria values, representing the decision
maker’s preferences.

Given a specific weight vector w € W, the utility of an alternative « is then
calculated as u(a,w) = > ; w(i)a(i). Let w* denote the decision maker’s true
preference weights, which are typically unknown to the system. The preference
relation « > (3 indicates that the decision-maker prefers « over /3, meaning that,
for the true preferences w*, a = 3 if and only if u(«, w*) > u(B, w*). The goal is
to identify the alternative most preferred by the decision maker, specifically the
alternative that maximizes the utility function, i.e., arg max,ea u(c, w*), without
explicitly displaying all options or knowing the user’s true preference weights

w*.

Example: Consider a scenario where a user needs to choose a rental property
from a list of available options:

A={a=(12.7,53),8=(13,3,2),y = (10.5,3,2)}.

Here, each vector (a(1),a(2),a(3)) represents a property’s monthly rent,
distance from the city center, and number of bedrooms, respectively. The
criteria are scaled so that higher values indicate better performance. Suppose
the user’s preferences can be modeled by a weighted average with the weight
vector w* = (0.7,0.1,0.2), indicating a strong preference for lower rent (high
weight on the first criterion) with moderate consideration for proximity and

room count.

The utility function u(a;, w*) outputs a real number representing the user’s score
for each property. Given this model, the most preferred property will be the one
with the highest utility score. Calculating this:

u(a,w*) =12.7x 0.7+ 5 x 0.1 4+ 3 x 0.2 = 9.99,
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w(B,w*) =13x 0.7+3x0.14+2x0.2=9.8,

u(y,w*) =10.5 x 0.7+ 3 x 0.1 +2 x 0.2 = 8.05

Thus, the system would identify o as the user’s most preferred property.
While this example assumes known user preferences, in real applications,
these preferences are not directly accessible. Instead, interactive preference
elicitation methods can be used to approximate w* by engaging the user in
a series of comparisons. This process aims to progressively reveal the user’s
optimal choice without requiring full disclosure of all weights or alternatives
upfront.

Possibly Optimal Alternatives: An alternative « is considered optimal within
a set of options A, given a specific weight vector w, if and only if its utility
u(a, w) is at least as high as that of any other alternative /5 in A. Mathematically,
this condition is satisfied if u(«,w) > u(f,w) for all 5 € A. In other words, for
a particular weight configuration w, « is the optimal alternative if it yields the
maximum utility in the set.

The concept of possibly optimal alternatives was introduced in Chapter
where we defined PO(A, W) and discussed its significance in decision-making
under preference uncertainty. To briefly summarize, we define PO(A, W) as
the set of all possibly optimal alternatives in A, where each element of this
set is optimal for at least one weight vector within /. Here we focus only
on the alternatives in PO(A, W) because the decision-maker’s most preferred
alternative must be optimal for the true preference w*. Thus, we do not need
to consider alternatives 5 ¢ PO(A, V) and these alternatives can be filtered out
as pre-processing.

Query-Based Preference Elicitation: Our approach relies on using binary
queries, a method of gathering preference information by asking the decision
maker to compare two alternatives directly. Specifically, each query takes the
form of a pair («, 5), where «, § € A and « # 5. The question presented to the
decision-maker is simply: "Do you prefer option « or option /3?"

This query model operates under the assumption that the decision maker’s
preference between two options reflects their underlying weight vector w*.
Given a query (a, 3), the decision-maker will prefer alternative « if and only
if w*- (a«— ) >0, i.e., the dot product between w* and the difference of
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the utilities of o and /5. Conversely, if w* - (a — ) < 0, then the decision-maker
prefers 3. This direct binary comparison enables the system to iteratively refine
its understanding of the user’s preferences.

Many incremental preference elicitation approaches (e.g., [ZW76, SC83| VB20,
TVW21]) employ this style of query to progressively limit the space of feasible
weight vectors. Each answer effectively introduces a new constraint on
the possible values of the decision-maker’s weights, narrowing down the set
of viable preference models. However, adding these constraints in a rigid
manner can lead to potential inaccuracies; if the decision-maker provides an
inconsistent or erroneous response, the true preference vector w* could be
inadvertently excluded from the feasible set.

This approach to querying offers a practical and efficient means of gathering
preference information in real-time; this is particularly useful when large
sets of alternatives or criteria make exhaustive preference surveys impractical.
However, managing the impact of noise or errors in responses is critical
in maintaining the integrity of the elicitation process. Thus, adaptive and
probabilistic extensions to the binary query model—those that account for
potential inaccuracies—are areas of ongoing development and are essential for
making these systems robust in real-world applications.

User Model: Our framework adopts a straightforward user model defined by
two key parameters: the true preference vector w* € W and a noise parameter
p, where 0 < p < 1 (for example, p = 0.1). The preference vector w*
represents the user’s underlying weights across criteria, which determine their
ideal preference order, while the noise parameter p reflects the likelihood of
response inaccuracies or inconsistencies.

In each query (a, (), the decision-maker’s response aligns with their true
preference w* with probability 1 — p. Specifically, the user will choose « over
if and only if w* - (& — ) > 0 and, similarly, will prefer 5 if w* - (a« — ) < 0.
However, with probability p, the user may respond incorrectly, introducing noise
by selecting 5 over « even when w* - (o« — 3) > 0 (or vice versa).

Crucially, neither the true preference vector w* nor the noise parameter p is
directly accessible to the system. The system can only infer information about
these through the user’s responses to each query. This uncertainty in responses,
captured by the parameter p, allows the model to account for occasional
decision-maker inconsistencies, which are common in real-world applications
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due to factors like cognitive fatigue.

This model underpins the need for an elicitation approach that is resilient to
noise, enabling robust inference of preferences even when responses are not
perfectly reliable. By incorporating a probabilistic component into user mod-
eling, this framework supports iterative refinement of preference estimations,
leveraging both consistent and inconsistent responses to converge on a repre-
sentation of the user’s true preference structure.

Simplifying Assumption. To streamline our approach, we assume that for
each preference vector w, there exists a unique alternative «,, in the set A
that maximizes the utility u(«,w). For the case where A consists of random,
real-valued vectors, this assumption is generally valid and helps simplify
the mathematical notation and the overall design of the algorithms. This
assumption allows us to focus on a single optimal alternative per preference
vector without needing to handle ties or indeterminate optima. However, it
is important to note that all methods presented here could be adapted to cases
where multiple optimal alternatives exist for a given preference vector, ensuring

flexibility in application.

3.3 The Core Concept of Our Approach

Our approach is grounded in the idea of identifying a single optimal alternative
under noisy conditions and uncertain user responses. If, hypothetically, there
were a unique possibly optimal alternative o within the set A—meaning that
PO(A, W) = «, then « should be recommended, as it would be the top choice
across all possible user preference models represented by vectors w € W. This
would imply that « is also the optimal alternative for the user’s unknown true

preference vector w*.

Similarly, if we could be certain that the user consistently provided accurate
answers to all queries, and U/ represented the set of all preference vectors
compatible with these answers, and if PO(A, /) = «, then we would confidently

recommend a.

In practice, however, user responses are rarely flawless, as inconsistencies or
errors may arise due to various factors. In this uncertain setting, we adjust our
approach by focusing on the set of plausible preference vectors, denoted as I/'.
This set, U’, represents the most likely candidates for the true preference vector

A Non-Bayesian Preference Elicitation 54 Samira Pourkhajouei
Approach for Noisy Decision Models



3. NON-BAYESIAN PREFERENCE ELICITATION
UNDER NOISY MODELS 3.3 The Core Concept of Our Approach

w*, even in the presence of occasional incorrect responses. Unlike Bayesian
methods, we do not rely on any prior distribution over VV. Instead, we define
plausibility based on the similarity of user responses to those we would expect
if w were indeed w*, assuming entirely accurate answers.

To evaluate plausibility, we consider each query («, ) with a response favoring
a. We assess whether w - (a« — 3) > 0, which would indicate that « is preferred
to § under the weight vector w. The more often these conditions hold across
queries, the more likely it is that w approximates the user’s actual preference
order. This notion of plausibility is formalized through a function, mistakes(-),
which counts inconsistencies between observed user responses and what we
would expect based on each candidate vector w.

Our method thereby refines the set of plausible preference vectors by using
the observed consistency between user responses and each vector’s predicted
preference order, allowing the system to make recommendations even in the
presence of noise and uncertainty. This approach balances the need for accurate
preference elicitation with the practical limitations of noisy user feedback,
optimizing both the efficiency and robustness of the recommendation process.

The Function mistakes(w): To identify the preference vectors in W that most
closely align with the decision-maker’s observed preferences, we use a function
mistakes(w) to count the number of inconsistencies (or "mistakes") each vector
w € W would produce if it were assumed to be the true preference vector,
w*. Specifically, mistakes(w) represents the number of times that the inequality
w - (o — B) > 0 is not satisfied, given the user’s responses to each query («, 3)
when the answer indicates a preference for a.

In practical terms, each query result is checked for consistency against the
predicted preference order of the vector w. For instance, if the user indicates
a preference for a over 3 in a query (a,f3), but w - (« — ) < 0, we increase
mistakes(w) by one. This process is repeated for each query to build a
cumulative count of inconsistencies for the vector w.

However, because users may respond incorrectly due to noise, uncertainty, or
cognitive biases, we assume a probability p of making a mistake per query. That
is:
» With probability 1— p, the user answers correctly (selects the better option
according to their true utility function).
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* With probability p, the user answers incorrectly (chooses the worse
option).

If the system asks K queries, and each query has an independent probability p
of being answered incorrectly, then the total number of mistakes made by the
user follows a binomial distribution:

mistakes(w™) ~ Binomial(K, p) = B(K, p)

Note: A binomial distribution models the number of successes (or failures) in
a sequence of independent trials. In this case:

* Each query is a trial.
* The user has a probability p of making a mistake in each trial.

* The total number of mistakes is the sum of independent Bernoulli trials,
which follows a Binomial distribution.

Thus, the expected number of mistakes (mean of the binomial distribution) is:

E[mistakes(w™)] = pK
This means that, on average, the user will make pK mistakes across K queries.

Since we do not have direct knowledge of mistakes(w*) (as w* is unknown), we
can instead focus on identifying the set W, of plausible preference vectors.
This set includes those vectors w for which mistakes(w) is within a specified
threshold % of the minimum number of mistakes observed across all preference
vectors in V. By focusing on this subset, we capture the most likely candidates
for the true preference vector, thereby refining our model even in the presence
of response noise.

Finite Approximation V' of W: To make computation more feasible, we
approximate the continuous space of preference vectors VW with a finite set
of sampled points, denoted V. By reducing V¥V to a manageable subset, we
can perform calculations more efficiently while still capturing a representative
sample of potential user preferences.

In our experiments, we generate a finite subset V' of the preference space
W by randomly sampling weight vectors from a uniform distribution over
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the probability simplex. This ensures that all potential user preference
models are equally likely to be considered, preventing bias in the elicitation
process. The probability simplex constraint - w; = 1,w; > 0 ensures that the
sampled weights remain valid for multi-criteria decision-making. To maintain
computational efficiency and consistency throughout the iterative elicitation
process, we keep the same fixed set W' rather than dynamically resampling
at each step. While this approach enhances query efficiency and simplifies
preference comparisons, it also introduces a potential limitation: if the true
user preference lies outside the sampled set, the system may approximate rather
than precisely capture the user’s actual utility function.

The Set W~
plausible preference vectors based on the user’s responses, we define a subset

.n Of k-Plausible Preference Vectors To identify the most
Wk, which contains the vectors in W' that most closely align with the decision-
maker’s observed preferences. First, we determine the minimum number of
inconsistencies, denoted by p, by finding the smallest value of mistakes(w)
across all vectors w € W'. For a given parameter k > 0, the set W%, includes
all vectors w € W for which mistakes(w) < p + k. This subset captures the
preference vectors that are within a threshold % of the minimal inconsistency,
thus representing the most plausible user models. We use W, to guide query
generation, focusing on comparisons that refine our understanding of user
preferences.

It is important to note that W, depends on the specific finite set W, which
is randomly chosen. Although our notation does not explicitly reflect this
dependence, it is an important factor influencing the composition of W¥. .

We define that two preference vectors w and w’ differ on a query («, 3) if one
of the following holds: (a) w-a>w-fandw'-a<w'-B,or (b) w'-a > w5
and w - « < w - 5. This condition helps illustrate the degree to which different
preference vectors align with or diverge from the true user preference w* in
response to specific queries.

This framework provides insights into the structure of W¥. as we collect more
responses through successive queries, gradually refining the set to include only
the most consistent preference models. This narrowing of plausible models
becomes essential in efficiently converging on the user’s true preferences within
a finite and computationally practical space.

Proposition 1. Let w € W. Consider a sequence of queries, and let K, be the
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number of queries in the sequence in which w and w* differ. Let the random
variable X be equal to mistakes(w)—mistakes(w*). Then X" ~ K, —2B(K,, p),
where B(K,, p) is a binomial distribution with K, experiments and probability
of success p. The expected value EX"'] of X is equal to K, (1 — 2p), and the

standard deviation of X" equals 2,/ K,p(1 — p).

Proof: Let us label the queries in the sequence on which w and w* differ as
(i, 5;) for i = 1,...,K,, and let the Boolean random variable e; be such
that e; = 1 if and only if the user answers query («;,3;) incorrectly. The
variables e; for i = 1,..., K, are independent with Pr(e; = 1) = p. If
e, = 1 then mistakes(w*) is incremented and mistakes(w) is unchanged, so
mistakes(w) — mistakes(w*) is decremented; and if e; = 0 then mistakes(w)
is incremented and so mistakes(w) — mistakes(w*) is incremented. So, in
both cases, X" changes by 1 — 2e;. (For the other queries, on which w and
w* do not differ, mistakes(w) — mistakes(w*) is unchanged.) Thus, X" =
mistakes(w) — mistakes(w*) is equal to YK (1 — 2e)), ie., K, — 2 K+ e,.
Therefore, Xf ~ K, —2B(K,, p), because Y Ku e, has the binomial distribution
B(Ky, p)-

The expected value of >"X* e; is K,,p, and so E[X"'| = K,,(1 —2p). The variance
of e; is equal to E[(e;)?] — (E[e;])?> = p — p?, and so the variance of X", which
equals the variance of 23 %" e;, is 4K,,p(1 — p); hence the standard deviation
of X*" is equal to 2,/ K, p(1 — p). O

Using the notation of Proposition [I] we have the following consequence.
Corollary 1. Assume w* € W'
() If X" > rthenw ¢ W

min®

(i) If w € W, and K, (1 — 2p) >  then the random variable X is at least
Kuw(1-2p)—k
Kuwp(1—p)

standard deviations less than its mean.

Proof: (i) Assume XZ* > k. Since w* € W we have mistakes(w*) > u. Then
mistakes(w)—pu > mistakes(w)—mistakes(w*) = X" > r, so mistakes(w)—pu > &,
and thus, w ¢ W

mzn

v implies X¥" < k. By Proposition [1, the random
variable has mean K, (1 — 2p) and standard deviation of 2/K,p(1 — p), and

(ii) By part (), w € W,

Ko(220) Xy > Ku(-2p)-r , SO Xf is at least £=U0=29)=% ctandard deviations less
2\/Kuwp(1=p) — 2y/Kup(1-p) 2/ Kuwp(1—p)

than its mean. U
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Corollary [I|implies that the w (in W) with high K, will tend to not be in W, ..

Indeed, if K, is high then K, (1 — 2p), the expected value of Xf, is high too.
By Corollary [1|(i), this means that w is not in W

In particular, if w* was in W and x was small (such as x € {0,1,2}), then it

is very unlikely for w to be in W, unless K, is fairly small. This is because

man

if w were in W~

min

then, by Corollary [I|(ii), we would have the approximately

normally distributed random variable X~ being at least £=U=22)=*¢ grandard
y w 8 2¢/Kuwp(l—p)

deviations less than its mean. For instance, with x = 2 and p = 0.1 and K, = 10
(respectively, K,, = 15), Xf will be more than 3 (respectively, 4.3) standard

deviations from its mean.

The following result, which is quite similar in its proof to Proposition I} is useful
for the case when w* ¢ W'.

Proposition 2. Let v, w € W. Consider a sequence of queries, and, for u € {v,w}
let K, be the number of queries in the sequence in which u and w* differ; let
K? be the number of queries in the sequence in which w differs from both w*
and v (and so v and w* agree), and define K analogously. Then K, — K, =
K? — KY. Let the random variable Z,, be equal to mistakes(w) — mistakes(v).
Then Z', = X¥ — XV, and Z", ~ (K, — K,) — 2B(K", p) + 2B(KY, p), with

the two binomial distributions being independent. The expected value E[Z.] of
Z) is equal to (K, — K,)(1 — 2p), and the standard deviation of Z, equals

2,/(Ky + K2)p(1 — p) < 24/ (K + K,)p(1 — p).

Proof: K,, can be written as K, + L, where L is the number of queries in which
w and v both disagree with w*. Similarly, K, = K\+ L, so K, — K, = K}, — K"
and K, > K > 0and K, > K > 0.

Let us label the queries in the sequence on which w differs from both v and w*
as («;, 5;) fori = 1,..., K, and let the Boolean random variable e; be such that
e, = 1 if and only if the user answers query («;, ;) incorrectly.

Similarly, let us label the queries in the sequence on which v differs from both
w and w* as (o, 8}) for j = 1,..., K%, and let the Boolean random variable €
be such that €, = 1 if and only if the user answers query (o, ;) incorrectly.

If v differs from both w and w* on a query then w agrees with w*; hence,
the variables e; for i = 1,..., K and the variables €} for j = 1,..., K},
do not overlap, and so are all mutually independent, with Pr(e; = 1) =

Pr(e; = 1) = p. Also, Z;, is equal to YRl — 2e) — Zﬁ;(l — 2e}) =
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K} —KY—2 Zﬁi e +2 Zf:wl e, e, K,—K,—2 Zﬁi e +2 Zf(:wl e}. Therefore,
Z, ~ K, — K, —2B(K!,p) + 2B(K}Y,p), involving independent binomial

distributions, i.e., binomial distributions on independent variables.

The expected value of each e; and €} are both p, and their variances are both
p(1 — p). Hence, the expected value of Z is K" — 2K'p — K + 2K"p =
(K — K2)(1 — 2p) = (K, — K,)(1 —2p). And the variance of Z is
Ap(1 = p) K3, + 4p(1 — p) K = 4p(1 — p)(K, + K7) < 4p(1 — p)(Ku + Ko),
and so the standard deviation of Z; is at most 2\/ (K + Ky)p(1—p). O

Even if w* ¢ W', the expected value of Z', = X“ — X“ = mistakes(w) —
mistakes(v) is equal to (K, — K, )(1—2p) (for w,v € W), by Proposition 2} also,
the standard deviation of Z; increases only proportionally with 2,/K? + K¥ <
2v/'K, + K,. Random variable Z' is approximately normal, as a difference
between two independent distributions that are approximately normal. Thus,
if K, is substantially larger than K, then Z; will very likely be greater than &,
Thus, W~

and so w will then not be in W~ )., will tend to contain the w € W

min*
with smallest K, i.e., that differ on fewest queries with the true model w*.
More generally, the weights vectors w that order the alternatives in A most
similarly to how w* orders them, will tend to be in W, | increasingly so as
we ask more queries. Therefore, the most plausible user models w, i.e., those
most likely to be the true user preference model w* (or close to it), are those
with smaller values of mistakes(w), which is why W% . may be considered as
consisting of the most plausible user preference models.
As the iterative query process progresses, preference vectors w that order the
alternatives in A in a way that closely resembles the ordering given by the true
preference vector w* will increasingly populate the set W%, . Consequently,
the most plausible user models—those that are likely to approximate or match

w*—tend to have lower values of mistakes(w). This makes WX, a subset

min
representing the most plausible user preference models, effectively narrowing
down the feasible options as more queries are answered and inconsistencies are

minimized.

Stopping Criterion: Our algorithm leverages the refined set WE. | specifically
with values of &k ranging from O up to a chosen threshold %, which we set at
k = 2 in our experimental framework. The algorithm’s stopping criterion is
met when all models within Wk

min

unanimously agree on the most preferred
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alternative a. In formal terms, this condition is expressed as PO(A, WE. ) =
a. Achieving this consensus indicates that the model has converged on an
alternative that is optimal across the most plausible user preference models.

To maximize efficiency, our query strategies are designed to satisfy this stopping
criterion as swiftly as possible. Specifically, we focus on queries involving pairs
of alternatives (o, o) where v, w € WX . This approach is both practical and
targeted: such queries are always available if the stopping criterion has not yet
been met. Moreover, each query is likely, with probability 1 — p, to increase the
mistakes count for any vector w that differs from the true preference vector w*

in its ordering of the pair of selected alternatives.

If we continue to pose queries that emphasize inconsistencies in non-optimal
models, we incrementally exclude those vectors from WE. . Over time, and with
high probability, these iterations will refine W¥, until only the most accurate
representations of the user’s true preferences remain, ultimately satisfying the
stopping criterion and enabling a reliable recommendation.

The query selection, invoked through Select_query(A, W, ) at line 3, uses one
of the methods detailed in Section Following each query, the decision
maker’s response is used to update the mistakes(w) function for each vector
w € W, refining the assessment of each vector’s plausibility. The set W,
is then recalculated for & € 0, 1,2 to reflect the updated preference structure
based on the latest response.

This cycle of querying, updating, and refining continues until the set of possibly
optimal alternatives, PO(A, W2, ), is reduced to a single element, denoted «.
At this point, the set PO(A, W,,,) and PO(A, WY, ) must also be the singleton
set {a}, signifying that all plausible user models in WE. agree on the preferred
choice. This alternative « is then recommended as the system’s estimate of the

decision-maker’s most favored option.

The intuition behind this iterative exclusion process is that the loop effectively
filters out weight vectors in W, for k € 0,1,2 that display preference
orders markedly different from the user’s true preferences, w*. As the
iterations progress, the vectors remaining in W?, are increasingly likely to
align closely with the decision-maker’s genuine preference structure, making
the recommendation of « a robust reflection of the user’s optimal choice.
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Algorithm 1

1: procedure RECOMMEND ALTERNATIVE(A, W)

2 repeat

3 q + Select_query(A, WF. for k € {0,1,2})

4: Ask query ¢ to the decision-maker

5 Update Wk, for k € {0,1,2}

6 until [PO(A, W2,))| =1

7 return The unique alternative in PO(A, W2,.))

3.4 Query Selection

In this section, we introduce two methods for selecting queries that aim to
effectively narrow down the user’s preferences.

Method 1: Max Preference Points for Query Selection. The first method,
Max Preference Points, selects a query by identifying a pair of alternatives («, 3)
that are optimal across the maximum number of weight vectors w € W~. . This
approach prioritizes alternatives that are favored by the greatest number of
plausible user models, starting with lower values of k to focus on more certain
preferences first.

To formalize this, let Opt*(«) represent the count of preference points w € W
for which « is the most preferred alternative according to the utility function
u(a, w). We select the query (a, 3) according to the following rules:

Primary Selection: If the set PO(A,WY,,) contains more than one alternative,
select a query (o, 3) such that both « and 3 are in PO(A, WY, ). Additionally,
ensure that Opt’(a) > Opt’(y) and Opt’(B) > Opt®(y) for every other
alternative v € PO(A,W2..) \ {«, 5}.

Secondary Selection: If PO(A, WY, ) has reduced to a single element «, but
PO(A, WL, still contains multiple alternatives, select a query («, 3) where 3
belongs to PO(A, WL..), is distinct from «y, and satisfies Opt!(3) > Opt*(y) for
all other v € PO(A, W,,) \ {0, 8}

Tertiary Selection: If both PO(A, WY,) and PO(A, W.,,,) have converged to the
same single element oy, but PO(A, W2, ) contains multiple alternatives, select
a query (g, 3) such that 3 € PO(A, W2,,), 8 # ao, and Opt*(3) > Opt?(y) for
all 7 € PO(A, W2,)\ {a0, B}
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By following these steps, Method 1 systematically selects queries that reduce the
ambiguity in preference ordering, homing in on the user’s most likely preference

model based on current data.

Method 2: Best Split for Query Selection. In addition to Method 1, we
also consider a second method for selecting queries, designed to further refine
preference elicitation and address any remaining uncertainties in the user’s
preference model.

In the second query selection approach, referred to as the Best Split method,
we select a query (a,3) where both o and 3 are elements of PO(A, WE. ),
aiming to divide the preference points in W, into two balanced groups.
Specifically, we look for a query that splits W%, as evenly as possible into the
sets w: (o —f)-w>0and w: (a— ) -w < 0. This balanced division helps
maximize the information gained from each query by equally distinguishing
between vectors that favor either « or .

To implement this approach, we first generate a candidate set of potential
queries (), as follows:

Initial Set of Potential Queries: If the set PO(A,W.,,) contains multiple
alternatives, we set k = 0 and define Q as (o, 3) : o, 3 € PO(A, WO ), a0 # 3,
representing all pairs of alternatives within PO(A, W2 ).

Secondary Set of Potential Queries: If PO(A, WY, ) has reduced to a single
alternative, denoted «,, we then proceed with the following checks:

If PO(A,W.,,) contains multiple alternatives, we set k¥ = 1 and define Q
as (ag, ) : p € PO(A, Wiin), B # ao, including pairs composed of «, and each
alternative in PO(A, Wa;,). If PO(A, Wi..) also reduces to a single alternative,
then we increase & to 2 and define Q as (ap, 3) : 8 € PO(A,W2,.), B # ay, where
each query pairs o, with alternatives in PO(A, W2,,). After constructing @), we
select the query that maximizes the informational value by computing a score
using Algorithm [2} with Q and W?,_ as inputs. The value of k is determined by
the process described above for generating (). In Algorithm |2} for each query
q = (o, B), we define \, = a — 3, representing the vector difference between
the two alternatives.

This Best Split approach enhances the efficiency of the query selection process
by focusing on maximally informative splits, which enables the algorithm to
home in on the user’s true preference model with fewer queries.
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Algorithm 2

1: procedure SELECT QUERY(Q, WF. )

2 query_score <— oo

3 for ¢ in queries do

4 min_score < 0

5: max_score < (

6 for w in WE. do

7 res = A\ w

8 if res > 0 then

9 min_score <— min_score + 1
10: if res < 0 then
11: max_score <— max_score + 1
12: maxmin_score <— max(min_score, max_score)
13: if maxmin_score < query_score then
14: query < q
15: QUETY_SCOTE — Maxrmin_score

return query

Using both Methods 1 and 2, if the size of the set PO(A, W?°

m

) is greater than

one, we select a query in the form (av,a,,), where v,w € WO, . This choice

min*
aims to reduce the size of W, and consequently decrease |PO(A, W2, )| in
the next iteration. Through this process, each query incrementally filters out

preference vectors, either reducing PO(A, W?°

m

) or leaving it unchanged.

continues until PO(A, W°

m

This iterative reduction of W)?° ) is reduced to a

min
single alternative ay. At this point, the algorithm proceeds by selecting a query
of the form (ay, 3), where /3 is an alternative within W, = for some k.

However, if the user’s response indicates a preference for [ over «y, this
and it’s possible that [PO(A, W°

m

preference will influence W° .n)| could once

min?

again exceed one in the following stage. In such cases, the algorithm will repeat
the cycle: issuing queries that refine PO(A, W

m

.») until it once again converges
to a singleton, and so on, allowing for dynamic adaptation based on each new
response.

This approach provides flexibility, adapting to unexpected user responses by re-
expanding PO(A, W?°

m

.n) When necessary, ensuring that the elicitation process
accurately captures the user’s preference even if initial reductions don’t fully

resolve ambiguities.
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Challenges with Finite Approximation W' of W

The finite approximation of the preference space, represented by the subset
W' C W, introduces certain challenges that can impact the accuracy of our
recommendations.

The first challenge is that our approach can only recommend an alternative
that is optimal for at least one preference vector within the finite set WW'. In
other words, it can only choose an element from PO(A, W’). If the user’s actual
optimal choice, denoted as «,,+, is not part of PO(A, W), then the algorithm will
be unable to recommend the correct alternative, as it lies outside the feasible
options defined by W'.

A second challenge arises even if a* is included in PO(A, W') as «, for some
vector v € W'. In this case, while o* is the top choice according to both w*
and v, the preference rankings associated with v may still diverge significantly
from those of the user’s true preference model w*. For instance, consider a
scenario with A = {a = (1,0,0),8 = (0.5,0.3,0.2),v = (0.5,0.2,0.3)}, where
w* = (0.5,0.5,0) and v = (0.5,0,0.5). Here, both o, = « and o, = a,
meaning both vectors rate « as optimal. However, they differ in ranking g
and y: w* - (8 — ) > 0 whereas v - (8 — ) <0.

If the decision maker correctly answers the query (3,~) in line with w*, this
would increase the mistakes(v) count by one. Such discrepancies can lead to a
situation where mistakes(v) becomes notably larger than mistakes(w*) and even
exceeds mistakes(w) for some other w € W' where «, # a*. Consequently,
v may be excluded from W2, . potentially leading to POA,W?2,) = au,
excluding o* and resulting in an incorrect recommendation by the system.

Fortunately, this situation is relatively uncommon, especially when V' contains
a large number of preference points. With a more extensive set, there is likely
to be a vector in W' that closely approximates w*, thereby maintaining similar
ordering preferences and mitigating this issue. Despite these limitations, as we
will demonstrate, the algorithm still achieves a high level of accuracy, effectively
identifying the user’s most preferred alternative in the vast majority of cases.

3.5 Experimental Results

In this section, we discuss the results obtained from experimental tests of our
approach on randomly generated decision-making problems.
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For each test case, a random problem is created using a randomly generated
set A of possibly optimal utility vectors. In these experiments, we simulate
a decision-maker with a utility function wu(a,w*), aiming to identify the
alternative that the decision-maker would most prefer, i.e, we seek the
alternative «,~ € A that maximizes u(a, w*) for any a € A.

To simulate the decision-making process, we generate a random weights vector
w* for each test case to represent the decision-maker’s preferences. In an ideal
noise-free scenario, the simulated decision-maker’s response to a comparison
query between two alternatives («, ) would select « if w* -« > w* - 3, and 3
otherwise. However, to introduce the element of noisy user response, we factor
in a fixed probability p (e.g., p = 0.1) of receiving an incorrect answer from the
simulated decision-maker.

Let PO(A, W) denote the set of potentially optimal alternatives in A with respect
to W. To generate random sets consisting of n alternatives, we begin with an
empty set, A = () and proceed as follows.

1. Generate a random vector o = (o, ...,q,) With ; > 0and > a; = 1.
2. A=AU{a} if POAU{a}, W) = AU {a}.
3. Repeat until |A| = n.

Given a random user with weights vector w, the most preferred alternative is
defined as «,, = argmax,, u(c, w). However, as highlighted in Section
since our approach utilizes only a finite subset VW' C W of weights vectors, it is
possible that we may not be able to recommend o* (= «,,+) since there may not
be w € W' such that o* = arg max,, u(a, w).

In Table we present the average number of queries, the average iteration
time, and the accuracy achieved during the experiments. Accuracy is defined as
the proportion of experiments in which the recommended alternative matched
the correct one, i.e., the optimal alternative «,,- in A according to the true, but
unknown, user model w*. The reported results are based on the average of 100
experiments conducted with random sets W of 4000 weight vectors and input
sets A containing 1000 randomly generated potentially optimal alternatives.
For consistency, the same set A of alternatives was used across all experiments,
along with 100 different randomly generated user models w*. The accuracy
was consistently high, and in all cases, there was at least one w € W’ such that

Oy = QU -
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Table 3.1: Experimental results w.r.t. the number of criteria p, for Method 1:
IMax Preference Points for Query Selection| with |A| = 1000, p = 0.1 and
W[ = 4000.

Queries | Time[s] | Accuracy

10.66 0.038 1.00
22.16 0.038 1.00
30.44 0.038 0.97
35.88 0.038 1.00

AW

Iteration Time Analysis. For Method 1: Max Preference Points for Query|

Selection, shown in Table iteration time appears to be largely independent
of the number of criteria. This is because the most computationally expensive

operation in Method 1 involves updating the values of mistakes(w) for each
w € W, which depends primarily on the size of W rather than the number
of criteria. The primary computational load comes from calculating )V'| dot
products, which remains relatively stable regardless of the number of criteria.
For instance, when p = b5, the average computation time per iteration was
as follows: 0.34ms for query selection, 36.2ms for updating mistakes(w), and
1.05ms for computing the three sets W*. &k =0,1,2.

min’

In contrast, the iteration time for Method 2: Best Split for Query Selection,

presented in Table is more significantly impacted by the number of criteria.
The computational cost of query evaluation in this method depends on the size
of the subsets Wk, |

example, when p = 5, the average iteration times for Method 2 were as follows:

which tends to increase as the number of criteria grows. For

2.53s to compute a query, 35.6ms to update mistakes(w) for each w € W, and
1ms to compute the sets W

min*

Table 3.2: Experimental results for Method 2: Best Split for Query Selection;
|A| = 1000, p = 0.1 and [W'| = 4000.

p | Queries | Time[s] | Accuracy
3| 11.55 0.289 1.00
4| 17.55 0.508 0.99
5| 25.84 2.574 1.00
6 | 28.42 4.789 1.00
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The results for Method 2, presented in Table demonstrate similar trends to
those of the first method. However, Method 2 typically requires fewer queries
on average to converge, albeit at the cost of significantly longer computation
times per iteration compared to the first method.

In general, the number of queries required increases with the number of criteria.
This is expected because identifying a subset W)?

- m of W', where all preference
points correspond to the same optimal alternative, becomes more challenging
as the dimensionality grows. Additionally, for preference points corresponding
to the same optimal alternative, there may be variations in preference orders
over the remaining alternatives (see Section [3.3). This phenomenon becomes
more pronounced as the number of dimensions increases, necessitating more

queries to meet the stopping criterion.

For comparison, we present the simulation results obtained using state-of-the-
art elicitation methods applied to the same datasets. Table summarizes the
performance of interactive elicitation approach based on the minimax regret
criterion, with queries generated using existing solution strategies (these results
were obtained by our collaborator Paolo Viappiani. Similarly for Table
results). As expected, regret-based elicitation demonstrates lower accuracy,
primarily due to its inability to effectively handle noise in user responses.

Table 3.3: Experimental results for regret-based elicitation with the current
solution query strategy; |A| = 1000 and p = 0.1.

Queries | Time[s] | Accuracy
4.58 4.12 0.60
7.82 3.41 0.34

11.93 3.66 0.34
16.69 3.69 0.28

| hW|

In addition to the first comparison method, table presents results for the
Bayesian elicitation method described in [VB20]. In this approach, queries
are selected to maximize the Expected Utility of Selection (EUS), which serves
as a proxy for the myopic value of information, using a greedy maximization
strategy. Bayesian updates are carried out using Monte Carlo methods with
50,000 particles. The elicitation process terminates when the expected loss falls
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below 0.001, at which point the alternative with the highest expected utility is
recommended.

As indicated in the table the Bayesian method achieves high accuracy.
However, this accuracy comes at the cost of significantly longer computation
times. While increasing the number of particles could yield even higher
accuracy, it would also lead to further increases in computational effort.

Table 3.4: Experimental results for Bayesian elicitation with the queries
generated with greedy maximisation of value of information; |A| = 1000 and
p=0.1.

Queries | Time[s] | Accuracy

12.05 2.62 0.97
17.93 3.68 0.99
26.46 5.07 0.97
35.86 5.50 1.00

|| AW

Comparative Performance Visualization

To enable a clearer comparison of all tested algorithms, below we present visual
summaries of the experimental results in Tables 3.1 — 3.4.

Accuracy vs Number of Criteria (p)
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Figure 3.1: Accuracy vs Number of Criteria p across all methods.
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Iteration Time vs Number of Criteria (p)
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Figure 3.2: Iteration Time vs Number of Criteria p across all methods.

Number of Queries vs Number of Criteria (p)
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Figure 3.3: Number of Queries vs Number of Criteria p across all methods.

Figures([3.1],[3.2] and[3.3|highlight the comparative performance of the proposed
non-Bayesian methods (Method 1 and 2) against the Bayesian and minimax

regret-based approaches. While the Bayesian method achieves similar accuracy,
its computational cost is significantly higher. The non-Bayesian approach
maintains strong accuracy with minimal execution time, especially Method
1. The minimax regret method, although fast in terms of query count,
underperforms in accuracy under noisy conditions.

We now return to our proposed approach, specifically focusing on Method 1
for query generation. Table presents the performance of our method with
respect to the size of W. As expected, accuracy improves as [W/'| increases.
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However, this comes with a corresponding rise in computation time and, to
a lesser degree, an increase in the average number of queries required. The
experimental results below refer to Method 1, which is the fastest and thus
probably the most suitable for real-time applications.

Table 3.5: Experimental results w.r.t. the number )V'| of user preference
models, for Method 1 with |A| = 1000, p = 0.1 and p = 5.

W'l | Queries | Time[s] | Accuracy

2000 | 27.28 0.019 0.97
4000 | 30.44 0.038 0.97
6000 | 32.71 0.057 1.00
8000 | 33.12 0.075 0.99
10000 | 34.50 0.096 1.00

We also evaluated the performance of our approach with varying numbers of
alternatives, |A| € {200,400, 600,800, 1000}, while keeping [W'| = 4000, p = 4
and p = 0.1. The results showed no significant differences in terms of accuracy
or execution time across the tested values of |A|. The average number of
queries was affected slightly more, ranging between 20.67 and 22.16, with
fewer queries required for smaller |A|.

For an efficient implementation of Method 1, it is beneficial to precompute
the best alternative «,, for each w € W'. This preprocessing step significantly
accelerates the calculation of Opt*(«) at each iteration. The complexity of this
operation is proportional to |A| % [WW'|, but it only needs to be performed once
for a given pair A and W'. This allows the preprocessing to be done offline,
with the results reusable for any decision-maker.

Figure illustrates the average preprocessing time (in seconds) as a function
of the cardinality ||, based on 100 experiments with |A| = 1000 and p = 5.
The preprocessing time is largely unaffected by the number of criteria, as
confirmed by additional experiments with p € {3,4,5,6} where the maximum
observed difference was only 0.5 seconds on average.
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PREPROCESSING TIME
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Figure 3.4: Average preprocessing time for Method 1 over 100 experiments
with |A| = 1000 and p = 5.

Figure shows how accuracy varies with respect to user noise p, with
|A| = 1000, |[W| = 10000 and p = 4. As expected, accuracy decreases as the
level of user noise p increases. However, the results demonstrate that our model
maintains good performance even under noisier responses. In this experiment,
the average query time was 0.093 seconds. The observed drop in accuracy for
higher values of p aligns with our analysis in Proposition To sustain very
high accuracy under increased noise levels, it would be necessary to adjust the
parameter « in our algorithm (currently set to 2), thereby making the stopping
condition more stringent and reducing the impact of noisy responses on the
final recommendation.

ACCURACY |W'|=10000

% 3 1

1.00

o

0.95
0.94

ACCURACY

0.90
0.88

0.85

Figure 3.5: Accuracy varying with user noise p over 100 experiments with
|A| = 1000, |W'| = 10000 and p = 4.
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Chapter 4
Conclusions & Discussion

This thesis has introduced a non-Bayesian approach to interactive preference
elicitation, designed to function efficiently in decision-making environments
where user responses may be noisy or unreliable. Unlike traditional Bayesian
methods that require explicit probability distributions over user preferences,
this approach instead maintains and refines a set of plausible preference mod-
els, determining optimal alternatives based on their alignment with observed
user responses. By generating targeted comparison queries, the model in-
crementally gathers preference information, ensuring both computational ef-
ficiency and robustness.

A fundamental component of this approach is its adaptive stopping criterion.
The interaction process concludes and an alternative « is recommended when
«a is optimal across all the most plausible preference models. In this framework,
plausibility is defined based on how closely the preference models align with
actual user responses. To achieve computational feasibility, this work focuses
on a finite approximation of the space of preference models, denoted as W/,
which enables efficient real-time decision-making.

Empirical validation of this method demonstrates its suitability for real-time
applications, achieving strong accuracy while requiring only a reasonable
number of user interactions. A comparison with the Bayesian method proposed
by Viappiani and Boutilier [VB20] shows that the non-Bayesian approach
significantly improves computational speed while achieving comparable or
slightly better accuracy, making it an effective alternative where efficiency is
a key concern.

Additionally, the stopping criterion used in this work—which ensures that
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the maximum regret of the recommended alternative is zero across all most
plausible preference models—presents an interesting opportunity for further
refinement. Future work could explore a relaxed criterion, where the minimum
max regret falls below a small threshold e. This adaptation could enhance
applicability in complex decision scenarios, reducing the number of interactions
required while still maintaining high recommendation quality.

4.1 Summary of Contributions

This research makes several important contributions to interactive preference
elicitation and decision-support systems, particularly within the realm of
artificial intelligence and multi-criteria decision-making.

* Development of a Non-Bayesian Framework for Preference Elicita-
tion: Unlike Bayesian approaches, which assume a prior probability dis-
tribution over user preferences, this model takes a qualitative approach,
focusing on the most plausible preference models rather than maintaining
probability distributions.

 Efficient and Scalable Decision-Making: By avoiding computationally
expensive Bayesian updates, this framework offers a computationally
lightweight alternative that scales effectively, making it viable for real-
time applications.

* Adaptive Query Selection for Noisy Responses: The proposed query
selection mechanism dynamically chooses the most informative compar-
isons, ensuring that user responses contribute meaningfully to refining the
preference model while remaining robust to noisy or inconsistent feed-
back.

* Empirical Evaluation Against Bayesian Methods: Experimental results
demonstrate that the non-Bayesian approach performs comparably or bet-
ter than Bayesian models, with a significant advantage in computational
efficiency. This highlights its potential as a practical alternative for inter-
active Al-driven decision systems.

* Potential Applications Beyond Single-Agent Decision Making: While
this thesis focuses on single-user decision-making, the framework is
adaptable to multi-agent settings, interactive recommender systems, and
combinatorial decision-making problems.
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4.2 Discussion and Future Research Directions

Although this research introduces a computationally efficient and scalable
alternative to Bayesian preference elicitation, several promising directions for

future work remain.

* Extending to Multi-Agent and Collaborative Preference Models: The
current framework focuses on eliciting preferences from a single user,
but in real-world decision-making, preferences often involve multiple
stakeholders. Future research could explore how this non-Bayesian
approach can be adapted to multi-agent decision-making, incorporating
methods for aggregating, reconciling, or negotiating preferences across
multiple users.

* Integration with Conversational Recommender Systems: As interac-
tive Al systems evolve, Conversational Recommender Systems provide an
exciting opportunity for integrating non-Bayesian preference elicitation.
By incorporating natural language processing and reinforcement learn-
ing, future iterations of this model could enable real-time, dialogue-based
preference refinement, where users express trade-offs and evolving pref-

erences through natural conversation.

* Hybrid Models Combining Bayesian and Non-Bayesian Approaches:
While this thesis demonstrates the advantages of a non-Bayesian frame-
work, certain decision-making scenarios might still benefit from elements
of Bayesian reasoning. A hybrid approach could combine Bayesian proba-
bility updates with non-Bayesian plausibility filtering, selectively applying
Bayesian inference where it enhances accuracy without adding excessive

computational cost.

* Scaling to Combinatorial Decision Problems: The current model ef-
ficiently handles finite alternative sets, but many decision-making prob-
lems involve combinatorial complexity, where the number of alternatives
grows exponentially. Future work could explore heuristic optimization
techniques, constraint satisfaction methods, or reinforcement learning to
extend the scalability of non-Bayesian preference elicitation in these set-
tings.

* Refining the Stopping Criterion for Broader Applications: The current
stopping criterion, based on ensuring that the maximum regret of the
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selected alternative is zero, could be modified for greater flexibility.
Introducing a threshold-based stopping criterion (e-max regret) could
reduce the number of interactions required while still maintaining a high
confidence in the recommended alternative.

4.3 Limitations of the Work

Although the methods proposed in this thesis demonstrate promising perfor-
mance under controlled conditions, several limitations should be acknowl-
edged.

* Simulated evaluations only: A key limitation of this thesis is that the
evaluation of the proposed preference elicitation methods has been con-
ducted exclusively in simulated environments using randomly generated
decision-making problems. While this approach ensures experimental
control and reproducibility, it does not fully account for the complexities
of real-world decision-making, particularly when human cognitive factors
are involved. Human users may exhibit preference inconsistencies, fatigue
during extended elicitation, or find certain types of queries more intuitive
or cognitively demanding than others.

To address this gap, future research should incorporate empirical evalua-
tions involving real users. Such studies would not only test the algorithm’s
performance under realistic conditions but also provide insights into us-
ability, interpretability, and human preference behavior that cannot be
captured in simulation alone.

One promising direction is to design user studies modeled after the work
of Zintgraf et al. [ZRL"18], who compared multiple preference elicitation
strategies (pairwise comparisons, full rankings, and clustering) through
both simulation and human-subject experiments. Their study used a
job-offer selection scenario and additionally tested the methods in a
real-world traffic planning application in collaboration with the City of
Amsterdam. Their results indicated that full rankings often led to better
utility approximations and were generally preferred by users, despite
requiring more effort.

Adopting similar experimental frameworks would allow a more compre-
hensive evaluation of the methods proposed in this thesis. For instance,
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controlled user studies could be designed around application domains
highlighted in Chapter |2, such as recommender systems, healthcare de-
cision aids, or financial planning tools. These domains naturally involve
trade-offs between multiple objectives and require efficient preference
elicitation from users who may not be familiar with formal decision mod-
els.

Such studies should include both quantitative metrics, e.g. the number
of queries needed to converge on a high-utility recommendation, time
per query, and final utility achieved, and qualitative assessments, such as
user satisfaction, perceived cognitive load, and willingness to continue the
interaction. Additional methodologies like think-aloud protocols or post-
task interviews could uncover users’ mental models and reveal potential
barriers to adoption.

Moreover, testing with real users can help evaluate the practical implica-
tions of key modeling assumptions, such as the linearity and monotonic-
ity of utility functions. In situations where these assumptions fail to hold,
user feedback could inform the design of adaptive or hybrid elicitation
strategies that better match real-world preferences.

* Assumption of linear utility functions: The current framework assumes
that user preferences can be expressed as a linear weighted sum of
attribute values. While this simplifies regret computation and supports
tractable reasoning, it may not generalize well to contexts with non-linear
trade-offs or more expressive preference models. Extending the approach
to support non-linear utility functions such as polynomials, piecewise
linear models, or GAI models would expand its applicability, though it
would likely require modifications to the regret and plausibility inference
mechanisms.

* Sample-based utility representation: The algorithm operates by sam-
pling a set of plausible utility vectors to approximate the space of possible
user preferences. While effective in low- to moderate-dimensional prob-
lems, this introduces approximation error and may lead to suboptimal
decisions in higher dimensions or when the true utility lies in sparsely
sampled regions.

* User feedback modeled in limited form: While simulated user re-
sponses include random noise via a fixed error rate p, this approach
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assumes uniform, memoryless inaccuracies. In real-world applications,
user errors may depend on factors such as cognitive load, query difficulty,
or interface design, and may follow systematic patterns (e.g., satisficing,
anchoring). Additionally, the current framework uses crisp updates to
eliminate utility vectors, without modeling uncertainty or belief over user
feedback. Future work could extend the framework to handle richer noise
models, adaptive querying, and error-tolerant preference learning mech-
anisms.

4.4 Potential Impact on the Field

The proposed plausibility-based preference elicitation framework offers a
lightweight and interpretable alternative to existing probabilistic models. By
avoiding full Bayesian inference and instead leveraging sampled utility repre-
sentations with regret and plausibility reasoning, the approach may be espe-
cially suitable for systems where transparency, efficiency, and responsiveness
are key.

Potential areas of impact include:

* Interactive decision-support systems, where rapid, intelligible feedback is
essential to maintain user engagement.

* Resource-constrained environments, where full probabilistic modeling

may be infeasible or unwarranted.

* Embedded AI applications, such as adaptive user interfaces or intelligent
assistants, that require fast and robust preference estimation.

In addition to technical contributions, this work helps advance the broader
research discourse around preference elicitation by demonstrating that non-
Bayesian, sample-based methods can achieve competitive performance. This
paves the way for hybrid models that combine plausibility reasoning with
machine learning techniques to balance tractability and expressiveness.

Furthermore, the approach is compatible with multiple query types, including
pairwise comparisons and partial rankings, making it adaptable to diverse
application settings. It also lends itself well to integration with user-centric
evaluation frameworks, enhancing its relevance for human-Al collaborative
systems in domains such as recommender systems, health technology, and
multi-objective planning.
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4.5 Final Remarks

This research contributes to the advancement of preference elicitation tech-
niques by proposing a computationally efficient, non-Bayesian approach that
overcomes many of the limitations of probabilistic models. By shifting from
probability-based reasoning to plausibility-based refinement, this work offers a
scalable, adaptive, and robust alternative for real-time decision-making appli-
cations.

The experimental findings demonstrate that this method achieves comparable
or superior accuracy to Bayesian approaches while significantly improving
computational speed, making it highly relevant for Al-driven recommendation

systems, interactive decision-support tools, and multi-criteria optimization.

Moving forward, integrating this framework into Conversational Al, multi-agent
systems, and large-scale decision environments represents a promising avenue
for enhancing Al-driven personalization and user-centric decision-making. By
further refining the balance between efficiency, accuracy, and adaptability,
this work lays the foundation for future developments in interactive Al-driven
preference elicitation.

Ultimately, this research highlights the importance of adaptive, user-driven
Al models, positioning non-Bayesian preference elicitation as a practical and
scalable alternative for intelligent decision-support systems.
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