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Abstract

Abstract

The intersection of machine learning and propositional Boolean Satisfiability
(SAT) offers transformative possibilities for solving some of the most challeng-
ing computational problems. This thesis investigates the use of modern ma-
chine learning (ML) and deep learning (DL) methodologies to enhance Boolean
Satisfiability and Model Counting. Building upon the foundational understand-
ing of SAT and its role as an NP-complete problem, this work addresses chal-
lenges related to structural reasoning, satisfiability and model counting pre-
diction, feature extraction and instance generation. The contributions of this
research are varied. First, by leveraging a diverse array of features and rep-
resentations, we develop machine learning algorithms for SAT/UNSAT clas-
sification, problem categorization, and approximate model counting. These
models demonstrate predictive accuracy and superior computational efficiency
compared to traditional handcrafted heuristics. Second, we automate these
procedures through the deployment of deep learning algorithms, significantly
reducing dependency on manual engineering while improving adaptability to
diverse SAT instances. Finally, we extend the application of the deep learning
architectures to SAT instance generation. These approaches enable the gener-
ation of structurally diverse, statistically realistic SAT instances that serve as
robust benchmarks for solver evaluation. The introduction of novel evaluation
metrics ensures the practical utility of these generative models, emphasizing
their contributions to advancing SAT-solving strategies. Through an extensive
comparative analysis of traditional and machine learning driver SAT-analysis
methodologies, this thesis extends the body of work that focuses on the in-
tegration of these paradigms. Its findings contribute to the broader field of
computational logic, offering insights into scalable and interpretable solutions
for Boolean reasoning tasks.
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Chapter 1

Introduction

1.1 Motivation

Boolean Satisfiability (SAT) is a foundational problem in computer science,
known for being the first NP-complete problem [Coo71]. This classification has
driven extensive research in theoretical computer science, particularly in ar-
eas of algorithmic complexity and optimization [AS09]. SAT and its extension,
Model Counting (#SAT), have significant applications in real-world domains
such as verification, planning, and combinatorial optimization [GZL*23]. In
verification, SAT solvers are crucial for checking the correctness of hardware
and software systems, helping identify flaws in designs before implementation.
Similarly, SAT models are applied to complex planning problems, where the
goal is to satisfy multiple constraints in a feasible manner, and in combinatorial
optimization problems like scheduling and resource allocation, where they as-
sist in identifying optimal solutions. Moreover, tasks like model counting, which
quantify the number of satisfying assignments, are essential for probabilistic
inference, planning under uncertainty, and model verification in complex sys-
tems [GZL123].

As problem instances grow more complex, especially in fields like artificial intel-
ligence, cybersecurity, and circuit design, the need for faster and more scalable
SAT solving techniques becomes more critical [AS09]. Classical algorithms like
DPLL and CDCL have achieved remarkable progress in solving SAT instances
efficiently [DP60]. However, their reliance on handcrafted heuristics and the
exponential growth of problem space in worst-case scenarios pose scalability
challenges [ZMMM].



1. INTRODUCTION 1.2 A Brief History of SAT

In recent years, machine learning (ML) and deep learning (DL) have emerged
as powerful tools to address these limitations [GZL"23]. ML and DL tech-
niques offer the potential to automatically extract relevant features from SAT
instances, predict satisfiability, improve solver performance, and even generate
novel problem instances for testing and benchmarking solvers. These advance-
ments open new possibilities for enhancing both the accuracy and speed of SAT
solvers across various applications, furthering their practical use in industry and
research.

This thesis seeks to contribute to this growing body of research by focusing
on leveraging machine learning and deep learning for SAT problem-solving,
including the automation of feature extraction, prediction tasks, and the gen-
eration of realistic SAT instances, all aimed at improving solver efficiency and

performance.

1.2 A Brief History of SAT

The Boolean Satisfiability Problem (SAT) is one of computer science’s oldest
problems and a cornerstone of computational complexity theory. Its origins are
traced to the foundation of Boolean Algebra laid out by mathematician and
logician George Boole [Coo71]. Boolean Algebra is a mathematical system rep-
resenting logic through variables that take true or false values. This abstraction
made it possible to formalize logical reasoning in mathematical terms, paving
the way for SAT as a formal computational problem.

SAT was first explicitly formulated as a decision problem: given a Boolean for-
mula, can we determine whether there exists an assignment of true or false
values to its variables that makes the formula evaluate to true? While this
question is deceptively simple, it is at the heart of some of the most profound
challenges in computer science. SAT became famous when Stephen Cook in-
troduced it in 1971, and it was the first problem proven to be NP-complete in
his seminal paper "The Complexity of Theorem-Proving Procedures" [Coo71].
This classification means that if we can find an efficient algorithm to solve SAT,
we can solve all other problems in the NP class efficiently—a tantalizing yet
unsolved prospect.

In the following decades, SAT emerged as a central problem in theoretical and
applied computer science. Early work on SAT solvers began in the 1950s and
1960s with methods like the Davis-Putnam algorithm and its successor, the
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DPLL algorithm [DP60]. These algorithms are at the foundations of SAT solv-
ing, as they are the first to introduce systematic ways to explore possible as-
signments while pruning the search space effectively. The introduction of the
Conflict-Driven Clause Learning (CDCL) paradigm in the 1990s marked a sig-
nificant leap in solver performance, making SAT solvers practical for large-scale
real-world applications [ZMMM].

SAT solving has practical relevance in many domains. In hardware and software
verification, SAT solvers check the correctness of circuits and programs by en-
suring that specific undesirable configurations are unsatisfiable [GZL*23]. In
artificial intelligence and planning, SAT is used to model and solve problems
involving constraints, such as scheduling tasks or routing logistics. Moreover,
SAT has other applications in cryptography, bioinformatics, and even philoso-
phy, where it can formalize and analyze logical arguments [GZL*23].

Despite its successes, SAT remains a challenging problem. While modern solvers
can handle instances with millions of variables in some cases, the problem’s NP-
complete nature ensures that certain instances remain intractable. Researchers
continue to explore ways to extend the capabilities of SAT solvers, including
leveraging advances in machine learning and deep learning, which is the focus
of this thesis.

The story of SAT is one of evolution and interdisciplinary impact, bridging the-
oretical insights with practical applications. It is a testament to how fundamen-
tal questions in logic and mathematics can lead to tools and technologies that
shape how we solve problems in science, engineering, and beyond.

1.3 Thesis Statement

This thesis aims to explore new fields of research in Boolean Satisfiability be-
sides classical satisfiability-solving techniques, using modern machine learn-
ing (ML) and deep learning (DL) methods. The Boolean Satisfiability Prob-
lem and its extension, Propositional Model Counting, are foundational chal-
lenges in computational logic, posing significant theoretical and practical prob-
lems. These problems are at the core of computational complexity theory, with
SAT being the first identified NP-complete problem and #SAT classified as #P-
complete. Despite decades of research, the efficient resolution of these prob-

lems for increasingly complex instances remains a crucial challenge.
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The focus of this thesis is twofold: improving the automation and performance
of SAT problems analysis through ML and DL techniques, and advancing the
generation of synthetic SAT problem instances for benchmarking purposes. Tra-
ditional SAT-solving methods, such as the DPLL and CDCL algorithms, have
achieved remarkable success but rely heavily on handcrafted heuristics and
rule-based approaches. These methods face limitations in scalability and adapt-
ability to the diverse structures encountered in modern SAT instances, particu-
larly in domains like hardware verification, combinatorial optimization, and Al

planning.
This research explores the following fundamental questions:

* Can machine learning models enhance the prediction tasks in SAT solv-
ing, such as SAT/UNSAT classification, problem categorization, and model
counting?

* What are the benefits of applying deep learning architectures, includ-
ing Convolutional Neural Networks (CNNs) and Graph Neural Networks
(GNNs), to SAT problems?

* How can automatic feature extraction methods, particularly those relying
on autoencoders, replace traditional handcrafted approaches to improve
speed and generalization?

* What are the most effective methodologies for generating realistic SAT
instances using generative models like Graph Variational Autoencoders
(GVAEs)?

* How can these generative models be evaluated to ensure the produced in-
stances are structurally and statistically diverse, encompassing real-world
tasks, and useful for benchmarking solver performance?

1.4 Contributions

This thesis introduces several significant contributions to the integration of ma-
chine learning and deep learning techniques in SAT applications, focusing on
improving the efficiency, accuracy, and interpretability of SAT/UNSAT classifi-
cation, model counting, feature extraction, and SAT instance generation:

* Developed and deployed machine learning models for predicting SAT/UNSAT,
problem category classification, and model counts of SAT instances. These
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models utilize diverse feature sets derived from SAT instances, combining
statistical metrics (e.g., clause-variable ratios) and structural representa-
tions (e.g., graph-based features) to capture the intrinsic properties of SAT
problems.

* Enhanced the explainability of machine learning models by employing
feature importance analysis methods such as SHAP (SHapley Additive
exPlanations). This analysis identifies which features most significantly
impact predictions for SAT/UNSAT classification, problem categorization,
and model counting, providing insights into model behavior and aiding

solver optimization.

* Extended the application of deep learning models, including Convolu-
tional Neural Networks, Graph Neural Networks, Convolutional Autoen-
coders, and Graph Variational Autoencoders, to perform SAT/UNSAT clas-
sification and instance category prediction. These models achieved high
predictive accuracy by leveraging data-driven approaches, eliminating the
need for handcrafted feature engineering. This contribution builds on the
earlier machine learning models by offering fully automated and scalable
prediction frameworks.

* Automated the feature extraction process for SAT instances using autoen-
coders, significantly reducing reliance on handcrafted features. Autoen-
coders learn representations directly from raw SAT data, streamlining the
feature engineering process, and enhancing processing efficiency. By re-
placing manually designed features with data-driven representations, this
approach accelerates solver deployment and improves adaptability to di-
verse SAT instance distributions.

* Conducted a comprehensive comparative analysis of traditional SAT solvers
and machine learning/deep learning-based methods. The comparison
highlights the strengths and weaknesses of each approach in terms of pre-
dictive accuracy, computational efficiency, and interpretability, providing
a roadmap for hybrid solver strategies.

* Proposed a novel approach for generating realistic and diverse SAT in-
stances using a Graph Variational Autoencoder model. This model cap-
tures the statistical and structural properties of real-world SAT instances
and generates synthetic benchmarks suitable for testing and improving
SAT solvers.
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* Introduced new evaluation metrics for assessing SAT instance generation
quality, focusing on diversity, realism, and solver performance on the gen-
erated problems. These metrics provide deeper insights into the practical
utility of the generated instances and set a foundation for benchmarking
future SAT generative models.

Practical Implications of Predictive Models in SAT Solving. The predic-
tive models developed in this thesis, consisting in satisfiability classification,
instance categorization, and model counting, offer tangible benefits in enhanc-
ing SAT solving efficiency. By accurately predicting whether an instance is sat-
isfiable, one can pre-emptively determine the applicability of SAT or MaxSAT
solvers, thus optimizing computational resources [XHLB10]. Instance classifi-
cation into categories enables the selection of solvers specifically tailored to the
structural characteristics of each instance type, as demonstrated by portfolio-
based approaches like SATzilla [XHHLBO8] and other ML-supported solver se-
lection methods [LPPR19]. Furthermore, insights gained from model count-
ing can inform decisions regarding solver heuristics and instance complexity
assessment, leading to more efficient solving strategies overall [ZCC*24]. Al-
though feature extraction introduces computational overhead, studies indicate
that strategic application of predictive insights consistently leads to overall re-
ductions in solving time [KMS*11]. In essence, this thesis seeks to extend
the knowledge of SAT solving by integrating the strengths of traditional tech-
niques with the adaptability and power of modern ML and DL approaches. The
outcomes are expected to have an impact on the efficiency and applicability of
SAT solvers, contributing to advancements in academic research and real-world
applications.

1.5 Publications

The research contributions of this thesis have resulted in the following publica-
tions:

e Dalla, M., Visentin, A., & O’Sullivan, B. (2021). Automated SAT Problem
Feature Extraction Using Convolutional Autoencoders. In 2021 IEEE 33rd
International Conference on Tools with Artificial Intelligence (ICTAID) (pp.
232-239). IEEE.

* Provan-Bessell, B., Dalla, M., Visentin, A., & O’Sullivan, B. (2022). SATfeatPy—
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A Python-based Feature Extraction System for Satisfiability. arXiv preprint
arXiv:2204.14116.

* Bergin, R. H., Dalla, M., Visentin, A., O’Sullivan, B., & Provan, G. (2023).
Using Machine Learning Classifiers in SAT Branching. In Proceedings of
the International Symposium on Combinatorial Search, 16(1), 169-170.

* Dalla, M., Provan-Bessell, B., Visentin, A., & O’Sullivan, B. (2023). SAT
Feature Analysis for Machine Learning Classification Tasks. In Proceedings
of the International Symposium on Combinatorial Search, 16(1), 138-142.

* Crowley, D., Dalla, M., O’Sullivan, B., Visentin, A., (2024). SAT Instances
Generation Using Graph Variational Autoencoders. In ESANN 2023 Pro-
ceedings, European Symposium on Artificial Neural Networks, Computa-

tional Intelligence and Machine Learning.

e Dalla, M., Visentin, A., O’Sullivan, B., (2024). A Machine Learning Ap-
proach to Model Counting. In The 36th IEEE International Conference on
Tools with Artificial Intelligence.

1.6 Thesis Structure

The remainder of this thesis is organized as follows:

* Chapter 2: Background and State of the Art reviews Boolean Satisfia-
bility, model counting, and modern SAT solving techniques, along with an
overview of machine learning and deep learning methods applied to SAT
problems.

* Chapter 3: Machine Learning Predictions Based on SAT Features de-
scribes our approach to feature extraction and presents the machine learn-
ing models used for predicting SAT/UNSAT classification, problem cate-
gory, and model counting.

* Chapter 4: Deep Learning Predictions discusses the application of deep
learning models to SAT problems, focusing on SAT/UNSAT prediction,

problem category, model counting and automatic feature extraction.

* Chapter 5: SAT Generation with Deep Learning Models details our
approach to generating SAT instances using graph-based variational au-
toencoder.
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* Chapter 6: Conclusions and Future Work summarizes the contributions
of the thesis and outlines directions for future research.
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Chapter 2

Background

2.1 Artificial Intelligence

Artificial Intelligence (AI) is a multidisciplinary field focused on developing sys-
tems capable of performing tasks that typically require human intelligence, such
as reasoning, learning, problem-solving, perception, and language understand-
ing [RNO9]. Al integrates concepts from computer science, mathematics, cog-
nitive science, neuroscience, and philosophy to create algorithms and models
that can process complex data and make autonomous decisions.

2.1.1 Definitions and Perspectives
Russell and Norvig [RN09] categorize Al definitions into four approaches:

* Systems that think like humans: This approach involves creating ma-
chines that emulate human thought processes, often by modelling cogni-

tive functions.

» Systems that act like humans: Here, the focus is on producing behaviour
indistinguishable from human behaviour, as exemplified by the Turing
Test [Tur50].

* Systems that think rationally: This perspective aims to formalize rea-
soning processes using logical systems to produce rational thought.

* Systems that act rationally: Emphasizes intelligent behaviour through
rational actions to achieve specified goals, often modelled using agents.
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Despite differing perspectives, a unifying theme is the development of computa-
tional systems that can solve complex problems using sophisticated techniques.

2.1.2 Current Developments in Al

Recent advancements have led to significant breakthroughs in various Al do-
mains, which we briefly summarise below.

Natural Language Processing (NLP). The introduction of transformer archi-
tectures [VSP*17] has revolutionized NLP by enabling models to capture long-
range dependencies in text. Models like BERT [DCLT18] and GPT-3 [B*20]
achieve state-of-the-art results in tasks such as language translation, sentiment
analysis, and question answering. These models pre-train on vast amounts of
textual data, learning contextual relationships that improve language under-
standing and generation.

Computer Vision. Deep learning, particularly convolutional neural networks
(CNNs), has dramatically improved image classification, object detection, and
segmentation tasks [HZRS16]. Architectures like ResNet [HZRS16] and Effi-
cientNet [TL19] have pushed the boundaries of performance on benchmark
datasets like ImageNet. These advancements have enabled widespread applica-
tions, from autonomous vehicles that interpret complex visual scenes to medical

diagnostics that assist in detecting diseases from imaging data.

Reinforcement Learning and Decision Making. Reinforcement learning (RL)
algorithms have excelled in complex decision-making tasks by learning optimal
policies through trial-and-error interactions with the environment. Notably, Al-
phaGo [ST16] and its successors AlphaZero and MuZero have defeated human
champions in games like Go, Chess, and Shogi, demonstrating the potential for
Al in strategic planning and problem-solving. These achievements are based on
combining RL with deep neural networks and advanced search techniques.

Generative Models. Generative models, such as Generative Adversarial Net-
works (GANs) [GPAM'14] and Variational Autoencoders (VAEs) [KW13], have
advanced the ability of Al systems to generate realistic data, including images,
audio, and text. These models have applications in data augmentation, creative
content generation, and simulation, contributing to advancements in fields like

art, music, and virtual reality.
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2.1.3 Challenges and Ethical Considerations

Despite progress, Al development faces significant challenges:

Data Quality and Bias. Al models depend on large datasets, which may con-
tain biases leading to unfair or discriminatory outcomes [BHN19]. For example,
facial recognition systems have exhibited higher error rates for certain demo-
graphic groups due to imbalanced training data [BG18]. Addressing data qual-
ity and implementing fairness measures are essential for ethical Al deployment,
requiring techniques for bias detection and mitigation.

Explainability and Transparency. Complex models, especially deep neural
networks, often act as "black boxes," lacking interpretability [Lip18]. This opac-
ity makes it difficult to understand their decision-making processes, which is
problematic in high-stakes domains like healthcare and finance. Explainable
Al (XAI) aims to make Al systems more transparent to enhance trust, facilitate
debugging, and ensure compliance with regulatory requirements [A*20].

Ethical Governance. The ethical implications of Al have prompted regula-
tory efforts worldwide. The European Union’s proposed Al Act [Com21] seeks
to establish a legal framework for trustworthy Al, promoting innovation while
safeguarding fundamental rights. The Act categorizes Al applications based on
risk levels and imposes obligations on providers, including transparency, ac-
countability, and human oversight.

Robustness and Safety. Ensuring Al systems are robust against adversarial
attacks and can handle unexpected inputs is critical, especially in safety-critical
applications like healthcare and autonomous driving [CW17]. Research in ad-
versarial machine learning explores how malicious inputs can fool Al models
and develop defenses to enhance system resilience [AM18].

Privacy Concerns. Al systems often process sensitive personal data, raising
privacy issues. Techniques like federated learning [MMR"17] and differential
privacy [Dwo08] are being developed to enable model training without com-
promising individual privacy.
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2.1.4 Algorithms in Al

Al employs a variety of algorithms to solve diverse problems. While many foun-
dational algorithms exist, this section highlights those most relevant to machine
learning (ML) and its applications.

Search Algorithms. Search algorithms, such as A* and Dijkstra’s, are essen-
tial for navigating large problem spaces efficiently, often used in pathfinding
and game playing [HNR68].

Optimization Algorithms. Optimization algorithms like Genetic Algorithms
(GA) and Simulated Annealing (SA) are used to find optimal solutions in com-
plex, multidimensional spaces where an exhaustive search is impractical [Hol92].

Probabilistic Algorithms. Probabilistic algorithms, such as Bayesian Networks,
are key in reasoning under uncertainty and are widely used in fields like diag-
nostic systems and decision-making [Pea88].

Machine Learning Algorithms. Machine learning is a core subset of Al fo-
cused on developing algorithms that enable computers to learn from data and
make decisions. ML models are distinct in that they improve their performance
over time with minimal human intervention. This is achieved through vari-
ous learning paradigms, including supervised, unsupervised, and reinforcement
learning [GBC16]. A more in-depth description of machine learning algorithms
will be discussed in Section 2.3.

2.2 Boolean Satisfiability

The Boolean satisfiability problem [Coo71], denoted as SAT, asks whether a
given propositional logic formula ¢ has a variable assignment V that satisfies it,
i.e., makes the formula evaluate to true. A propositional formula, also known as
a Boolean expression, is constructed from variables, constants (true or false),
negations (—), and connectives such as AND (A), OR (V), IMPLIES (—), or
EQUIVALENT (+») [DP60].

A variable assignment ) assigns a truth value (true or false) to each variable
in . If V makes ¢ evaluate to true, denoted as V(®) = true, then V is called
a model of ®. The formula ® is satisfiable if there exists at least one model V
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such that V = ®. If every possible variable assignment is a model of ®, then ®
is a tautology, denoted as = ®. Conversely, if no variable assignment satisfies
®, the formula is unsatisfiable, and its negation is a tautology.

For example, consider the formula ® = (xVy)A(—2zV—y). Avariable assignment
that satisfies ¢ is V(z) = true and V(y) = false. Under this assignment, both
clauses in ® evaluate to true, so V is a model of ®.

SAT solvers not only determine the existence of a model but often find a specific
one if the formula is satisfiable. Advanced SAT solvers can also produce an
unsatisfiability proof or identify an unsatisfiable core, which is a minimal subset
of clauses that cannot be satisfied.

2.2.1 Model Counting

Model counting, also known as #SAT, extends the SAT problem by asking for
the (exact) number of distinct models that satisfy a given formula & [Tod89].
While SAT is a decision problem concerned with the existence of at least one
model, model counting is a counting problem that quantifies the total number
of satisfying variable assignments. Determining this number is generally a more
computationally challenging task because it requires accounting for all possible
combinations of variable assignments that satisfy the formula rather than just
finding one [DJWO5].

In computational complexity theory, SAT is classified as an NP-complete prob-
lem. This means that while any proposed solution (a satisfying assignment) can
be verified quickly (in polynomial time), there is no known algorithm that can
find a solution quickly for all instances. Model counting, on the other hand, is
classified as a #P-complete problem [Coo71], which is a complexity class for
counting problems associated with the solutions of NP problems. #P-complete
problems are considered even more computationally intractable because they
involve enumerating all possible solutions, and there is no known polynomial-
time algorithm to solve them.

Continuing with the previous formula ® = (z V y) A (-z V —y), there are two
satisfying assignments:

1. Vi(z) = true, Vi(y) = false 2. Vy(x) = false, Vs(y) = true

Therefore, the model count for ® is 2.
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2.2.2 Conjunctive Normal Form

While the syntax of propositional logic is tailored for manual formula manip-
ulation, a more streamlined structure is beneficial for algorithmic handling.
The structure of choice for SAT solvers is the conjunctive normal form (CNF)
[DP60].

The significance of the conjunctive normal form for SAT solving was first em-
phasized by Davis and Putnam. A CNF formula is characterized by a conjunction
of clauses. Each clause C is a disjunction of literals, where a literal is either a
variable or its negation. This structure permits a straightforward representation

as a collection of sets of literals.

Formula ::= Clause A\ Formula
Clause ::= Literal V Clause
Literal ::= Variable V =V ariable

Variable := AV BVvVCV...

The grammatical notation used to define the syntax of propositional formulas
follows the Backus-Naur Form (BNF) [MRO3]. Any propositional formula can
be transformed into an equivalent CNF formula using basic rewrite rules. How-
ever, this transformation can cause some formulas to expand exponentially in
size. For instance, the formula:

(A1 ABy)V (A2 ABy) V-V (A, A By)

has a corresponding CNF with 2" clauses, where n is the number of conjunctive
terms in the disjunction, i.e. the number of original clauses. This exponen-
tial growth occurs because each conjunctive term must be distributed over all
others, leading to all possible combinations of literals.

For SAT solving, it is not mandatory to use an equivalent formula. Equisatisfi-
able formulas, which might introduce new variables, are sufficient [BHYMWO09].
For CNF conversion, these new variables typically represent the value of a sub-
formula, allowing for a conversion where the output length is polynomially
related to the input length.
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2.2.3 The DPLL Procedure

There are several methods in the literature that form the basis for most SAT
solver implementations. The Davis-Putnam [DP60] procedure, often referred
to as DPP, was a pioneering satisfiability testing method and can be seen as an
antecedent to contemporary SAT solvers. It introduced the CNF into satisfiabil-
ity testing. DPP comprises three rules that modify a set of CNF clauses without
altering its satisfiability. Through repetitive application, the set is either reduced
to the empty set (indicating satisfiability) or to a set containing an empty clause
(indicating unsatisfiability). The rules are:

* Unit-Clause Rule: If a clause consists of a single literal, that literal must
be true for the formula to be satisfied. By assuming this literal’s value
as true, all clauses containing that literal are satisfied and can be dis-
carded. Clauses containing the negated literal are modified by removing
the negated literal.

* Pure-Literal Rule: If a literal appears but its negation does not, it is safe
to assume the literal’s value as true. This cannot make any clause un-
satisfiable. All clauses containing this literal can be removed. While his-
torically significant, the pure literal rule has largely been abandoned in
modern complete SAT solvers, as its practical benefit has proven minimal

in contemporary solver implementations.

* Resolution Rule: This rule aims to eliminate a variable from the set of
clauses. All clauses containing the variable are grouped based on positive
or negative occurrence. These clauses are then replaced with the disjunc-
tion of both sets. When converted back to CNF, it becomes the set of all
disjunctions formed by taking a clause from either set.

However, the resolution rule can quickly generate a vast number of clauses,
leading to memory constraints. This challenge led Loveland and Logemann to
replace it with a splitting rule [ES04] that successively explores the implications
of assuming a variable to be true or false, resulting in a recursive algorithm.
This became the DPLL procedure, which remains foundational for most modern
SAT solvers.

The DPLL procedure rules are further explained in the following examples:

* Unit-Clause Example: Given the clauses {4, B, -C'}, {-B,C}, and {—-B, =C},
applying the unit clause rule with B = true results in the clauses { A} and
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{—=C}.

* Pure-Literal Example: Given the clauses {A, B,C'}, {—A, B}, and {—A, C},
applying the pure-literal rule with B = true (since =B does not appear in
any clause) allows us to remove all clauses containing B. This results in
the remaining clause {—A, C}.

* Resolution Example: Given the clauses {A, B} and {—B,C}, applying
the resolution rule on variable B results in the clause {4, C}. Here, we
resolve B and —B by combining the remaining literals after eliminating B
and —B.

 Splitting the clause: Splitting the clause (AV BV C'V D) into two clauses
(AVBVX)AN(CV DV -X)where X is a fresh variable is an example of
a transform that preserves satisfiability but not equivalence.

with A,B,C,D,X are variables.

The pseudocode for the DPLL procedure is as follows:

Algorithm 1 DPLL Procedure

Require: ® {The formula in CNF}
Ensure: Satisfiability status of ®
1: Procedure DPLL(®):
® < Propagate(®)
if () € ® then
return unsat
else if ® = () then
return sat
end if
Choose v from Vars(®)
if DPLL(®[v = true]) = sat then
return sat
. end if
: if DPLL(®[v = false]) = sat then
return sat
: end if
: return unsat

RN DREWD

e
g h W DN = O

2.2.4 Lookahead

The DPLL algorithm does not provide explicit guidance on the selection of vari-
ables for branching. The choice of the decision variable can significantly in-
fluence the algorithm’s overall efficiency. Lookahead solvers [HvMO09] aim to
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[Start: (AVB)A(mAVC)A(BV-C)A(=BVD)A (ﬁD)]

l

[Unit Propagation: —D is a unit clause]

l

[ Assign D = false ]
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Figure 2.1: Execution of the DPLL procedure.

make informed decisions by examining the potential outcomes of branching on
specific variables. This is achieved through a lookahead procedure that triggers
the propagate procedure for both possible assignments of a variable (see Line 3
in algorithm 2).

Variables are subsequently ranked based on a score derived from the result-
ing CNF formulas (Lines 12-15 in 2). If a conflict arises when assuming a
literal during the lookahead process—a scenario known as a failed literal—the
assumed variable must adopt the negated value [MSS99].

In Algorithm 2, after the lookahead procedure (Line 3), the decision variable
x is chosen based on the ranking, and the direction heuristic is applied to de-
termine the assignment order (Line 6). This heuristic decides whether to try
x = true or z = false first, based on criteria such as the one that leads to fewer
conflicts during the lookahead.
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Algorithm 2 DPLL and Lookahead Procedures

Require: ® {The formula in CNF}
Ensure: Satisfiability status of ®
1: Procedure DPLL(®D):

® < Propagate(®P)
®, x + Lookahead(®) {Line 3: Invoke lookahead procedure}
if ® = () then

return sat
else if ) € ® then

return unsat
end if
b < Direction Heuristic(®, ) {Line 6: Apply direction heuristic}

WRNLRWD

10: result, < DPLL(®[z = b))

11: if result, = sat then

12: return sat

13: end if

14: result ;, <— DPLL(®[z = —b])

15: return result_,

16: Procedure Lookahead(®):

17: Choose a set of variables X

18: for each z in X do

19:  Propagate with = = true and x = false
20:  if Conflict occurs then

21: Mark z as a failed literal

22: end if

23: end for

24: Rank variables based on the results {Lines 12-15: Rank variables}
25: Choose = with the highest rank

26: return o,z

2.2.5 Conflict-Driven Clause Learning

An enhancement to the DPLL procedure involves the dynamic incorporation
of new clauses into the formula, aiming to steer the search towards a solu-
tion. This enhancement is achieved by examining conflicts that arise during
the recursive process and subsequently introducing clauses that prevent similar
conflicts in subsequent iterations. This strategy is termed conflict-driven clause
learning (CDCL) [MSLMO09].

The identification of a clause that can prevent a previously observed conflict
leverages an implication graph [ZMMM]. This graph is a directed representa-
tion of all literals deemed true based on the current set of assumptions. Each
time the unit-clause rule is invoked, new directed edges are established, point-
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ing towards the unit clause’s literal from every negated literal of the original
clause that was identified as a unit.

AVvBvVC

-BvC AV B

- - A
@ ~BVC @ AVBVC @

Figure 2.2: Example of an implication graph

A conflict is identified when every literal negation from a clause is found within
the implication graph in Figure 2.2. To derive a clause that can avert this con-
flict in subsequent iterations, a graph cut is determined between the literals
assumed and those causing the conflict. A clause encompassing all negated lit-
erals from nodes with outgoing edges that intersect the cut is then appended to
the formula.

Consider the implication graph shown in Figure 2.2. Assume the SAT solver
identifies a conflict involving the literals A, —=B, and —C' These literals imply a
contradiction because the clause -C'V B VV A becomes unsatisfiable.

To resolve this, a graph cut is made to separate the assumed literals (—C, —=B)
from the conflict node. The literals with outgoing edges that cross the cut (—=C
and —B) are collected, and a new clause C' V B is derived. Adding this clause
to the formula ensures that the same conflict does not recur under the same
assumptions.

The selection of the graph cut is determined heuristically [ZMMM]. Further-
more, the implication graph can be implicitly represented by noting down the
clause responsible for implying a specific literal.

Upon adding such a clause to the formula, in the absence of backtracking, all its
literals are rendered false. Based on the chosen graph cut, it might be essential
to backtrack across multiple levels until the newly added clause becomes a unit.
This clause can be a unit across various levels, and empirical evidence suggests
that backtracking to the most inferior level where the clause is a unit, a tech-
nique known as non-chronological backtracking or backjumping, is efficacious.

Given that backtracking can span multiple levels concurrently, CDCL is typically
implemented in an iterative manner, accompanied by a clear stack of assumed
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literals. This approach is depicted in the structure showcased in the pseudocode
of Algorithm 3. The pioneering SAT solver that ushered in this methodology, in
tandem with non-chronological backtracking, was named GRASP [MSS99]. An-
other solver worth noting is Chaff, credited with the introduction of a highly ef-
ficient data structure for unit-propagation termed as watched literals [MM*01].
A comprehensive guide detailing the evolution of a CDCL solver is available in
[ES04], which elaborates on the solver minisat.

Algorithm 3 CDCL Algorithm

Require: ¢ {The formula in CNF}
Ensure: Satisfiability status of ®
1: level < 0
2: while true do

3:  if ¢lassumptions] = () then

4: return sat

5: elseif ) € plassumptions] then

6: if level = 0 then

7: return unsat

8: end if

9: ¢ < AnalyzeConflict(assumptions, reasons)
10: o+ oU{c}
11: backtrack to smallest [evel so that |c[assumptions|| = 1
12:  elseif ¢ € ¢ with c[assumptions| = {/} then
13: assumptions,evel < assumptions,evel U {l}
14: reasons; < ¢
15:  else
16: level < level +1
17: choose unassigned literal [
18: assumptions,evel < assumptions,evel U {l}
19: endif

20: end while

2.2.5.1 Conflict Analysis and Clause Resolution

Modern CDCL SAT solvers predominantly utilize the first Unique Implication
Point (fUIP) [MSS99] technique for clause learning. Beginning with the con-
flicting clause C, the fUIP method resolves literals from the present decision
level until a clause £ = R U {—A} is identified. Here, the literal A was de-
termined in the current decision level, while all literals in R were determined
previously. The literal F' is termed the fUIP literal for the ongoing conflict. Ev-
ery path from the current decision variable to the ongoing conflict contains the
fUIP literal F'. The literals in {r|literal »r € R} U {A} are termed reason literals

Machine Learning 20 Marco Dalla
for Structural Reasoning
in Boolean Satisfiability



2. BACKGROUND 2.2 Boolean Satisfiability

for the ongoing conflict, as their assignments resulted in the current conflict. R
is termed the reason clause for the ongoing conflict with conflicting clause C.

2.2.5.2 Fast Conflict Creation

During the search process, when a conflict arises, a CDCL SAT solver learns a
clause from that conflict. These learned clauses play a pivotal role in trimming
the search space, thereby enhancing the efficiency of solving. Research has
shown [BKS04] that for UNSAT formulas, the shortest refutation proofs identi-
fied by the CDCL SAT solving process with clause learning are only marginally
longer than the shortest refutation proofs generated by general resolution, a
robust proof system. Efficient branching heuristics have been observed to pro-
duce more conflicts per branching decision and derive higher-quality clauses
from these conflicts [Rya04]. Thus, swiftly generating conflicts and deriving
high-quality clauses from these conflicts is crucial for effective CDCL SAT solv-
ing.

2.2.5.3 CDCL Branching Techniques

The conventional CDCL SAT branching techniques adhere to the look-back prin-
ciple [MM*01]. They give preference to variables that have recently been part
of conflicts, with the belief that these variables, if reassigned, will continue to
produce more conflicts. Two notable CDCL branching techniques, VSIDS and
LRB, are discussed below.

VSIDS. The Variable State Independent Decaying Sum (VSIDS), proposed by
[MM™*01], is a widely adopted dynamic branching technique. VSIDS assigns an
activity score to each variable in a given SAT formula. During conflict analysis,
VSIDS augments the activity score of each variable involved in conflict resolu-
tion. It places a significant emphasis on variables that were part of the latest
conflicts.

LRB. In the Learning Rate Branching (LRB) [LOM™18] technique, a variable
V is considered active when it is assigned due to a branching decision or prop-
agation and becomes inactive when it is unassigned due to backtracking. LRB
monitors the participation count P(V') of V' in generating learned clauses within
the conflict interval I(V'). An activity score for V' is derived from its reward
R(V'), which is the rate of its participation in learned clause generation. During
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the search, the variable with the highest activity score is chosen for branching.

2.2.5.4 CDCL Polarity Heuristics

After a variable is decided by the decision techniques, a CDCL SAT solver em-
ploys a polarity technique to assign a boolean value to the decided variable.
The most advanced polarity technique is the phase-saving technique [ES04].

The Phase Saving Technique. Consider two literals, A" and A~, where the
variable A is assigned true and false, respectively. Assume that at decision step
i, a variable B is assigned, leading to a propagation with A*, where x € {+, —},
and this propagation results in a conflict. After analyzing the conflict and during
backtracking, the phase-saving technique retains this last assigned polarity x of
A in polarity[A]. If the CDCL decision technique selects A again at decision
step j > i, the phase-saving technique selects the literal A®. In CDCL SAT
solvers, such as Glucose and Maple [PD07], the polarity[z] is initialized to —
each variable A of a given SAT formula. This initialization to negative polarity
is an artifact of the encoding of most SAT benchmarks, which generally produce
formulas with more positive than negative literals.

2.2.5.5 Metrics Related to Conflicts

This section reviews three pertinent conflict metrics: Global Learning Rate
(GLR), Literal Block Distance (LBD) Score, and Glue Clauses.

Global Learning Rate. The Global Learning Rate (GLR) [AS12] measures the
efficiency of a solver in producing conflicts and learning from them. It is defined
as the ratio of the number of conflicts to the number of decisions. A higher
GLR indicates that the solver is encountering more conflicts per decision, which
typically results in the rapid generation of learned clauses, enabling a more
efficient traversal of the search space.

Literal Block Distance Score. The Literal Block Distance (LBD) score [AS09]
of a learned clause C represents the number of distinct decision levels present in
C. Lower LBD scores indicate that the variables within the clause are closely in-
terlinked, making these clauses more reusable in future propagations. Clauses
with a low LBD score are considered "high quality" because they are more ef-
fective in pruning the search space, which contributes to the solver’s overall
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efficiency.

Glue Clauses. Glue clauses [AS09] are a subset of learned clauses charac-
terized by an LBD score of 2. These clauses are particularly impactful as they
connect a literal from the current decision level with a block of literals deter-
mined in a previous decision level. Glue clauses are highly effective at reducing
the search space and are often prioritized by solvers for retention in the clause
database. By focusing on such high-impact clauses, solvers can maintain a lean
database while enhancing propagation speed and decision quality.

2.2.5.6 Leading CDCL Solver Systems

In recent times, three systematic solver families have dominated the SAT com-
petitions [FHI*21]:

* The Glucose Family: Glucose and its extensions utilize VSIDS and its vari-
ants as their branching heuristic. They also employ rapid restart strategies
and aggressive clause database cleaning schedules [AS09].

* The Maple Family: MapleCOMSPS and its variants use a combination of
branching heuristics like VSIDS, LRB, and Dist. These solvers are char-
acterized by less aggressive clause database reduction and restart policies
compared to the Glucose family [LKP™17].

* The CaDiCaL and Kissat Family: Both CaDiCalL and its successor Kissat
are high-performance CDCL SAT solvers. They interleave search and in-
processing, a technique that simplifies the current clause collection. Both
solvers use VSIDS and Variable Move To Front (VMTF) as their branching
heuristics and are known for their ultra-rapid restarts during the search
[FH20].

2.2.6 Local Search Solvers in SAT

Local search solvers are another important category of algorithms employed in
SAT problems [SKC94]. These solvers are especially effective for addressing
hard combinatorial problems where traditional complete methods, such as the
Davis-Putnam-Logemann-Loveland (DPLL) algorithm, may struggle due to the
exponential size of the search space. The key strength of local search lies in
its ability to quickly find a solution by exploring a vast number of potential
solutions without the need to exhaustively search the entire space.
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2.2.6.1 Basic Concepts

Local search algorithms are built upon a few fundamental concepts that guide
the search process:

Neighborhood. The neighborhood of a given solution refers to the set of all
possible solutions that can be obtained by making small, localized changes to
the current solution. In the context of SAT, this typically means flipping the
value of one or more variables in a given assignment. The choice of neighbor-
hood structure is critical, as it affects the efficiency of the search. Smaller neigh-
borhoods allow for finer-grained exploration, while larger neighborhoods can
enable the algorithm to escape local optima more effectively [SKC94, HS04].

Objective Function. In SAT, the objective function often measures the number
of satisfied clauses in the current assignment. The goal of the local search
algorithm is to maximize this objective function, ideally reaching a point where
all clauses are satisfied, which corresponds to a solution of the SAT problem.
Different strategies can be employed to evaluate the objective function, such as
focusing on hard-to-satisfy clauses or giving more weight to certain constraints
based on their complexity or importance [HS04, LHO5].

Fitness Landscape. The fitness landscape is a conceptual model that repre-
sents how the quality of solutions (as measured by the objective function) varies
across the search space. A rugged landscape with many peaks and valleys rep-
resents a challenging optimization problem, as the algorithm can easily become
trapped in local optima. Understanding the structure of the fitness landscape
can help in designing more effective local search strategies [HS04].

Termination Criteria. The search process must have a well-defined stopping
condition. Common termination criteria include reaching a maximum number
of iterations, exceeding a time limit, or finding a solution that satisfies all con-
straints. In some cases, the algorithm may also terminate when it detects that it
is unlikely to find a better solution, such as when the improvements in the ob-
jective function become negligible over successive iterations [GW93, SLM92].
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2.2.6.2 Main Algorithms

Several well-known algorithms embody the principles of local search and have
been tailored to the SAT problem:

Hill Climbing. Hill climbing is one of the simplest and most intuitive local
search methods. It begins with a random solution and iteratively makes small
changes, each time moving to a neighboring solution that improves the objec-
tive function. Although straightforward, hill climbing is prone to getting stuck
in local optima, especially in complex landscapes typical of SAT problems. Vari-
ants such as stochastic hill climbing introduce randomness in the selection pro-
cess to mitigate this issue [GW93].

Simulated Annealing and Tabu Search. Historically, optimization methods
such as Simulated Annealing and Tabu Search have been explored for SAT
solving, aiming to enhance hill climbing algorithms by avoiding local optima
through stochastic decisions or memory-based mechanisms [KGV83, AS95].
However, in modern competitive SAT solving practice, these methods are rarely
employed, as stochastic local search algorithms like WalkSAT and its variants
have proven significantly more effective and thus dominate current SAT solver
competitions.

WalkSAT and Variants. WalkSAT is a specific local search algorithm designed
for SAT problems. It starts with a random assignment and iteratively flips the
value of a variable to increase the number of satisfied clauses. If no improve-
ment is possible, the algorithm may flip a variable randomly, introducing a level
of stochasticity that helps escape local optima. Variants of WalkSAT incorporate
additional heuristics, such as clause weighting and configuration checking, to
improve performance on harder SAT instances [SKC94, CS12].

Hybrid Approaches. Hybrid algorithms combine local search with other tech-
niques, such as clause learning from Conflict-Driven Clause Learning (CDCL)
solvers or lookahead strategies. These approaches leverage the strengths of dif-
ferent algorithms to improve overall performance. For instance, local search
might be used to quickly find a good starting point, after which a complete
solver refines the solution [LHO5, HKWB11].
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2.2.6.3 Application of Local Search to SAT

Local search methods have been widely applied in SAT solving, particularly for
large, randomly generated instances where complete methods are less practi-
cal. The success of these algorithms in SAT is due to their ability to explore
large search spaces quickly and their flexibility in handling different problem
structures. Additionally, modern SAT solvers often integrate local search com-
ponents to enhance their performance, especially in hybrid systems.

One significant area of research is the development of specialized heuristics that
improve the efficiency of local search in SAT. For example, configuration check-
ing heuristics help prevent cycling by ensuring that recently flipped variables
are not flipped again unless necessary, which can greatly enhance the effective-
ness of local search on complex instances [CS12].

2.2.7 State of the Art in SAT Solving

The field of SAT solvers has evolved significantly over the past decades, with
Conflict-Driven Clause Learning (CDCL) solvers at the forefront of this progress
[MSS99]. These solvers have been instrumental in tackling complex combi-
natorial problems, leading to breakthroughs in areas such as hardware ver-
ification, artificial intelligence, and cryptographic analysis. This section re-
views the latest advancements in SAT solving, highlighting key improvements
in CDCL algorithms, clause management, restart strategies, and the integra-
tion of machine learning techniques. The fusion of traditional heuristics with
data-driven learning approaches marks a new era in SAT solver efficiency, scala-
bility, and applicability, as evidenced by recent literature and benchmark studies
[BHVMWO09, LOM*18, Wul7].

2.2.7.1 Improvements in Conflict-Driven Clause Learning

Recent developments in CDCL algorithms have introduced a variety of enhance-
ments aimed at optimizing the performance and scalability of SAT solvers.
These advancements can be summarized in the following key areas:

Enhanced Heuristics for Variable Selection: Modern CDCL solvers have ben-
efited from more sophisticated branching heuristics. Techniques such as the
Variable State Independent Decaying Sum (VSIDS) have been further refined,
leading to more efficient decision-making processes during the search. Recent
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studies have proposed adaptive heuristics that dynamically adjust based on the
problem structure, significantly reducing solver runtimes [LOG*18, BS22].

Clause Database Management: Effective management of the growing clause
database remains crucial for maintaining solver efficiency. Innovations in clause
deletion policies, such as those based on clause activity and the LBD (Literal
Block Distance) metric, have helped in eliminating redundant or less useful
clauses. This has resulted in more streamlined and faster solvers, as highlighted
in recent competitions and benchmark studies [AS09].

Learning from Conflicts: The ability of CDCL solvers to learn from conflicts
has been significantly enhanced through the incorporation of techniques like
XOR-Clause Learning. These techniques allow solvers to manage complex con-
straints and provide shorter unsatisfiability proofs, thereby improving solver
performance on challenging instances [LJN12].

Parallelization and Distributed Solving: With the increasing demand for
solving large-scale SAT instances, parallel CDCL solvers have gained traction.
Innovations in distributed clause learning and shared clause management have
improved the scalability of CDCL solvers on multi-core and distributed systems,
demonstrating substantial performance gains in large benchmarks [HJS09,
MML12].

These advancements collectively represent a significant step forward in SAT
solver technology, ensuring that CDCL remains at the cutting edge of combina-
torial problem solving. The continuous refinement of these techniques promises
to further expand the applicability of SAT solvers in fields such as hardware ver-
ification, Al planning, and cryptographic analysis.

2.2.7.2 Clause Management and Simplification

The continuous addition of clauses by CDCL solvers has necessitated the de-
velopment of efficient clause management strategies to maintain solver per-
formance. As the clause database expands during the solving process, redun-
dant or irrelevant clauses can accumulate, potentially leading to inefficiencies.
Therefore, effective clause management is crucial to reduce the search space
without sacrificing the solver’s completeness.
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Clause Deletion Policies. One of the primary strategies for managing the
clause database involves the application of dynamic clause deletion policies.
Techniques such as the Literal Block Distance (LBD) metric have been instru-
mental in identifying and retaining only the most relevant clauses. Clauses
with low LBD scores, which tend to be more useful in future conflict analysis,
are kept, while others are periodically deleted [AS09]. These policies have
been further refined by incorporating adaptive mechanisms that adjust deletion
thresholds based on the solver’s progress [KLW22].

Clause Activity Measurement. In addition to deletion policies, clause activ-
ity measurement has emerged as a crucial factor in clause management. This
technique tracks the frequency with which a clause participates in conflict reso-
lution, allowing the solver to prioritize clauses that are more likely to contribute
to solving the problem [MSLMO09].

Clause Simplification Techniques: Beyond deletion, simplification techniques
such as subsumption and self-subsuming resolution have been employed to re-

duce the size of clauses or eliminate redundant literals. These methods help in

streamlining the clause database, thus reducing memory overhead and improv-

ing overall solver efficiency [EBO5]. Recent work has focused on extending

these techniques to handle more complex clauses, including XOR and cardinal-

ity constraints, which are common in industrial applications [MHB13].

Impact of Clause Management on Solver Performance: The effectiveness of
these clause management techniques is evident in their impact on solver perfor-
mance. Studies have shown that solvers employing advanced clause deletion
and simplification methods consistently outperform those that do not, partic-
ularly on large and complex problem instances [HJ12, MHB13]. These im-
provements are reflected in the results of SAT competitions, where solvers with
superior clause management strategies often achieve top rankings.

Overall, the continuous refinement of clause management and simplification
techniques plays a critical role in maintaining the efficiency and scalability of
modern CDCL solvers. As the complexity of SAT instances grows, further inno-
vations in this area will be essential to keep pace with the increasing demands
of real-world applications.
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2.2.7.3 Restart Strategies and Incremental Solving

Restart Strategies. Restarts have become a crucial technique in SAT solving
to overcome the limitations of traditional backtracking methods. Traditional
backtracking can sometimes trap the solver in a local minima, where it explores
only a small portion of the solution space, leading to inefficient solving pro-
cesses. To mitigate this, restart strategies periodically reset the solver’s state,
enabling it to explore different regions of the solution space. This approach
was notably advanced by Huang [Hua07], who demonstrated that system-
atic restarts can dramatically improve the solver’s performance on challenging
instances. Since then, various adaptive restart policies have been proposed,
where the decision to restart is based on dynamic metrics such as conflict fre-
quency or learned clause quality [Bie08, LOG*18]. These strategies have been
shown to reduce the time to solution significantly, particularly in hard SAT in-
stances where solvers might otherwise struggle.

Incremental Solving. Incremental SAT solving represents another key ad-
vancement, particularly valuable in applications like hardware verification and
automated testing. Incremental solvers reuse information from previously solved
instances, which allows them to solve new, but related, instances more effi-
ciently. The FastPass framework, for instance, utilizes incremental solving to
optimize pin access schemes in design rule checking, significantly reducing com-
putational overhead [WLY23]. Recent developments have focused on enhanc-
ing the robustness of incremental solvers by improving their ability to man-
age and reuse learned clauses across different but related problem instances
[NR12]. This approach not only reduces solving time but also enhances the
scalability of SAT solvers in real-world applications.

2.3 Machine Learning

Machine Learning (ML) can be broadly categorized into three primary types,
each serving different purposes and employing different algorithms.

2.3.1 Supervised Learning

Supervised learning involves training a model on labeled data, where the cor-
rect output is provided for each input [HTF09]. The goal is to learn a mapping
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from inputs to outputs that can be generalized to new, unseen data. Common
algorithms in supervised learning include the following.

Support Vector Machines (SVM). SVMs are powerful models for classifica-
tion and regression tasks. They work by finding the hyperplane that best sepa-
rates data into different classes with the maximum margin, making them effec-
tive in high-dimensional spaces [CV95].

Decision Trees. These models split the data into subsets based on the value
of input features, forming a tree-like structure that is easy to interpret and
implement [Qui86].

Multi-Layer Perceptrons (MLPs). MLPs are a class of feedforward artificial
neural networks consisting of an input layer, one or more hidden layers, and
an output layer. Each neuron in one layer is fully connected to every neuron in
the next layer. MLPs use non-linear activation functions like ReLU or sigmoid to
model complex, non-linear relationships in data. They are widely used for su-
pervised learning tasks such as classification and regression due to their ability
to approximate any continuous function [RHW86].

2.3.2 Unsupervised Learning

Unsupervised learning deals with unlabeled data, aiming to identify hidden
structures or patterns without explicit instruction [Bis06]. The model learns
to group similar data points together or reduce the dimensionality of the data.
Common techniques include the following.

Clustering Algorithms. Algorithms like K-means are used to partition data
into clusters based on similarity, with each data point assigned to the nearest
cluster centroid [Bis06].

Dimensionality Reduction. Techniques like Principal Component Analysis (PCA)
reduce the number of input variables in a dataset, simplifying the data while

preserving as much variance as possible [Jol02].
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2.3.3 Reinforcement Learning

In reinforcement learning, an agent learns to make decisions by taking actions
in an environment to maximize cumulative rewards [SB18]. The learning pro-
cess is inspired by behavioural psychology, where the agent learns from the
consequences of its actions rather than from a fixed dataset. Applications in-
clude the following.

Q-Learning. A model-free reinforcement learning algorithm that seeks to find
the best action to take given the current state, by learning a value function that
predicts the expected utility of actions [WD92].

Policy Gradient Methods. These methods directly learn a policy that maps
states to actions, optimizing the policy through gradient ascent on expected
rewards. They are widely used in continuous action spaces [SB18].

Machine learning’s versatility and effectiveness have made it a cornerstone of
modern Al, enabling systems to tackle a wide array of tasks from classification
and prediction to decision-making and pattern recognition. As ML continues to
evolve, it will likely drive further advancements in Al across multiple domains.

2.3.4 Deep Learning

Deep Learning, a specialized subset of machine learning, has garnered consider-
able attention due to its remarkable success in a variety of domains, particularly
those involving large-scale data and intricate pattern recognition [LBH15]. Un-
like traditional machine learning methods, which often rely on manual feature
extraction, deep learning models automatically learn hierarchical representa-
tions of data through multiple layers of abstraction. These models are built on
artificial neural networks, inspired by the human brain’s architecture, where in-
terconnected neurons process information through weighted connections. The
capacity of deep learning models to learn complex and non-linear patterns has
made them exceptionally effective for tasks such as image recognition, natural
language processing, and speech recognition [GBC16].

2.3.4.1 Deep Neural Networks

A Deep Neural Network (DNN) is an extension of a basic artificial neural net-
work, characterized by the presence of multiple hidden layers between the in-
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put and output layers [LBH15]. Each hidden layer in a DNN is composed of
numerous neurons, each performing a weighted sum of its inputs followed by
a non-linear activation function. These hidden layers enable the network to
capture intricate patterns and representations within the data, which are often
difficult to detect using shallow models [LBH15]. The depth of the network
allows it to learn from the data in a hierarchical fashion, where each successive
layer builds upon the features learned by the previous one. This layered archi-
tecture makes DNNSs particularly powerful for a wide range of complex tasks,
including but not limited to image classification, natural language understand-
ing, and autonomous driving [LBH15].

2.3.4.2 The Backpropagation Algorithm

The effectiveness of deep learning models can be largely attributed to the back-
propagation algorithm [RHWS86], a critical method for training neural net-
works. Backpropagation, short for "backward propagation of errors," is an iter-
ative optimization algorithm used to minimize the loss function by updating the
model’s weights. The process involves two main phases: forward propagation
and backward propagation.

During forward propagation, the input data is passed through the network to
generate an output, which is then compared against the true target values
to calculate the loss. In backward propagation, this loss is propagated back
through the network, and the gradient of the loss with respect to each weight
is computed. These gradients are then used to update the weights in a direc-
tion that minimizes the loss, typically by using a gradient descent optimization
algorithm. The repeated application of these steps across multiple iterations
(epochs) allows the network to iteratively refine its weights, thereby improving
its performance on the task [RHW86].

The backpropagation algorithm has been pivotal in the development of deep
learning, as it enables the efficient training of deep networks by systematically
reducing the prediction error [LBBH98]. The use of gradient descent in con-
junction with backpropagation ensures that the network converges to a set of
weights that optimally fit the training data, making it possible to generalize
well to new, unseen data. This algorithm remains a fundamental technique in
the training of neural networks, despite the emergence of more sophisticated
optimization methods in recent years [GBC16].
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Algorithm 4 Backpropagation Algorithm

Require: Training data (2, ("), learning rate n
Ensure: Trained weights W

1: Initialize weights W randomly

2: for each epoch do

3:  for each training example (2, ) do

4: Forward propagation: Compute the predicted output %) = f(2(); W)
5: Compute the loss: £(7®, y™)

6: Backward propagation: Compute gradients 2

7: Update weights: W «+ W — 2%

8: end for
9: end for
10: return W

2.3.4.3 Advanced Techniques in Deep Learning

Deep learning has grown far beyond its initial implementations of simple feed-
forward neural networks, incorporating a variety of sophisticated techniques
designed to enhance model performance, reduce training time, and improve
generalization to unseen data. Below are some of the most influential tech-
niques in modern deep learning.

Convolutional Neural Networks (CNNs). Convolutional Neural Networks
(CNNs) are a class of deep neural networks that have proven highly effective
in processing data with a grid-like topology, such as images. CNNs use a math-
ematical operation called convolution in place of general matrix multiplication
in at least one of their layers [LBBH98]. This operation allows the network to
recognize spatial hierarchies in data, making CNNs particularly adept at tasks
like image recognition and classification. LeNet-5, developed by Yann LeCun
and others in 1998, is one of the earliest and most well-known CNNs, designed
for handwritten digit recognition [LBBH98].

Recurrent Neural Networks (RNNs) and Long Short-Term Memory (LSTM)
Networks. Recurrent Neural Networks (RNNs) are designed to handle se-
quential data by maintaining a memory of previous inputs through internal
states. This architecture makes RNNs suitable for tasks such as language mod-
eling, translation, and time-series prediction [HS97]. However, standard RNNs
suffer from the problem of vanishing gradients, which hampers their ability
to capture long-term dependencies in data. To address this, Long Short-Term
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Memory (LSTM) networks were introduced, incorporating mechanisms called
gates that regulate the flow of information, allowing the network to maintain
and retrieve long-term information effectively [HS97].

Generative Adversarial Networks (GANs). Generative Adversarial Networks
(GANs), introduced by Ian Goodfellow et al. in 2014, is a groundbreaking
approach in generative modelling [GPAM*"14]. GANSs consist of two neural
networks—a generator and a discriminator—that are trained simultaneously
through adversarial processes. The generator attempts to produce data indis-
tinguishable from real data, while the discriminator tries to differentiate be-
tween real and generated data. This competition drives the generator to create
increasingly realistic outputs, which has led to GANs becoming a powerful tool
for applications such as image synthesis, video generation, and style transfer
[GBC16].

Attention Mechanisms and Transformers. Attention mechanisms have be-
come integral to many state-of-the-art deep learning models, particularly in the
realm of natural language processing (NLP). Attention allows models to focus
on specific parts of the input sequence when producing an output, which is
crucial for tasks involving long sequences of data [VSP*17]. The Transformer
model, introduced by Vaswani et al. in 2017, is built entirely on attention
mechanisms, dispensing with recurrence entirely [VSP*17]. Transformers have
since become the foundation for many cutting-edge models, including BERT
(Bidirectional Encoder Representations from Transformers) [DCLT18] and GPT
(Generative Pre-trained Transformer) [RNSS18].

Transfer Learning. Transfer learning is a technique where a model developed
for a particular task is reused as the starting point for a model on a second
task. This approach is especially useful when data for the second task is scarce
[PYQ9]. Pre-trained models like BERT and GPT are often fine-tuned on specific
tasks, enabling them to achieve high performance with relatively little data.
Transfer learning has become a standard practice in NLP and computer vision,
where models trained on large datasets (like ImageNet) are adapted for more
specific tasks [YCBL14].
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2.3.4.4 Challenges and Future Directions

Despite its successes, deep learning faces several challenges. One of the most
significant is the need for large amounts of labelled data, which is often costly
and time-consuming to obtain. Techniques like semi-supervised learning and
unsupervised learning are being developed to mitigate this dependency by lever-
aging unlabeled data [KW14]. Another challenge is the interpretability of deep
learning models; as models become more complex, understanding the rationale
behind their predictions becomes increasingly difficult. Research into explain-
able Al (XAI) aims to make models more transparent and trustworthy [Gun17].

Furthermore, as models grow in size, the computational resources required to
train them also increase dramatically. This trend raises concerns about the
environmental impact of deep learning, prompting the development of more
efficient models and training algorithms [SGM19].

In the future, advancements in areas such as quantum computing, neuromor-
phic computing, and advanced optimization techniques may further revolution-
ize deep learning, making it more powerful, efficient, and versatile across an

even broader range of applications [Prel8, Furl6].

2.4 Machine Learning-Based SAT Solving

The integration of traditional SAT-solving techniques with modern machine-
learning approaches has demonstrated significant potential in recent years.
Learning-based SAT solvers, such as SATformer [SLK"22], leverage neural net-
works and reinforcement learning to predict variable assignments and uncover
complex patterns within problem instances. These solvers dynamically refine
their strategies based on the problem’s characteristics, leading to more efficient
handling of diverse SAT instances [YP19]. The incorporation of machine learn-
ing within CDCL solvers represents a frontier in SAT solving [Lial8]. Techniques
like neural branching strategies and reinforcement learning-based adaptations
have shown promise in reducing solving times and enhancing solver robust-
ness across diverse problem instances [WHT*™21, KGWC20]. These hybrid
approaches allow solvers to dynamically tailor their behaviour and optimize
search strategies in real time, which significantly improves performance by re-
ducing the number of backtracks and speeding up the solver.
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2.4.1 SAT Solver Augmentation

Augmenting traditional SAT solvers with machine learning techniques has emerged
as a crucial development in computational logic. This approach focuses on en-
hancing various components of SAT solvers, including variable selection, heuris-
tic learning, clause management, and configuration tuning.

2.4.1.1 Variable Selection

Variable selection plays a critical role in determining the efficiency of SAT solvers.
Traditional heuristics, such as VSIDS[MM*01], often lack the adaptability needed
for diverse problem instances. Machine learning models developed by Liang
et al. [LOG'18] predict the most promising variables for branching based
on features extracted from problem instances, leveraging also on the historical
performance of variables in prior SAT instances. This approach demonstrated
notable improvements in solver performance by reducing unnecessary compu-
tations and focusing the solver’s efforts on more promising search paths. These
models have been further refined by integrating adaptive heuristics that dynam-
ically adjust based on the specific characteristics of the SAT instance, leading to
substantial improvements in solving efficiency [BS22, UONW23].

2.4.1.2 Heuristic Learning

Beyond variable selection, machine learning is increasingly used to enhance
heuristic learning, allowing solvers to dynamically adapt their strategies. Kurin
et al. [KGWC20] proposed a hybrid approach combining reinforcement learn-
ing with traditional SAT-solving techniques, achieving a balance between com-
putation time and solution quality. Yolcu and Poole [YP19] demonstrated that
deep reinforcement learning can significantly improve solver performance by
reducing conflicts and accelerating convergence. Additionally, Han [Han20]
contributed to the field by applying machine learning to predict glue variables,
optimizing heuristic selection dynamically. Their work focused on training mod-
els that could predict which heuristics would be most effective for different
phases of the SAT solving process. By integrating these predictive models, SAT
solvers could switch between heuristics dynamically, depending on the current
problem characteristics, leading to a more adaptable and efficient solving pro-
cess.
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2.4.1.3 Clause Management

Machine learning has also been applied to optimize clause management in SAT
solvers. Devriendt et al. [DBB17] introduced symmetric explanation learn-
ing, which predicts the usefulness of clauses based on their participation in
past conflict resolutions. This method leverages symmetries in SAT problems
to identify and retain clauses likely to be useful in future conflict resolutions.
Similarly, Driel et al. [vDDYS21] applied machine learning to manage clauses
in hybrid CP-SAT solvers, focusing on retaining only the most critical clauses,
thereby reducing memory overhead and improving solving efficiency. Liang et
al. [LOM™18] extended their machine learning applications to the manage-
ment of clauses in SAT solvers. They proposed a model that dynamically eval-
uates clause usefulness based on their historical contribution to solving past
instances. This allows the solver to retain only those clauses that are likely
to contribute to resolving the current instance, thus optimizing memory usage
and improving overall solver efficiency. Recent advancements have integrated
machine learning models to predict clause usefulness dynamically, further en-
hancing the effectiveness of activity-based deletion [LOG*18].

2.4.1.4 Configuration Tuning.

The configuration of SAT solvers, including variable ordering heuristics and
restart strategies, plays a crucial role in their overall performance. Tradition-
ally, these configurations have been manually tuned; however, machine learn-
ing offers a more systematic approach. The Machine Learning for Combinato-
rial Optimization (ML4CO) competition demonstrated that data-driven meth-
ods could surpass traditional heuristics in solver configuration [GBC™22]. Ad-
ditionally, Biedenkapp et al. introduced dynamic algorithm configuration using
reinforcement learning, enabling solvers to adjust configurations online based
on problem-specific features [BDKH20]. These advancements underscore the
potential of machine learning to enhance SAT solver efficiency by optimizing
configurations dynamically during the solving process.

2.4.1.5 Impact of Machine Learning on SAT Solvers

The integration of machine learning into SAT solving has had a profound impact

across various solver components:

* Efficiency: Machine learning models have streamlined variable selection,
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heuristic learning, and clause management, leading to faster solving times
and reduced memory overhead [WHT*24].

* Adaptability: By dynamically adjusting strategies based on problem char-
acteristics, machine learning-enhanced solvers can handle a broader range
of SAT instances with greater robustness [SYZ124].

* Scalability: The ability to automatically tune configurations allows solvers
to scale more effectively to larger and more complex problems, as evi-
denced by recent competitions and benchmark studies [SLB*21].

Overall, the use of machine learning in SAT solvers has not only enhanced their
performance but has also expanded their applicability in real-world scenarios,
including hardware verification, Al planning, and cryptographic analysis.

2.4.2 Deep Learning and SAT

The intersection of deep learning and SAT solving has become a promising and
rapidly advancing field in computational logic [BL17]. Deep learning, par-
ticularly through neural networks, offers powerful tools for capturing complex
patterns and relationships within SAT instances, significantly enhancing the ef-
ficiency and effectiveness of SAT solvers.

2.4.2.1 End-to-End Learning for SAT Solving

End-to-end learning approaches aim to solve SAT problems by training models
to predict satisfiability directly from raw data without relying on handcrafted
features [SLB*18]. This methodology enables the models to learn useful rep-
resentations autonomously, making them adaptable to various SAT problem:s.

Biinz and Lamm [BL17] pioneered the use of Graph Neural Networks (GNNs)
for SAT solving by representing Boolean formulas as graphs, allowing the net-
work to learn the underlying relational structures. Guo et al.[GZL*23] re-
viewed the evolution of machine learning-enhanced SAT solvers, highlighting
models like NeuroSAT, which employs GNNs for SAT solving in an end-to-end
manner [SB19]. SATformer, introduced by Shi et al. [SLK"22], utilizes a
Transformer-based architecture to better understand clause relationships, sig-
nificantly improving solver performance on complex SAT instances.
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2.4.2.2 Graph Neural Networks in SAT Solving

GNNs have demonstrated significant potential in addressing the relational com-
plexities of SAT problems. By representing variables and clauses as nodes in a
graph, GNNs effectively capture dependencies critical to solving SAT problems.

Yan et al. [YLS*23] extended the capabilities of GNNs by integrating Recur-
rent Neural Networks (RNNs) to improve predictions for variable assignments,
creating a hybrid model known as AsymSAT. This integration helps solve more
complex SAT instances by leveraging both the spatial relationships captured by
GNNs and the temporal dependencies handled by RNNs. Yu et al. [YLZ19]
introduced G2SAT, a deep generative framework that learns to generate SAT
formulas similar to real-world instances, demonstrating the versatility of GNNs
beyond satisfiability checking.

2.4.2.3 Neural Networks as Standalone SAT Solvers

Neural networks have also been explored as standalone solvers for SAT prob-
lems, particularly in specialized or highly complex cases where traditional meth-
ods may not be as effective. Marino [Mar21] developed a deep learning algo-
rithm for solving the Maximum Exact 3-Satisfiability problem, showcasing how
neural networks can be tailored to specific SAT variants. Yang et al. [YWC'19]
extended this by exploring GNN-based solvers for Quantified Boolean Formulas
(QBF), demonstrating that neural networks can also handle more complex log-
ical structures. Fournier et al. [FLC'22] utilized deep reinforcement learning
with adversarial GNNSs to create a heuristic that outperforms traditional solvers,
showing the potential of neural networks in enhancing SAT solving efficiency.

2.4.2.4 Innovative Neural Network Architectures for SAT

Various neural network architectures have been proposed to address the unique
challenges of SAT problems. These architectures leverage deep learning to
model the intricate structures and relationships inherent in SAT instances. Nar-
odytska et al. [NKR'18] introduced an exact Boolean representation of bi-
narized deep neural networks, integrating SAT solvers for verification tasks.
This approach highlights the synergy between deep learning and SAT solving in
ensuring model correctness. Pinkas and Cohen [PC17] developed neural ar-
chitectures that encode structured relational knowledge, enhancing the ability
of neural networks to reason about SAT problems. Azizan et al. [ASA"23] pro-
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posed a hybrid network combining 3-Satisfiability structures with fuzzy logic
and metaheuristic algorithms, demonstrating the potential for hybrid models to
solve SAT problems more efficiently.

2.4.3 Challenges and Future Directions

While integrating machine and deep learning with SAT solving shows signifi-
cant promise, challenges remain, particularly regarding scalability and gener-
alization across different SAT problem types. The continued development of
hybrid models that combine the strengths of traditional SAT solvers with learn-
ing approaches is likely to be a key area of future research, aiming to create
more robust and efficient solvers capable of tackling increasingly complex SAT

problems.

Machine Learning 40 Marco Dalla
for Structural Reasoning
in Boolean Satisfiability



Chapter 3

Machine Learning Predictions
based on SAT Features

Abstract. This chapter explores the integration of machine learning
techniques with SAT problems. By leveraging features extracted from
SAT instances, including structural and statistical properties, we train
machine learning algorithms to predict satisfiability, problem category,
and model count. A key contribution is the integration of multiple
feature sets and their application across diverse tasks. The findings
highlight the potential of ML to improve solver performance through
effective feature utilisation and predictive modelling. This chapter is
based on our previous publication in SOCS and ICTAI: SAT Feature
Analysis for Machine Learning Classification Tasks [DPVO23] and
A Machine Learning Approach to Model Counting [DV0O24], as
well as the arXiv paper: SATfeatPy-A Python-based Feature Extrac-

tion System for Satisfiability [PDV0O22] and the code is available.
1

3.1 Introduction

The integration of machine learning (ML) techniques with SAT solving repre-
sents a promising avenue for addressing some of the longstanding challenges
in the field. This chapter focuses on the application of ML models to predict
the satisfiability, problem category, and model count of SAT instances using

Thttps://github.com/mardalla/SATfeatPy
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features extracted from these instances. The problem of predicting satisfiabil-
ity (SAT/UNSAT) involves determining whether a given Boolean formula has a
satisfying assignment. This task is not only computationally intensive but also
highly dependent on the instance’s specific structure and statistical properties.
Similarly, categorising SAT instances into predefined problem classes can pro-
vide valuable insights into the nature of the instances, enabling more targeted
and efficient solving strategies. Specifically, in this research, the multiclass
classification problem involves categorising SAT instances into distinct prob-
lem families: k-Clique, k-Coloring, Clique Coloring, Dominating Set, Matching
Principle, Ordering Principle, Subset Cardinality, Tiling, Tseitin, and Pigeonhole
Principle formulas. Each of these categories represents unique structural and
logical constraints common in industrial and combinatorial applications. Fi-
nally, estimating the model count, or the number of satisfying assignments, is
crucial for probabilistic reasoning and quantitative analysis applications. Each
of these tasks benefits from the extraction and analysis of meaningful features
from SAT instances. However, solving these tasks is computationally intensive
due to their inherent complexity—predicting satisfiability is NP-complete and
model counting is a #P-complete problem. The substantial time and resources
required to solve them highlight the need for alternative approaches, such as
using ML models to predict these properties based on instance features. Feature
extraction is a critical step in applying ML to SAT solving, which is needed due
to the variability in instance length, symmetries, and other structural properties.
The features used in this research are derived from established methodologies,
including those implemented in SATzilla [XHHLBO8], the work of Ansdtegui et
al. [ABGCL17], and Alfonso et al. [AM14].

The SATzilla features, utilised in the well-known portfolio-based SAT solver
SATzilla, include a comprehensive set of metrics to describe SAT instances, such
as problem size, variable-clause graph statistics, balance features, proximity to
Horn formulas, and results from DPLL and local search probing. These features
capture various aspects of the SAT instances, such as their structural complex-
ity and empirical hardness. The Ansétegui features introduce additional struc-
tural metrics based on graph representations, such as the power-law exponent,
modularity, and fractal dimension of the variable incidence graph (VIG) and
clause-variable incidence graph (CVIG). These metrics provide insights into the
inherent structural properties of the instances, which can significantly impact
their solvability. Finally, the Alfonso features expand this approach by intro-
ducing several weighted graphs and associated statistical measures, including
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clause-variable graphs, resolution graphs, and binary implication graphs. These
graphs capture intricate relationships between variables and clauses, offering a

more nuanced understanding of the formula’s structure.

This research differs from the state of the art by integrating multiple feature sets
and applying them across various ML tasks within the SAT domain. By treating
SAT as an ML task, we aim to develop predictive models that can effectively use
features extracted from SAT instances to make accurate predictions for satisfia-
bility, problem categorisation, and model counting. These tasks cover different
aspects of supervised ML: binary classification (satisfiability prediction), multi-
class classification (problem categorisation), and regression (model counting).
The goal is to create features that preserve relevant information for decision-
making, ultimately enhancing solver performance and efficiency.

This chapter contributes to the ongoing efforts to integrate ML with SAT solv-
ing by comprehensively analysing feature sets and their impact on prediction
tasks [DOO08]. In our research, we combined multiple established feature ex-
traction methodologies and applied them to various ML tasks within the SAT
domain. Additionally, we introduce the SATfeatPy library [PDVO22], which of-
fers a unified implementation of these feature extraction techniques in Python,
facilitating further research and prototyping in this area.

3.2 Dataset Description

The use of meaningful datasets is critical for evaluating the machine learning
models developed for predicting the satisfiability, category, and model count
of SAT instances. The datasets include various problem types that reflect the
challenges encountered in industrial SAT applications. The primary motivation
for generating our datasets was the need for a large number of instances with
controlled variables and clauses. Machine learning algorithms heavily rely on
the quality and representativeness of the training datasets. These datasets will
be described in depth in the following subsections and will be featured in the
further chapter of this thesis.

3.2.1 Dataset for Satisfiability and Category Prediction

The dataset comprises 3000 CNF instances, evenly split between SAT and UN-
SAT problems. These instances are derived from various families of problems
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Figure 3.1: Histogram of number of variables for the dataset

that are commonly found in industrial contexts. Each problem type presents
unique structural and statistical properties, offering a comprehensive testbed
for the machine learning models. In Fig. 3.1, 3.2 the histograms of the number
of variables and clauses for the dataset are shown.

3.2.1.1 Problem Families

The dataset includes instances from the following families:

1. k-Clique Problems (k = 3,4,5): These problems involve finding a com-
plete subgraph (clique) of size k& within a given graph. For a given graph
G = (V,FE), a k-clique is a subset of k vertices such that every pair of
vertices in the subset is connected by an edge. The k-clique problem
is NP-complete and serves as a benchmark for testing the combinatorial
complexity that SAT solvers can handle[Bol76, DF95, CKJ08].

2. k-Coloring Problems (k = 3,4,5): Graph coloring problems involve as-
signing colors to the vertices of a graph such that no two adjacent vertices
share the same color. The 3, 4, and 5 coloring problems specifically re-

fer to instances where three, four, or five colors are used, respectively.
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Figure 3.2: Histograms of number of clauses for the dataset

These problems are crucial for testing the ability of SAT solvers to handle
constraints related to adjacency and graph structure [Tut59, Wes00].

3. Clique Coloring Problems: These problems combine elements of cliques
and graph coloring. The goal is to color a graph such that every clique of
a certain size is monochromatic (all vertices in the clique share the same
color). This type of problem is particularly challenging because it merges
the difficulty of finding cliques with the constraints of coloring [GJ79].

4. Dominating Set Formulas: A dominating set in a graph is a subset of
vertices such that every vertex in the graph is either in the dominating
set or adjacent to a vertex in the dominating set. Finding a minimum
dominating set is a classical NP-complete problem, often encoded as a
SAT problem to leverage the efficiency of SAT solvers [CKJO8].

5. Matching Principle Formulas: These problems are based on the match-
ing principle in bipartite graphs, where the goal is to find a matching that
covers as many vertices as possible. This type of problem is widely ap-
plicable in network design and resource allocation, making it a valuable
benchmark for SAT solvers [Tar72].
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6. Ordering Principle Formulas: Ordering principle problems involve ar-
ranging a set of items in a specific order under given constraints. These
problems can be encoded as SAT problems where the constraints are rep-
resented as clauses that enforce the ordering conditions [GJ79].

7. Subset Cardinality Formulas: These problems involve constraints on the
cardinality (size) of subsets within a larger set. They are often used to
model problems in areas such as combinatorial optimization and resource
allocation [GJ79].

8. Tiling Formulas: Tiling problems involve covering a plane or space with
tiles according to specific rules without gaps or overlaps. These problems
are complex and are used to test the spatial reasoning capabilities of SAT
solvers [GJ79].

9. Tseitin Formulas: Tseitin formulas are based on Tseitin’s transformation,
which is used in the context of propositional logic and circuit design.
These formulas are challenging for SAT solvers due to the large search
space required to find a solution [Tse83].

10. Pigeonhole Principle Formulas: The pigeonhole principle states that if
more items than containers are placed in the containers, at least one con-
tainer must contain more than one item. Encoding this principle as a SAT
problem involves creating clauses that enforce this condition, making it a
useful benchmark for SAT solvers [Sto76].

3.2.1.2 Instance Distribution and Characteristics

The dataset is carefully balanced, with half of the problems being satisfiable
and the other half unsatisfiable as well as equally distributed between 10 cate-
gories. This balance is crucial for training machine learning models that need
to differentiate between SAT and UNSAT instances and categories effectively.
The number of variables and clauses in the instances varies significantly, rang-
ing from 4 to 250 variables and 4 to 2820 clauses. This variety ensures that the
models are exposed to a wide range of problem sizes and complexities, which
is essential for robust evaluation.

3.2.2 Dataset for Model Counting

We focused on smaller instances in terms of variables and clauses because

the approximate model counter requires significant computation time, and the
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graphs needed for computing some statistical features have large memory foot-
prints. Additionally, we required a smooth distribution for the natural loga-
rithm of the number of solutions for the instances, as this is the target metric
for different model counters in Model Counting competitions. We decided to
generate two datasets, and assembled two further ones to test the algorithms
generalisation properties.

3.2.2.1 Dataset 1

The first dataset was generated using the tool described in [EO22]. This tool
produces propositional formulas in the CNF DIMACS format, which were used
as benchmarks during the International Model Counting Competition [FHH21].
The generator is highly parameterisable, allowing control over the number of
variables, clauses, and literals in each clause. The generated instances have
been tested against other challenging model counting instances on state-of-the-
art model counters, showing that the smallest unsolved instances of the com-
petition were produced using this method. The tool generates three types of
instances: completely random k-CNF instances, random CNF instances with ex-
actly one solution, and random instances with an added cluster of solutions.
Detailed algorithm descriptions can be found in [EO22]. The distribution of
the solution is shown in 3.3.

3.2.2.2 Dataset 2

The second dataset was generated using the procedure explained in [SB22].
This dataset was employed to compare our machine learning algorithms with
the deep learning methods used by the authors. The dataset consists of in-
stances drawn from a random distribution, with clauses and variables sampled
within a fixed interval. Each clause has an average of five variables, negated
with a 50% probability. The number of solutions was provided as a target for
the learning algorithm and was computed using Cachet [SBB*04] and Sharpsat
[Thu06] model counters. The distribution of the solution is shown in 3.4.

3.2.2.3 Dataset 3

The third dataset consists of 2031 publicly available instances from diverse ap-
plications of model counting, including probabilistic reasoning, plan recogni-
tion, DQOMR networks, ISCAS89 combinatorial circuits, quantified information
flow, logistics, and more [BBK89, SBKO5, CMV16, LLM16]. Out of the 2031 we
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Figure 3.3: Natural logarithm distribution of the number of solutions for the
instances of Dataset 1

have been able to provide an exact model count only for 1597, using d4, gpmc
and Cachet [FHH21]. This was due to our limited computing resources that
consisted in a Intel(R) Xeon(R) Gold 6240 CPU 2.60GHz and 256 GB of RAM
memory. These benchmarks have previously been utilized in model counting
studies, ensuring a comprehensive and challenging testbed for assessing our
learning algorithm scalability and efficiency performances. The distribution of
the solution is shown in 3.5.

3.2.2.4 Dataset 4

The fourth dataset comprises instances used in the Model Counting Competi-
tion. These problems were provided by the organizers along with the true value
of the model count in the common logarithm. While we do not have detailed
information on how these instances were produced, we included this dataset
to test our algorithms’ generalization ability [FHH21]. The distribution of the
solution is shown in 3.6.

The main statistical properties of the three datasets are summarized in Table
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Figure 3.4: Natural logarithm distribution of the number of solutions for the
instances of Dataset 2

Table 3.1: Statistics for Dataset 1 and Dataset 2. The value -1 indicates a #SAT
problem without solutions, i.e., an unsatisfiable instance

Dataset 1 Dataset 2

Train Test Train Test

# of instances 3000 450 1300 300
# of clauses | [40—500] | [40—500] | [20—-50] | [20-50]
# of variables | [40—100] | [40—100] | [10—30] | [10—30]

Mean(log(c)) 23.04 23.16 10.30 9.86
Range(log(c)) | [-(1-47.8] | [(1-46.6] | [0—18.1] | [0—17.5]

3.1 and 3.2.

3.3 Feature Sets

In this section, we provide a comprehensive dissertation on the feature sets
introduced by Xu et al. [XHHLBO08], Ansotegui et al. [ABGCL17], and Alfonso

et al. [AM14], which are extracted to obtain information on the structural,
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Figure 3.5: Natural logarithm distribution of the number of solutions for the
instances of Dataset 3

Table 3.2: Statistics for Dataset 3 and Dataset 4. The value -1 indicates a #SAT
problem without solutions, i.e., an unsatisfiable instance

Dataset 3 Dataset 4

Train Test
# of instances 300 30 1597

# of clauses | [49—274818] | [110—72344] | [10—2.06-10%]

# of variables | [18—2815] [68—2958] [15—3.31-10°]
Mean(log(c)) 59.11 55.43 1971

Range(log(c)) [-1-649.2] [-1-276.3] [0.30—66136]

statistical, and empirical properties of SAT instances. These feature sets enable
the application of machine learning models to predict the satisfiability, category,
and model count of SAT instances effectively.

3.3.1 SATzilla Features

SATzilla is a well-known portfolio-based SAT solver that employs a wide range
of features to characterize SAT instances [XHHLBOS8]. These features include
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Figure 3.6: Natural logarithm distribution of the number of solutions for the
instances of Dataset 4

structural, statistical, and probing characteristics that provide a detailed rep-
resentation of the instances. The feature set used by SATzilla can be broadly
categorized into the following groups:

3.3.1.1 Problem Size

Features related to the size of the SAT problem, including the number of vari-
ables and clauses. These basic metrics provide an initial understanding of the
problem’s complexity.

* Number of Clauses: Represents the total count of clauses in the SAT
instance, providing a direct measure of the instance’s size.

* Number of Variables: Denotes the total number of unique variables
present in the SAT instance, indicative of the problem space’s breadth.

* Ratio of Clauses to Variables: This ratio, along with its transformations
(square, cube, reciprocal, etc.), provides nuanced insights into the prob-
lem’s complexity. For instance, the absolute value of the ratio minus a
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specific constant (e.g., 4.26) and its higher-order transformations are also
considered.

3.3.1.2 Variable-Clause Graph (VCG)

This graph represents the bipartite relationship between variables and clauses.
Key features derived from the VCG include the degree statistics of variables and
clauses, such as mean, standard deviation, and entropy. These statistics help in
understanding the connectivity and structure of the formula.

* Degree statistics of variable nodes, capturing metrics like mean, median,
maximum, minimum, and standard deviation.

* Degree statistics of clause nodes, reflecting the distribution of clause sizes.
* Graph density, indicating the interconnectedness of variables and clauses.

* Connected components, highlighting isolated subproblems within the SAT
instance.

Figure 3.7: Example of a more complex Variable-Clause Graph (VCG). Circles
represent variables and rectangles represent clauses.

3.3.1.3 Variable Graph (VG)

In the variable graph, nodes represent variables, and edges represent occur-
rences of these variables in the same clause. Features extracted from the VG
include node degree statistics, which provide insights into how variables inter-
act within the problem.

* Degree statistics, including mean, median, maximum, minimum, and stan-
dard deviation.

* Graph diameter, reflecting the reachability and spread of interactions.

* Clustering coefficient, measuring the tendency of variable interactions to
cluster.
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* Centrality measures, such as eigenvector and betweenness centrality, in-
dicating the influence of variables within the VG.

Figure 3.8: Example of a Variable Graph (VG) representation. Nodes represent
variables and edges represent co-occurrences in clauses.

3.3.1.4 Balance Features

These features measure the balance between positive and negative literals in
the formula. Metrics such as the mean, variation coefficient, and entropy of the
ratio of positive to negative literals are included. A high imbalance can indicate
a skewed problem structure, which may affect the performance of SAT solvers.

* Literal Balance: The ratio of positive literals to negative literals in the
SAT instance.

* Clause Balance: The average balance of literals within each clause.

* Variable Balance: The distribution of positive and negative occurrences
for each variable.

3.3.1.5 Bias Measurement

Evaluates the imbalance between positive and negative literals. It’s calculated

as:
pos + neg

total
where pos and neg denote the count of positive and negative literals, respec-

Bias =2 x 0.5 — | (3.1)

tively.

3.3.1.6 Proximity to Horn Formula

These features assess how close the formula is to being a Horn formula [CN10],
which is a specific type of formula with at most one positive literal per clause.
Horn formulas are generally easier to solve, and this proximity measure can
help predict problem difficulty.
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¢ Fraction of Horn Clauses: The ratio of Horn clauses to the total number
of clauses in the SAT instance.

e Variable Occurrence in Horn Clauses: Statistics such as mean, median,
maximum, minimum, and standard deviation of the number of times each
variable appears in Horn clauses.

3.3.1.7 DPLL Probing

DPLL (Davis-Putnam-Logemann-Loveland) probing features involve running the
DPLL algorithm on the instance for a short period and recording various statis-
tics from the search tree, such as the number of decisions, conflicts, and propa-
gations encountered.

* Unit Propagations: The number of unit propagations at various depths,
such as 1, 4, 16, 64, and 256, can provide insights into the complexity
and structure of the SAT instance.

* Backtracking Depths: Features such as the average, maximum, and min-
imum backtrack depths can be extracted.

* Search Tree Size Estimate: Derived from the mean depth to contradic-
tion and an estimate of the logarithm of the number of nodes in the search
tree.

3.3.1.8 Local Search Probing

Local search probing features involve applying local search algorithms like GSAT
and SAPS to the instance and recording statistics such as the number of flips and
the best score achieved. These features provide empirical data on the instance’s
landscape and search difficulty.

* Objective Function Value at Deepest Plateau (BestSolution): Captures
the value of the local search objective function at the deepest plateau
reached during the search trajectory.

* Steps to Deepest Plateau (BestStep): Measures the number of steps
taken by the local search algorithm to reach the deepest plateau.

* Search Space Topology: Features derived from GSAT and SAPS behaviors
provide insights into the large-scale topological features of the local search
space.
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SATzilla’s extensive feature set, which includes a total of 69 features, allows it
to effectively classify and solve a wide range of SAT instances by leveraging the
strengths of different solvers based on the instance characteristics [XHHLBOS8].

3.3.2 The Ansotegui et al. Features

This feature set, introduced by Ansétegui et al. [ABGCL17], focuses on struc-
tural features derived from the graph representations of SAT instances. These
features aim to capture the underlying structure of the instances, which can be
crucial for solving them efficiently. The key structural features included in the
ANT set are:

3.3.2.1 Power Law Exponent

This feature measures the distribution of variable occurrences in the formula.
Many real-world SAT problems exhibit a power-law distribution in their vari-
able occurrences, where a few variables appear very frequently while most ap-
pear rarely. The power law exponent quantifies this distribution and helps in
understanding the scale-free nature of the problem’s structure.

3.3.2.2 Modularity

Modularity measures the extent to which a graph can be divided into modules
or communities with dense connections internally and sparser connections be-
tween them. High modularity in the Variable Incidence Graph (VIG) indicates
a strong community structure, which can affect the performance of SAT solvers
by highlighting clusters of variables that interact more closely.

Figure 3.9: Example of a Variable Incidence Graph (VIG) representation with
high modularity. Solid lines indicate strong internal connections within mod-
ules, while dashed lines indicate sparser connections between modules.
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3.3.2.3 Fractal Dimension

The fractal dimension is a measure of the complexity and self-similar structure
of the Variable Incidence Graph (VIG) and Clause Variable Incidence Graph
(CVIG). It quantifies how the graph’s detail changes with scale, providing in-
sights into the hierarchical nature of the problem’s structure. A high fractal
dimension indicates a more complex and potentially harder problem.

These features are designed to enhance the ability of machine learning models
to classify and solve SAT instances by capturing essential structural properties
that influence solver performance [ABGCL17].

3.3.3 The Alfonso et al. Features

This feature set, proposed by Alfonso et al. [AM14], introduces a compre-
hensive set of features based on various graph representations and statistical
measures. These features aim to provide a detailed and nuanced characteriza-
tion of SAT instances. The main components of the feature set include:

3.3.3.1 Clause Variable Graphs (CV+ and CV-)

These graphs connect literals with the clauses in which they appear. The CV+
graph includes positive literals, while the CV- graph includes negative literals.
Features extracted from these graphs include node degree statistics and connec-
tivity measures, providing insights into the interaction patterns of literals.

Figure 3.10: Example of a Clause Variable Graph (CVG) representation. Circles
represent literals and rectangles represent clauses.

3.3.3.2 Variable Graph (VG)

Similar to the SATzilla VG, this graph represents variables and their co-occurrences
in clauses, with additional weight considerations. Features from this graph in-
clude degree distributions and centrality measures, highlighting important vari-
ables within the problem.
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3.3.3.3 Clause Graph (CG)

The clause graph connects clauses that share literals. This representation helps
in understanding the interdependencies between clauses. Features include clus-
tering coefficients and path lengths, which indicate the density and reachability
within the graph.

Clause 3

’ Clause 1 H Clause 2 ‘

Figure 3.11: Example of a Clause Graph (CG) representation. Nodes represent
clauses and edges represent shared literals between clauses.

3.3.3.4 Resolution Graph (RG)

The resolution graph connects clauses that can be resolved to produce a non-
tautological clause. Features from this graph include node degrees and res-
olution path lengths, which provide insights into the potential simplifications
within the formula.

’ Clause 3 H Clause 4 ‘

’ Clause 1 H Clause 2 ‘

Figure 3.12: Example of a Resolution Graph (RG) representation. Nodes repre-
sent clauses and edges represent resolution paths.

3.3.3.5 Binary Implication Graph (BIG)

The BIG contains literals as vertices and binary clauses as edges, representing
direct implications between literals. Features include strongly connected com-
ponents and cycle detection, which help in understanding the propagation of
implications within the problem.

3.3.3.6 AND/BAND/EXO Gate Graphs

These graphs represent relations between literals in specific logical gates (AND,
BAND, EXO). Features include gate counts and connectivity measures, which
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Figure 3.13: Example of a Binary Implication Graph (BIG) representation.
Nodes represent literals and directed edges represent implications.

are crucial for understanding the logical structure and constraints within the

Figure 3.14: Example of an AND Gate Graph representation. Nodes represent
literals and gates, and edges represent connections.

formula.

3.3.3.7 Recursive Weight Heuristic

The Recursive Weight Heuristic assigns a score to each literal, indicating its
likelihood of being present in a model of the formula. The heuristic is refined
over multiple iterations to improve the accuracy of the scores. The score S(I)
for a literal [ is computed iteratively until convergence.

These features set provides a detailed characterization of SAT instances, cap-
turing both local and global structural properties that are crucial for predicting
solver performance and instance difficulty [AM14].

3.3.4 SATfeatPy: A Unified Feature Extraction Framework

A key contribution of this thesis is the development of SATfeatPy, a Python-
based library that integrates and extends the feature extraction methodologies
introduced by SATzilla [XHHLBO8], Ansétegui et al. [ABGCL17], and Alfonso et
al. [AM14]. This library consolidates these feature sets into a single framework,
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enabling the extraction of comprehensive structural, statistical, and empirical
properties from SAT instances. SATfeatPy’s design facilitates efficient and re-
producible feature extraction, supporting tasks such as satisfiability prediction,
problem categorisation, and model counting.

Key advantages of SATfeatPy include:

* Unified Framework: Combines multiple feature extraction methodolo-
gies, reducing the complexity of preprocessing SAT instances for ML tasks.

* Extensibility: Offers modular implementations, allowing researchers to
extend the library with additional features or adapt it to new SAT do-
mains.

* Ease of Use: Provides a straightforward API for extracting features from
SAT instances, streamlining experimentation and analysis.

By leveraging SATfeatPy, this research integrates the rich feature sets of SATzilla,
Ansdtegui, and Alfonso into machine learning pipelines, enhancing the analysis
and prediction capabilities for various SAT-related tasks. The library’s public
availability supports its adoption in broader SAT and ML research, fostering
innovation in feature-based solver optimization.

3.3.5 Computational Overhead and Benefits of Feature Ex-
traction

When employing machine learning models for SAT instance prediction tasks,
feature extraction represents a necessary preprocessing step that introduces ad-
ditional computational overhead. Although this step increases the total solu-
tion time, studies such as [XHHLB12, HXHLB14] have demonstrated that the
strategic use of these extracted features to select the most appropriate solver
or heuristic significantly outweighs the initial cost, resulting in an overall re-
duction in solving time. This improvement is particularly notable in algorithm
portfolio approaches, where feature extraction costs are amortized across mul-
tiple solver invocations [BKK*16].
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3.4 Method

3.4.1 Algorithms

This section provides a detailed description of the machine learning algorithms
employed in this research, particularly focusing on Random Forest and XG-
Boost. These algorithms were chosen for their robustness, scalability, and their
proven effectiveness in handling complex, high-dimensional data. Additionally,
we include standard algorithms used for comparison in the model counting
section.

3.4.1.1 Machine Learning

Machine learning algorithms are at the core of predictive modeling, offering
powerful tools to extract patterns from data and make informed predictions.
Among these, ensemble methods such as Random Forest and boosting algo-
rithms like XGBoost have gained prominence due to their ability to handle large
datasets, manage overfitting, and achieve high accuracy.

3.4.1.2 Random Forest

Random Forest is an ensemble learning method primarily used for classification
and regression tasks [BreOl]. It operates by constructing multiple decision
trees during training and outputting the mode of the classes for classification
or the mean prediction for regression. The key advantages of Random Forest
include its ability to handle large datasets with higher dimensionality, its resis-

tance to overfitting, and its capability to manage missing values effectively.
A Random Forest is built using the following steps:

1. Bootstrap Sampling: Multiple subsets are created from the original dataset

using sampling with replacement.

2. Decision Trees Construction: For each subset, a decision tree is constructed
by selecting a random subset of features at each split, rather than consid-
ering all features. This introduces diversity among the trees.

3. Voting/Averaging: For classification tasks, the mode of the classes pre-
dicted by individual trees is taken as the final prediction. For regression
tasks, the mean prediction of all trees is used.
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One of the fundamental strengths of Random Forest is its ability to reduce vari-
ance through averaging, which leads to improved accuracy and robustness com-
pared to individual decision trees. Additionally, the importance of features can
be estimated based on how much they improve the splitting criterion (e.g., Gini
impurity) across the forest [Bre01].
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Figure 3.15: Random Forest Scheme [Tse21]

3.4.1.3 XGBoost

XGBoost (Extreme Gradient Boosting) is a scalable and efficient implementation
of gradient boosting framework, widely used for supervised learning tasks such
as classification and regression [CG16]. It builds an ensemble of decision trees
in a sequential manner, where each tree attempts to correct the errors of the
previous one. This method enhances performance and accuracy, making it a
powerful tool for machine learning competitions and practical applications.

The key components of XGBoost include:

1. Gradient Boosting: Trees are added sequentially, and each new tree fo-
cuses on reducing the errors (residuals) made by the previous trees. This
is achieved by optimizing a differentiable loss function.

2. Regularization: XGBoost includes regularization terms in the objective
function to penalize model complexity, which helps prevent overfitting
and improves generalization.
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3. Tree Pruning: Unlike traditional boosting, XGBoost performs a more so-
phisticated tree pruning process to find the optimal structure of each tree.

4. Sparsity Awareness: XGBoost handles sparse data efficiently by employ-
ing a sparsity-aware split finding algorithm, making it suitable for high-
dimensional and sparse datasets.

XGBoost’s efficiency and scalability are attributed to its system design, which
includes block structure for parallel computation, cache awareness for optimal
hardware utilization, and out-of-core computing for handling large datasets
that do not fit into memory [CG16].

3.4.1.4 Model Counters

Modern exact model counter devised a set of different heuristics and techniques
to deal with relatively complex formulas. Some of those include caching the re-
sults of solved subsets of problems [ML98], dynamically dividing the remaining
formulas into sub-problems [JP0O0] and caching their counts [BDP03] and com-
bining the caching of components with standard conflict-driven clause learn-
ing (CDCL) to prune the search [SBBT04, Thu06]. Another extremely viable
approach is knowledge compilation, where the original propositional formula is
converted into a different representation in which the model count can be more
efficiently computed [Dar01, HD0O7, MMBH12]. While these techniques have
been shown to be extremely successful, the computational memory usage and
runtime of such algorithms scale extremely poorly with the size of the problem,
limiting the application of these to relatively small formulas. In order to deal
with larger instances, new methods for obtaining an approximate evaluation of
the number of solutions have been developed. These new model counters can
be categorized into three different groups:

* (€,0) counters,
* lower (or upper) bounding counters,
* guarantee-less counters.

The counters belonging to the first category compute the probability that the
calculated number of solutions will be in a certain interval, as described by the
following equation:
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with S the actual number of solution, ¢ the approximated number of solu-
tions and ¢,0 € [0, 1] the guarantees . To this category belong [KLM89] and
[CMV16].
The second category provides a number of solution that is higher (or lower)
than ¢ with a probability of 1 — 0. Examples are [GSS06] and [KSS08]. The final
category features counters that do not provide any guarantees that can be very
efficient and deliver practical good approximations [EGS12], [WS05]. These
algorithms use different sampling techniques in order to reduce the amount of
space searched and therefore scale much better than their exact counterpart.
The method to calculate the number of favourable assignments to propositional
formulas described in this paper does not feature counting algorithms with dif-
ferent heuristics but rather a learning approach.

Approximate Model Counter. ApproxMC [CMV16] is a hashing-based algo-
rithm for approximate discrete integration over finite domains and provides
(¢,0) guarantees. The probability that the approximate count is within a certain
distance of the true count is evaluated by the following Equation 3.2.

In other words, it provides a count of solutions with a certain probability of
correctness within a given threshold. For our experiments, we set the configu-
rations of guarantees to e = 0.8 and 6 = 0.2, i.e. the default configuration used
by the authors as well as § = 1. This second parameter configuration effectively
transforms ApproxMC into a guarantee-less model counter.

Probabilistic Exact Model Counter. GANAK [SRSM19] stands out as a state-
of-the-art tool in the field of probabilistic exact model counting, harnessing the
power of universal hash functions and a novel probabilistic component caching
system. Unlike traditional model counters that may rely on deterministic meth-
ods, GANAK introduces a degree of probabilistic reasoning into the exact count-
ing process, allowing it to provide counts with a specified level of confidence.
This is made possible by the delta parameter, §, which in the context of GANAK,
dictates the confidence with which the model count is asserted to be exact.
The innovative use of such probabilistic techniques enables GANAK to tackle
complex counting problems with remarkable efficiency and scalability. For our
experimental setup, GANAK was configured to run with two distinct delta val-
ues: 6 = 0.2and § = 1.
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3.4.2 Metrics

This section describes the metrics used for the assessment of the performances
of different algorithms. The objectives of the experiments are threefold: SAT/UNSAT
prediction, instance category classification and model counting regression. These
are performed using machine learning algorithms based on features extracted
from each instance. An analysis of the computational effort of the machine
learning learning algorithm coupled with the feature extraction and the tradi-
tional algorithms is also performed. To ensure the robustness and generalizabil-
ity of the machine learning models, we employed 10-fold cross-validation in all
our experiments. Each model was trained and evaluated across ten different
subsets of the data, where in each run, one subset was used for validation while
the remaining nine were used for training.

For each instance, we extract the following features:
* SATzilla base: The base features from SATzilla [XHHLBOS8]. 38 features.
* SATzilla probing: SATzilla probing features. 31 features.
* ANT: Features from Ansotegui et al. [ABGCL17]. 4 features.
e ALF: Features from Alfonso et al. [AM14]. 254 features.

For SAT/UNSAT prediction and instance classification, performance is compared
using different feature sets. The feature sets evaluated include SATzilla base,
SATzilla full (base + probing), ANT (Ansotegui), ALF (Alfonso), and a combina-
tion of all features. Performance is assessed using the Random Forest Classifier
(RFC) and XGBoost (XGB) algorithms. Additionally, the computational effort
required to extract these features is compared. The metric chosen for this ex-
periment is accuracy. This is a metric that measures the proportion of correct
predictions made by the model out of the total number of predictions.

For model counting regression, we extracted all of the features and then com-
pared the machine learning algorithms trained on those features with the stan-
dard state-of-the-art model counters. The following regression metrics have
been used to evaluate the performance:

* Mean Absolute Error (MAE): MAE measures the average magnitude of
the errors in a set of predictions, without considering their direction. It
is the average over the test sample of the absolute differences between
prediction and actual observation where all individual differences have
equal weight.
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* Root Mean Squared Error (RMSE): RMSE represents the root of the aver-
age of the squares of the errors, giving a larger weight to larger errors. It
is calculated by taking the square root of the mean of the squared differ-
ences between the predicted and actual values. This metric is useful for
highlighting significant errors.

* Coefficient of Determination (R?): The R? metric, also known as the co-
efficient of determination, measures the proportion of the variance in the
dependent variable that is predictable from the independent variables. It
provides an indication of the goodness of fit of a model, with a value rang-
ing from O to 1. An R? value close to 1 indicates that the model explains
a large portion of the variance, while a value close to 0 indicates that the
model does not explain much of the variance.

* Mean Absolute Percentage Error (MAPE): MAPE measures the accuracy
of a model as a percentage by calculating the mean of the absolute per-
centage errors between the predicted and actual values. It is widely used
to assess the performance of regression models, especially when dealing
with data where the values are in different scales. MAPE is defined as
the average of the absolute errors divided by the actual observed values,
expressed as a percentage. However, it can be sensitive to small values in

the actual data.

Finally, we investigate the statistical features that most affect the learning al-
gorithms’ decisions. Understanding their relevance in the estimation process
can lead to interesting insights into which factors mostly affect the number of
solutions of an SAT instance. This can be useful for ignoring the non-relevant
features in the extraction process, speeding up the computational time. We
use SHAP (SHapley Additive exPlanations) [LL17] to analyse the results and
increase their explainability. SHAP is a popular and powerful method for inter-
preting machine learning models. It provides a way to explain the predictions
of a model by assigning an importance value to each feature in the input data.
These values represent the contribution of each feature to the final prediction
made by the model. SHAP analysis calculates these importance values using a
game-theoretic approach called Shapley values, which ensures that the values
are fair and additive across all features. By using SHAP analysis, we can gain a
better understanding of how a model works and in which direction the factors
are driving its predictions.
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3.5 Evaluation

This section presents the results of the experiments conducted to evaluate the
performance of the machine learning algorithm in predicting satisfiability (SAT/UNSAT),
problem category classification and model counting. All the experiments have

been performed using a single core on an Intel(R) Xeon(R) Gold 6240 CPU
2.60GHz.

3.5.1 Feature Time analysis

The scalability of the feature extraction techniques is evaluated by recording the
computational time required to generate the features for a dataset of randomly-
generated CNFs. The dataset comprises 300 instances with a consistent clauses-
to-variables ratio of 4.2 and uniformly increased size. Figure 3.16 shows the
time required to compute each feature set as the problem size increases.

160 4
—— sSaTzilla base

SATzilla probing
140 —+— ANT
—+— ALF

Feature Computation time
= =
& @ @ = ]
= 8 a a =]

[
=]

o 50 100 150 200 250 300
Mumber of Variables

Figure 3.16: Time to generate features vs. size. The mean time to solve each
set of instances is plotted in a line, and the variance is shown in the error bars.

The ALF feature set exhibits polynomial growth in computational time with
increasing problem size, making it less suitable for large instances. This sig-
nificant growth is primarily attributed to the computational cost of generating
graph representations such as the Gate Graphs (AND/BAND/EXO), Resolution
Graph (RG), and Binary Implication Graph (BIG). These graphs require detailed
pairwise analysis of literals and clauses, resulting in higher computational com-
plexity as the problem size increases. Among these, the Resolution Graph is
particularly heavy due to the need to compute all resolvable pairs of clauses,
which grows combinatorially with the number of clauses.
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In contrast, the SATzilla feature sets (base and full) show linear growth, with
SATzilla base being the fastest due to its exclusion of probing features. The
probing features, such as DPLL and local search probing, introduce additional
computational overhead as they involve partial runs on a user-defined inter-
val of time (2 seconds in our case) of solving algorithms to gather empirical
data. While these features provide valuable insights into the problem’s em-
pirical hardness, they are time-intensive, particularly for large-scale instances.
The choice of feature set thus represents a trade-off between computational
efficiency and the richness of the extracted information.

3.5.2 SAT/UNSAT Classification

The SAT/UNSAT classification task aims to determine whether a given CNF in-
stance is satisfiable (SAT) or unsatisfiable (UNSAT). Table 3.3 shows the clas-
sification accuracies and the average computational times for each feature set
across ten runs of 10-fold cross-validation.

Table 3.3: SAT/UNSAT classification accuracies and average computational
times (in seconds) across feature sets.

Feature set | RFC Accuracy | XGB Accuracy | Comp. Time (s)
SATzilla base 91.21% 92.34% 0.03
SATzilla full 99.47% 99.54% 3.18

ANT 86.14% 86.23% 0.15

ALF 92.04% 94.73% 119.54

All 99.11% 99.52% 122.89

The SATzilla full feature set achieves the highest accuracy for both RFC and
XGB, with accuracies of 99.47% and 99.54%, respectively. The difference be-
tween SATzilla full and the complete feature set (All) is minimal, as confirmed
by Bayesian statistical tests [BCDZ17], which indicate that the two feature sets
are practically equivalent. This result highlights the effectiveness of the SATzilla
full set in preserving the most relevant information for the SAT/UNSAT classifi-
cation task.

To further understand the contribution of individual features, we performed
a SHAP (SHapley Additive exPlanations) analysis on the RFC model trained
over the All dataset. The SHAP values, shown in Figure 3.17, reveal that the
eight most important features all belong to the SATzilla full set, with several
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probing features dominating. Among these, the gsat BestSolution Mean and
saps_BestSolution_Mean capture the mean objective function value of the best
solutions found by the GSAT [SLM92] and SAPS [HTHO2] local search algo-
rithms, respectively, providing insights into the empirical hardness of instances.
The high SHAP values of these features indicate their critical role in predict-
ing satisfiability, as they summarize key information about the quality of local
search results. Similarly, features such as gsat BestSolution CoeffVariance and
saps_BestSolution_CoeffVariance measure the variability of the best solutions’
objective values, shedding light on the ruggedness of the search space and help-
ing to distinguish between satisfiable and unsatisfiable instances.

Additionally, the feature estimate log number nodes over vars, which esti-
mates the logarithm of the number of search tree nodes divided by the num-
ber of variables, acts as a measure for the expected search complexity of the
DPLL algorithm. This feature complements the local search probing metrics
by providing an analytical perspective on problem difficulty. Features like rg -
weights_min, derived from the Resolution Graph (RG), capture the minimum
edge weight, reflecting the presence of easily resolvable clauses that simplify the
problem structure. The importance of these features demonstrates the value of
combining structural insights with empirical probing metrics.

The SHAP analysis confirms that probing features derived from local search al-
gorithms are indispensable for effective SAT/UNSAT prediction. These features
capture critical aspects of empirical hardness and search landscape characteris-
tics, providing an edge over purely structural features such as those in the ANT
and ALF sets. While these probing features come with additional computa-
tional overhead, as reflected in the 3.18 seconds required to compute SATzilla
full compared to 0.03 seconds for SATzilla base, the significant improvement
in accuracy justifies their inclusion. This trade-off between computational cost
and predictive performance underscores the importance of these features in
high-accuracy models.
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Figure 3.17: SHAP analysis for the RFC on the SAT/UNSAT classification task.
The eight most important features, primarily derived from local search probing,
highlight the importance of empirical hardness metrics.

3.5.3 Problem Category Classification

The problem category classification task aims to determine the category of a
given CNF instance. Table 3.4 shows the classification accuracies and com-
putational times for each feature set. The All set performed the best, with
99.81% and 99.79% accuracy for RFC and XGB, respectively. This high accu-
racy suggests that the combined feature sets effectively capture the structural
characteristics of different problem categories.

Table 3.4: Problem category classification accuracies and computational times
across feature sets for both Random Forest and XGBoost classifiers.

Feature set | RFC Accuracy | XGB Accuracy | Comp. Time (s)
SATzilla base 99.64% 99.63% 0.03
SATzilla full 99.66% 99.67% 3.18

ANT 93.04% 93.11% 0.15

ALF 99.77% 99.66% 119.54

All 99.81% 99.79% 122.89

The results reveal that while probing features play a critical role in SAT/UNSAT
classification, graph-based features are more relevant for problem category
classification. The SHAP analysis, shown in Figure 3.18, highlights the dom-
inance of ALF features, particularly those derived from the Binary Implication
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Graph (BIG) and AND-gate graph. Features like big node max, big node -
mean, and and_node_val rate capture structural relationships between literals
and clauses, which are more indicative of problem category than satisfiability.

The Binary Implication Graph (BIG) encodes implications between literals as
directed edges, with features like big node max and big node mean reflecting
the degree statistics of nodes in this graph. Higher values for these features
often correspond to problem categories with densely connected variable rela-
tionships, such as ‘php (pigeonhole problems) or ‘tseitin’ encodings. Similarly,
the AND-gate graph features, such as and node_val rate and and weights_std,
provide insights into the distribution and variability of logical AND connec-
tions within the formula, which are characteristic of categories like ‘kcolor’ and
‘cliquecoloring’.

Another important feature is the binary ratio, which measures the ratio of bi-
nary clauses to the total number of clauses. This feature is particularly rele-
vant for categories with a high prevalence of binary clauses, such as ‘php’ and
‘tseitin’. Additionally, rg weights mean, derived from the Resolution Graph,
highlights the average resolvability of clauses, further distinguishing between
categories based on their structural complexity.

The importance of graph-based features over probing features in this task is
not surprising, as the problem category is inherently tied to the structural pat-
terns within the CNF instance. Probing features, while effective for capturing
empirical hardness, do not provide as much information about the categorical
structure of a problem. This shift in feature relevance also explains the superior
performance of the ALF set for this task, despite its higher computational cost.
The graph-based representations in ALF, such as the BIG and AND-gate graph,
offer a nuanced characterization of the instance’s structure, making them indis-
pensable for problem category classification.
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Figure 3.18: SHAP analysis for the RFC on the problem category classification
task. The most relevant features are derived from graph-based representations,
such as the Binary Implication Graph and AND-gate graph, highlighting their
importance for capturing structural characteristics.

3.5.4 Solver Selection Based on Instance Type

Given the variety of SAT instance types identified in the multi-class classifi-
cation, selecting the most suitable solver for each type can significantly en-
hance solving efficiency. For graph-based problems such as kcolor, cliquecol-
oring, dominating, and kclique, specialized solvers such as Glucose [AS12]
typically demonstrate strong performance due to their efficient conflict-driven
clause learning (CDCL) heuristics. For combinational or arithmetic-based in-
stances such as subsetcard, php, and op, solvers like MapleSAT [LGPC16] and
Kissat [FH20] have consistently outperformed others, given their optimized
heuristics for structured combinatorial constraints. Additionally, problem types
involving structured combinatorial constraints, such as matching, tiling, and
tseitin, often benefit from solvers tailored to highly structured instances, no-
tably Lingeling [FH20], which leverage preprocessing techniques to simplify
complex structural relationships.

3.5.5 Model Counting

This section empirically compares the machine learning algorithms to a state-
of-the-art approximate model counter and probabilistic exact model counter.
We evaluate them in terms of regression accuracy and computational effort
required to calculate the prediction. Using the trained learning models, we
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investigate the statistical features that mainly affect the number of solutions
and the possibility of approximating the problem with a close formula. The
machine learning algorithm are trained on statistical features extracted from
the instances of the training sets and evaluated on the test sets for Dataset 1,
Dataset 2 and Dataset 4. For Dataset 3, a 10-fold cross-validation for the RFR
has been performed on the total number of instances. This decision is due to
the large diversity of instances in this set.

3.5.5.1 Accuracy of the Approximation

Tables 3.5, 3.6 3.7 and 3.8 show the performance of the learning models versus
the approximate model counter.

GANAK delivers the best overall performance in the three datasets. In Dataset
1 and Dataset 2 the probabilistic exact model counter provides the same exact
number of solutions irrespective of the parameter §. It is worth noting though
that for the first set GANAK was not able to reach a solution within 5000 sec-
onds for 21 instances in case § = 0.2 and 15 for 6 = 1. The machine learning
methods show a MAE, RMSE and MAPE of an order-of-magnitude greater than
the state-of-the-art approximate model counter. Both ApproxMC and the learn-
ing algorithms perform better on Dataset 1. We observe that by relaxing the
confidence parameter in the approximate model counter the result worses by
a 2-3 factor. The learning algorithms have metrics that are worse by factors
between 2-10, especially the RMSE and the MAPE, which tend to magnify in-
stances with larger errors. This behaviour is highlighted in Figures 3.19 and
3.20. Here, the plots show the distribution for the two testing datasets of the
GANAK model count, with a grey interval representing the targeted guarantees
for ApproxMC, the approximation of ApproxMC, and the prediction of the RFR.
We can see that while not as accurate as the approximate model counter, the
learning algorithms provide an estimate that is within the boundaries for most
of the solutions. In fact, if we evaluate the Equation (3.2) using the adopted
guarantee of ¢ = 0.8, we obtain a probability for the predictions of the RFR to
be inside the guarantee interval of respectively 0.91 for Dataset 1 and 0.85 for
Dataset 2, which is consistent with the one expected for a § = 0.2.

Dataset 3 incorporates a large number of difficult model counting instances
stemming from a wide range of applications. We observe here that GANAK
still provides overall the best results. ApproxMC with guarantees actually has a
better value of MAE, and very similar performance in terms of RMSE. The RFR
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and XGB reach very close performances with the guarantee-less ApproxMC,
providing a better value of RMSE. Most importantly, the learning algorithm
is able to output a number of solutions for all of the 1597 instances, while
the timeout of 5000 seconds is reached for over 204 and 201 instances for,
respectively, approximately with or without guarantees and 476 for GANAK.
The distribution of the model count values for the different techniques is shown
in 3.21.

Dataset 4 shows that for the difficult instances of the Model Counting Com-
petitions, the differences in performance between the learning algorithm and
the approximate model counter are magnified. It is worth noting that the very
limited number of available instances for training negatively affected machine
learning techniques. Moreover, it is worth noting that the Random Forest Re-
gressor was able to provide a solution for all 30 of the testing instances, while
ApproxMC and Ganak did not manage to compute the model count for 12 prob-
lems. The distributions of solutions for Dataset3 are shown in 3.22. The in-
stances for which ApproxMC was not able to provide a solution are plotted as
0.

Table 3.5: Accuracy comparison for Dataset 1. For this table, only 429 instances
out of 450 are considered, as those are the only ones where ApproxMC and
GANAK are able to provide a count within the 5000 seconds timeout.

Method MAE RMSE R2 MAPE
ApproxMC (6 = 0.2, e = 0.8) 0.020 0.025 0.999 0.002
ApproxMC (6 = 1) 0.054 0.068 0.999 0.006
GANAK (0 = 0.2,1) 7.988 x 1072 | 1.037 x 1078 1 7.801 x 10710
RFR 0.097 0.208 0.996 0.020
XGB 0.099 0.209 0.998 0.021
Table 3.6: Accuracy comparison for Dataset 2.
Method MAE RMSE R2 MAPE
ApproxMC (6§ = 0.2, e = 0.8) 0.034 0.046 0.999 0.003
ApproxMC (§ = 1) 0.054 0.068 0.999 0.006
GANAK (0 =0.2,1) 1.853 x 1071* | 1.208 x 10710 1 5.376 x 10712
RFR 0.125 0.173 0.991 0.043
XGB 0.121 0.168 0.990 0.044
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Table 3.7: Accuracy comparison for Dataset 3. For this table, only 993 instances
out of 1597 are considered, as those are the only ones where ApproxMC and
GANAK are able to provide a count within the 5000 seconds timeout.

Method MAE | RMSE R2 | MAPE
ApproxMC (6 = 0.2, ¢ =0.8) | 0.772 | 6.622 | 0.998 | 0.027
ApproxMC (6 = 1) 1.937 | 23.876 | 0.979 | 0.043
GANAK (6 =0.2,1) 1.568 | 5.682 | 0.998 | 0.005
RFR 2.884 | 23.357 | 0.980 | 0.134
XGB 2.765 | 22.245 | 0.98 | 0.128

Table 3.8: Evaluation metrics comparison for Dataset 4, including the 12in-
stances where ApproxMC and GANAK did not provide a model count within a
5000 seconds timeout (Dataset 3 Extra).

Dataset 4 Test Dataset 4 Extra
Method MAE | RMSE | R2 MAPE | MAE | RMSE | R2 | MAPE
ApproxMC (0 =0.2,¢=0.8) | 0.005 | 0.013 | 0.999 | 0.0004
ApproxMC (6 =1 ) 0.184 | 0.116 | 0.995 | 0.060
Ganak (0 =0.2,1) 0.0001 | 0.005 1 0.0001 - - - -
RFR 2.201 | 3.382 | 0.929 | 0.286 | 1.163 | 2.028 | 0.996 | 0.218
XGB 2.246 | 3.291 | 0.933 | 0.281 | 1.168 | 2.044 | 0.996 | 0.235

Figures 3.19, 3.20, and 3.21 illustrate the distributions of model count values
for GANAK, ApproxMC, and RFR across the testing datasets.

Machine Learning
for Structural Reasoning
in Boolean Satisfiability

74

Marco Dalla



3. MACHINE LEARNING PREDICTIONS BASED
ON SAT FEATURES 3.5 Evaluation

201 & —— Ganak with Guarantees

® Random Forest Regressor

® ApproxMC with guarantees
ApproxMC without guarantees

15 b ApproxMC guarantee interval

S 104
= 10
5
5
0
T T T T T
0 100 200 300 400
Instance

Figure 3.19: Plot of GANAK solutions, ApproxMC approximate solutions (§ =
0.2,1), ApproxMC guarantee interval, and Random Forest Regression predicted
solutions for Dataset 1 testing instances. The decimal logarithm of the number
of solutions (Y-axis) for each instance (X-axis) is plotted in descending order.
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Figure 3.20: Plot of GANAK solutions, ApproxMC approximate solutions (§ =
0.2,1), ApproxMC guarantee interval, and Random Forest Regression predicted
solutions for Dataset 2 testing instances. The decimal logarithm of the number
of solutions (Y-axis) for each instance (X-axis) is plotted in descending order.
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Figure 3.21: Plot of GANAK solutions, ApproxMC approximate solutions (0 =
0.2,1), and Random Forest Regression predicted solutions for Dataset 3 testing
instances. The decimal logarithm of the number of solutions (Y-axis) for each
instance (X-axis) is plotted in descending order.
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Figure 3.22: Plot of GANAK solutions, ApproxMC approximate solutions (§ =
0.2,1), and Random Forest Regression predicted solutions for Dataset 4 testing
instances. The decimal logarithm of the number of solutions (Y-axis) for each
instance (X-axis) is plotted in descending order.
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3.5.5.2 Computational Time

Tables 3.9, 3.10 present the computational times in seconds required to pro-
duce the results of the previous section. ApproxMC and GANAK do not require
a training phase and can be directly deployed on the test instances. For the
machine learning approach, the steps needed to predict the number of solu-
tions of a CNF are feature extraction of the training set, model fitting, feature
extraction of target CNF, and model prediction. The strength of learning algo-
rithms is their ability to provide almost instantaneous prediction after a train-
ing time. This characteristic makes them very interesting when computational
power and time are limited. In our case, most of the time is needed to extract
the features from the instances; the tool used [PDVO22] is a prototype imple-
mented in Python [VRDO9]. We observe that a part from Dataset 2, where the
size of the instances is very small and the algorithmic approach is extremely
quick, the feature extraction and training time is always much more efficient.
Moreover, while model counters do not scale well and require a considerable
amount of computing time and power for larger instances, the feature extrac-
tion is extremely consistent and scales much more efficiently with the problem

size.

Finally, for both Dataset 1, Dataset 3 and Dataset 4, both model counters
reached the 5000 seconds timeout on multiple instances, thus failing to pro-
vide an answer, while our approach can make a prediction in less than one

millisecond.

Table 3.9: Comparison of computational times for Dataset 1 and Dataset 2. For
Dataset 1, ApproxMC (¢ = 0.2) has a maximum runtime of 3324 seconds, with
GANAK reaching up to 4958 seconds. Dataset 2 results are significantly faster,
with ApproxMC and GANAK completing within less than a second. Times are
reported for both training and testing phases across different methods.

Dataset 1 Dataset 2

Method Train Test Train Test
Mean | Max | Mean Max Mean | Max | Mean | Max
AMC;_g 2 - - 38 3324 - - 0.05 10.31
MCs—; - - 12.80 | 152.59 - - 0.0I1I3 | 0.04
Ganak;_g - - - 677 4823 - - 0.071 | 0.43
Ganaks_, - - 674 4958 - - 0.069 | 0.26
Feat. Ex. 2.37 | 298 | 2.27 2.86 2.31 [ 2.69] 2.17 | 2.61

RFR 355.98 10~ 478.12 10~

XGB 399.02 1072 501.7 10~%

Machine Learning 77 Marco Dalla

for Structural Reasoning
in Boolean Satisfiability



3. MACHINE LEARNING PREDICTIONS BASED

ON SAT FEATURES 3.5 Evaluation

Table 3.10: Comparison of computational times for Dataset 3 and Dataset 4.
For Dataset 3, ApproxMC (d = 0.2) reaches the timeout of 5000 seconds in over
204 instances, and GANAK in 201 instances. For Dataset 4, counters reach the
timeout for 12 instances using ApproxMC and GANAK. Times are reported for
training and testing phases across all methods.

Dataset 3 Dataset 4

Method Train Test Train Test

Mean | Max | Mean | Max | Mean | Max | Mean | Max
AMCs_ 2 - - 5.72 11172 - - 1190 | 4967
AMC;_; - - 3.82 689 - - 584 | 1257
Ganak;_g - - - 45.30 | 3860 - - 3830 | 4998
Ganaks_ - - 45.08 | 3881 - - 3866 | 4991
Feat. Ex. 237 1298 223 [ 2.89 | 2.23 [2.89 | 2.27 | 2.63
RFR 521.3 1077 117.3 1077
XGB 566.3 1077 134.3 1077

3.5.5.3 Feature Importance

As we did before, we investigate the statistical features that mostly affect the
regressors’ decisions. Understanding their relevance in the estimation process
can lead to interesting insights into which factors mostly affect the number of
solutions of a SAT instance. This information can be used to engineer additional
features specifically relevant for predicting the model count and to provide new
statistical features. Figures 3.23, 3.24, 3.25, 3.26 show the SHAP analysis re-
sults for the Random Forest Regressor on the three datasets.
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Figure 3.23: SHAP analysis performed for the Random Forest Regressor on
Dataset 1 testing set.
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Figure 3.24: SHAP analysis performed for the Random Forest Regressor on
Dataset 2 testing set.
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Figure 3.25: SHAP analysis performed for the Random Forest Regressor on
Dataset 3.

Machine Learning 79 Marco Dalla
for Structural Reasoning
in Boolean Satisfiability



3. MACHINE LEARNING PREDICTIONS BASED
ON SAT FEATURES 3.5 Evaluation

J High

vg_coeff

pnc_ratio_entropy

saps_BestSolution_Mean

vcg_clause_max

“a

hc_var_coeff ——0—|’+ ® o @
4
-

saps_BestSolution_CoeffVariance

hc_var_mean —

Feature Value

unit_props_at_depth_16

\

binary_ratio — —

1 1 Low
-4 -2 0 2

SHAP Value

IS

Figure 3.26: SHAP analysis performed for the Random Forest Regressor on
Dataset 4.
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In Dataset 1, the most relevant feature is the average number of clauses in
which a variable appears; a higher value of this ratio leads to a smaller number
of solutions. This is intuitive since being involved in fewer constraints allows
the variables to have multiple assignments that do not make the formula unsat-
isfiable, and so increases the number of solutions. The second most important
feature belongs to the set stemming from the variable graph of the instance. The
third feature, estimate log number nodes over vars, is of particular interest.
This feature belongs to the DPLL probing feature set. It is an estimate of the
number of nodes in the search tree, which can be regarded as an approximate
measure of the search space.

Other features that have a considerable impact on the total number of mod-
els are gSat BestAvglmprovement Mean, gSat_FirstLocalMinStep Mean, saps_-
BestSolution_Mean and saps_BestSolution CoeffVariance. These are obtained
by probing the search space with the stochastic local search algorithms GSAT
and SAPS.

The algorithms are run multiple times until the search trajectory reaches a
plateau that cannot be escaped within a given number of steps. It seems that
measurements of statistics and estimations of the search space have a significant
contribution to the calculation of the total number of solutions.

For Dataset 2, the most relevant features belong to the ones extracted respec-
tively from the Variable Clause Graph and Variable Graph representation of the
instances. These encapsulate the structure of the instance, while v (the num-
ber of variables) is associated with its size. Unsurprisingly, instances with more
variables have a higher number of solutions. It is worth noting as well that
estimate log number nodes over vars and clauses vars ratio provide important
contributions to this dataset as well.

For Dataset 3 and Dataset 4, the most important features belong to both graph
sets and probing sets. Especially for these datasets, which incorporate a large
number of instances with different structures and characteristic, it is shown that
both a graph representation of the CNF, as well as an accurate estimation of the
search size space are extremely important to provide a correct prediction of the
number of solutions.

In the analysis, we can see that the features selected are dataset dependent.
However, information relative to the number of variables and clauses, and es-
timations of the search space size are fundamental regardless of the instance
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type. This insight suggests that improving features estimating the search space
would lead to a more accurate approximate model counting.

3.6 Model Count Guarantees

ApproxMC employs a hashing-based partitioning technique to probabilistically
estimate the number of satisfying assignments of a Boolean formula. Utilizing
universal hash functions, it partitions the solution space into manageable sub-
sets, counts the solutions within these partitions, and aggregates the results to
provide an overall estimate. The methodology offers probabilistic guarantees
on the accuracy of the estimate, ensuring that the derived count is within a
specified confidence interval of the true solution count with high probability.

In contrast, machine learning algorithms, due to their inherent reliance on
empirical data and non-deterministic optimization processes, cannot provide
analogous exact probabilistic guarantees on their predictions or classifications.
However, we are currently exploring the potential of providing probability dis-
tributions for machine learning regressors in the context of model counting.
The aim is to bridge the gap between deterministic model counting tools like
ApproxMC and the probabilistic nature of machine learning predictions, offer-
ing a more nuanced understanding of the solution landscape.

3.7 Conclusions

This chapter presented an exploration of machine learning techniques for pre-
dicting satisfiability, problem categories, and model counts of SAT instances
based on extracted features. The results demonstrate the effectiveness of var-
ious feature sets in accurately classifying and predicting SAT properties, high-
lighting the robustness of models like Random Forest and XGBoost in this do-
main. Notably, the integration of structural, statistical, and probing features
significantly enhances prediction accuracy, particularly when combining feature
sets from different sources.

The analysis also emphasizes the trade-off between feature extraction time and
prediction accuracy, underscoring the importance of selecting appropriate fea-
tures based on the specific task at hand. This is particularly useful in real-world
scenarios where SAT solvers are deployed, such as hardware verification, Al
planning, and combinatorial optimization. By selecting features that are com-
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putationally efficient yet informative, machine learning models can be tailored
to suit the constraints of specific applications, such as real-time decision-making
systems or large-scale industrial optimization tasks. For example, in domains
like circuit design or logistics planning, where SAT solving is used iteratively
or embedded in larger workflows, reducing feature extraction overhead can
directly improve system performance and scalability.

SHAP analysis provided valuable insights into the most influential features.
These insights are especially critical for designing interpretable and efficient
models, as they help prioritize features that contribute most to predictive per-
formance. Additionally, understanding the relevance of different features across
tasks—such as the dominance of probing features for SAT/UNSAT -classifica-
tion versus graph-based features for problem category classification—can in-
form task-specific feature engineering strategies, further enhancing the utility
of machine learning in SAT research.

The investigation into model counting using machine learning algorithms re-
vealed that while traditional exact and approximate counters like ApproxMC
and GANAK provide strong guarantees and accuracy, machine learning models
offer competitive performance with much faster prediction times. This positions
machine learning as a valuable tool, particularly in scenarios where computa-
tional resources or time are limited. For instance, in probabilistic reasoning or
uncertainty quantification applications, where model counts are used as inputs
to higher-level algorithms, the ability to quickly approximate counts using ma-
chine learning can enable near-real-time computations. This flexibility extends
the applicability of model counting to domains where traditional approaches
may be too slow, such as large-scale probabilistic graphical models or time-
sensitive planning tasks.
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Chapter 4
Deep Learning Predictions

Abstract.  This chapter explores the application of deep learning
(DL) to Boolean Satisfiability (SAT) and its effectiveness across three
key tasks: satisfiability prediction, instance classification, and model
counting. By leveraging diverse SAT instance encodings—including bi-
nary, image-based, and graph-based representations—deep learning
models such as Convolutional Neural Networks (CNNs), Graph Neu-
ral Networks (GNNs), and Variational Autoencoders (VAEs) are bench-
marked against traditional machine learning (ML) approaches. Our
analysis highlights the ability of DL models to overcome limitations of
handcrafted features, automatically learning meaningful representa-
tions from raw or minimally processed data. This chapter is based on
the work of our previous publication in ICTAI: Automated SAT Prob-
lem Feature Extraction Using Convolutional Autoencoders [DVO21]
and the code is available. ?

4.1 Introduction

The application of deep learning (DL) to SAT has gained significant momentum
in recent years, driven by the ability of these models to learn complex patterns
and representations from raw data automatically [SLB*18]. Unlike traditional
machine learning (ML) methods, which rely heavily on hand-engineered fea-
tures extracted from SAT instances, deep learning approaches can directly pro-
cess various encodings of SAT instances to perform various tasks [LSL™22].

https://github.com/mardalla/SmartSAT
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This capability to operate on raw or minimally processed data represents a
significant advancement, particularly in a domain where feature extraction is
non-trivial and often requires domain-specific knowledge. Traditional feature
extraction is a strongly lossy process that focuses on human-defined features,
many of which are highly correlated between each other or might not be rele-
vant for the decision-making process itself. DL and these encodings can over-
come these limitations by automatically learning relevant features from the
data. In this context, we discuss the two following approaches: automatic fea-
ture extraction and direct application of DL models.

In this chapter, we explore the effectiveness of deep learning models across sev-
eral key tasks in SAT research: satisfiability prediction, instance classification,
and model counting. We apply various deep learning models to these tasks, in-
cluding Convolutional Neural Networks (CNNs), Convolutional Autoencoders
(CAEs), Graph Neural Networks (GNNs), and Graph Variational Autoencoders
(GVAEs). Each model is tested with distinct SAT instance encodings to assess
their performance. These tasks are crucial for enhancing the performance of
SAT solvers, optimizing solver selection, and improving our understanding of
the structural properties of SAT instances.

The choice of encoding is a critical factor in the performance of deep learn-
ing models. In our study, we utilize a diverse range of encodings, such as
binary encodings, image-based encodings, and graph-based representations.
Each of these encodings highlights different aspects of the SAT instance struc-
ture, demonstrating the versatility of deep learning models.

The integration of deep learning into Boolean Satisfiability has seen consid-
erable progress, beginning with early foundational studies and gradually ad-
vancing to more complex applications in problem solving and generation. The
pioneering work by Biinz et al. [BL17] in exploring GNNs for classifying SAT
problems laid the groundwork for this integration. Their approach demon-
strated that GNNs could learn features of satisfiability in a weakly-supervised
setting, opening the door to further explorations in the field.

Building upon these early explorations, Wang et al. [WR18] leveraged the use
of deep reinforcement learning for learning SAT solver heuristics. This marked a
significant advancement in applying deep learning to symbolic reasoning, show-
casing the potential for more intuitive and efficient heuristic development in
SAT solving. The introduction of NeuroSAT by Selsam et al. [SLB*"18] fur-
ther exemplified the adaptability of neural networks in solving SAT problems,
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demonstrating their ability to generalize and tackle a diverse range of problems
beyond their training scope. The integration of GNNs with Stochastic Local
Search (SLS) SAT solvers by Zhang et al. [ZSZ*20] and Kramer et al. [KB23]
significantly enhanced solver efficiency, refining the initialization process and
overall effectiveness of SLS solvers. This integration not only improved perfor-
mance but also highlighted the potential of GNNs in understanding and solving
complex SAT instances. In specialized domains, the application of deep learn-
ing was further explored by Sun et al. [SGBP20], who evaluated NeuroSAT in
SAT problems for cryptanalysis. Their findings revealed that specialized solvers
like the one they propose, NeuroGIFT, could significantly outperform general-
purpose solvers or standard algorithmic approaches in highly structured prob-
lems, indicating the potential for tailored neural network solutions in specific
problem domains. Chang et al. [CZL22] introduced a framework using Graph
Attention Networks for predicting the satisfiability of domain-specific SAT prob-
lems, demonstrating notable improvements in predictive accuracy, particularly
in random 3-SAT problems. The learning of SAT solver heuristics through deep
reinforcement learning was carried out further by Yolcu et al. [YP19]. Their
approach showcased the ability of learned heuristics to efficiently find satisfy-
ing assignments, thereby reducing the computational steps required. Finally,
the application of GNNs in reasoning 2-Quantified Boolean Formulas (2QBF)
was investigated by Wang et al. [WYC"19], providing insights into the chal-
lenges and potential of applying machine learning tools to more complex sym-
bolic reasoning problems. Chen et al. [CBZ"19] introduced Deep Reasoning
Networks (DRNets), combining deep learning with reasoning for solving com-
plex tasks, including standard combinatorial problems like SAT. This approach
exemplified the potential of deep learning in enhancing logical reasoning and
problem-solving capabilities. This chapter presents a comprehensive compar-
ison of deep learning approaches across these tasks. We benchmark these
approaches against traditional ML methods that rely on handcrafted features,
evaluate the models using various performance metrics, and discuss the trade-
offs between different deep learning architectures and encodings. This thor-
ough comparison provides a clear understanding of the relative strengths and
weaknesses of each approach.
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4.2 Encoding Techniques for SAT Problem Repre-

sentation in Deep Learning Models

In the application of deep learning to the SAT, the choice of encoding is cru-
cial, as it directly impacts the effectiveness of the neural networks in learning
meaningful representations of the SAT instances. The encoding transforms the
SAT problem, typically expressed in CNF, into a format suitable for process-
ing by deep learning models. This section provides an in-depth discussion of
three prominent encoding techniques: Binary Encoding [DVO21], Image-based
Encoding [LMSS16], and Graph-based Encoding [BL17], each of which has
distinct advantages and is suitable for different types of neural network archi-
tectures.

4.2.1 Binary Encoding

This approach differs from traditional methods of representing SAT instances
as binary matrices by employing a more detailed and structured conversion
process aimed at preserving the logical relationships within the SAT problem as
well as the handling using convolutional layers.

Encoding Process
1. Representation of Clauses and Variables:
* Consider a SAT instance with C' clauses and V' variables.

* Each clause i in the SAT instance is represented by an array of binary
values, where each variable j is encoded into two adjacent binary
positions in the array.

* Specifically:

— The first position, z; 5, is set to 1 if the variable j appears posi-
tively in the clause i, otherwise it is set to O.

— The second position, z; 1,41, is set to 1 if the variable j appears
negatively in the clause i, otherwise it is set to O.

— If a variable does not appear in the clause, both positions are set
to 0.
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 This results in a binary array of size 2V for each clause, effectively
doubling the number of variables in the original SAT instance.

2. Formation of the Binary Matrix:

* The binary arrays representing all clauses in the SAT instance are
combined into a binary matrix of dimensions C' x 2V.

* Each row in this matrix corresponds to a clause, while each pair of
adjacent columns corresponds to the presence (positive or negative)
of a specific variable across the clauses.

3. Symmetry Breaking:

* We implement a symmetry-breaking process to reduce the impact of
invariances in the SAT problem. This involves:

— Variable Negation Symmetry: Ensuring that for each variable,
the normal literal appears at least as frequently as the negated

one.

— Variable Permutation Symmetry: Ordering variables based on
their frequency of appearance in the formula, with ties broken
by the frequency of their negated literals.

— Clause Permutation Symmetry: Ordering clauses by their car-
dinality (number of literals), with ties broken by the index of the
first literal.

4. Example:

¢ Consider the SAT instance:

(ZL’l V _|ZL'2) A (_h’El V Ig) N (.1]2 V _|.1]3>

* The binary encoding would proceed as follows:

T4 Ty Xy TTo Ty T3
1 0 0 1 0 0
o 1 o0 0 1 O
o o0 1 0 0 1

* Here, the first row represents the clause (z; V —x3), where z; is set
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to 1 for x1, -z, is set to 1 for —x,, and the other positions are set to
0 as those variables are absent in this clause.

Advantages of Binary Encoding

* Precision: This encoding preserves the exact structure of the SAT in-
stance, allowing the deep learning model to leverage the full complexity
of the logical relations within the formula.

* Scalability: The approach is scalable to instances with varying numbers of
variables and clauses, with the symmetry-breaking steps helping to reduce
computational redundancy.

* Compatibility: This encoding is particularly well-suited for use in convo-
lutional networks, which excel at identifying patterns and relationships in
grid-like data structures.

4.2.2 Image-based Encoding

The image-based encoding leverages the visual representation of SAT instances,
transforming the problem into an image-like structure. This approach was
notably explored by Loreggia et al., where the SAT instance is represented
as a grayscale image through a process that involves ASCII-based conversion
[LMSS16]. The transformation process involves the following steps:

1. ASCII Conversion: Each SAT instance, expressed in CNF, is first converted
into a textual representation using ASCII encoding. The CNF formula is
written out as a sequence of characters, where each variable and clause is
represented by its corresponding ASCII character codes. This conversion
turns the CNF formula into a stream of integer values corresponding to
the ASCII codes.

2. Grayscale Mapping: The ASCII values obtained from the previous step
are then mapped to grayscale intensities to create an image. Each ASCII
code is interpreted as a pixel intensity in the range [0, 255]. This results
in a grayscale image where the textual structure of the SAT instance is
preserved as patterns of varying intensities.

3. Image Structure: The ASCII-encoded values are arranged in a 2D grid to
form an image. The dimensions of this image depend on the length of the
CNF representation and can be adjusted (e.g., via padding or reshaping)
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Figure 4.1: Image extracted from SAT problem instance.

to maintain uniform image dimensions across different instances. The
resulting image encapsulates the logical structure of the SAT problem in
a form that is suitable for processing by Convolutional Neural Networks
(CNNs).

In this way, the image reflects the structural and syntactic features of the SAT
instance, enabling CNNs to recognize patterns that correlate with satisfiability
or other instance properties. This method preserves much of the the logical and
syntactical structure of the SAT problem in a format that is readily processable
by deep learning models designed for image recognition tasks.

CNNs are particularly adept at processing these images due to their ability to
detect spatial hierarchies and patterns. The network can learn to identify pat-
terns that correlate with the satisfiability of the instance or other characteristics
such as the problem’s complexity or the type of SAT instance.

However, the limitations of this encoding include potential loss of relational
information between variables that are not spatially close in the image repre-
sentation. Additionally, the image size can grow large for instances with many
variables and clauses, requiring careful management of input dimensions.

Figure 4.1 show an image extracted from a SAT instance.
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4.2.3 Graph-based Encoding

Graph-based encoding represents SAT instances as graphs, allowing deep learn-
ing models to capture the relational structure between variables and clauses ef-
fectively. This section explores several graph-based encoding techniques, each
providing a unique perspective on the problem’s structure.

1. Variable-Clause Graph (VCG):

* Nodes: Two types of nodes are used—one set representing variables
and another representing clauses.

* Edges: An edge is drawn between a variable node and a clause node
if the variable appears in the clause. The edges can be labeled to in-
dicate whether the variable is present as a positive or negative literal.

* Example: For the SAT instance (x; V —xg) A (—z1 V 23) A (22 V —3),
the VCG would include nodes for z;, x5, 3, and for each of the three
clauses. Edges would connect z; to the first clause node, x5 to the
first and third clause nodes, and so on, with edge labels indicating
positive or negative literals.

2. Literal Incidence Graph (LIG):

* Nodes: Each literal in the SAT instance (both positive and negative)
is represented as a node.

* Edges: An edge is drawn between two literal nodes if they both
appear in the same clause. This type of graph emphasizes the co-
occurrence relationships between literals.

* Example: Using the same SAT instance, the LIG would have nodes
for xy, —x9, -1, x3, T2, and —x3, with edges connecting literals that
share a clause, such as x; and —z, being connected due to their co-
occurrence in the first clause.

3. Variable Incidence Graph (VIG):
* Nodes: Only variables are represented as nodes.

* Edges: An edge is drawn between two variable nodes if they both
appear in the same clause. This representation highlights the rela-
tionships between variables based on their co-occurrences in clauses.

* Example: The VIG for our SAT instance would include nodes for z1,
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x9, and x3 with edges between z; and z,, x; and x3, and x, and x5
based on their shared clauses.

4. Literal-Clause Graph (LCG):

* Nodes: This is a bipartite graph where nodes represent either literals
or clauses.

* Edges: An edge exists between a literal node and a clause node if
the literal is part of the clause. This graph explicitly captures the
relationship between literals and the clauses they belong to.

* Example: In the LCG for the SAT instance, nodes would include
literals z;, —x2, —x1, T3, T2, —23, and clause nodes for each clause.

Edges would connect each literal to its corresponding clause node.

These graph representations are particularly well-suited for Graph Neural Net-
works (GNNs), which process data structured as graphs [KPKT24]. GNNs
can perform message passing, where nodes iteratively update their embeddings
based on information from their neighbours, allowing the network to learn rich
representations that capture both local and global structures within the SAT
instance.

The primary advantage of graph-based encoding is its ability to retain and ex-
ploit the relational structure of the SAT problem, making it ideal for tasks that
require a deep understanding of variable interactions and clause dependencies.
However, the complexity of constructing and processing these graphs can be
high, especially for large SAT instances, requiring efficient graph processing
techniques and careful selection of graph features.

For this chapter, only the VCG has been used to train deep learning algorithms.
In the next chapter all of the described graphs will be used for evaluation. The
VCG has been used in the following works [BL17, CZL22]. The main reasons are
its ability to capture the structural relationships between variables and clauses,
enabling efficient feature extraction for GNNs, and its role in reducing symme-
tries, which helps to minimize redundant search paths and improve learning
focus within the neural network model.

4.2.4 Efficiency of Deep Learning Encodings

Deep learning models bypass manual feature extraction by automatically com-
puting internal encodings from SAT instances. Although encoding computation
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introduces minor overhead, it is substantially faster than traditional feature
extraction, especially when leveraging GPU acceleration. Recent research in-
dicates that these learned encodings enable rapid solver selection and heuris-
tic tuning, leading to tangible improvements in solver performance [SLB'18,
ZCC*24]. Thus, the slight computational cost of encoding computation is justi-
fied by the resulting efficiency gains in the solving process.

4.3 Method

This section outlines the methodology employed for training and testing the
deep learning algorithms used for predicting satisfiability, categorizing instances,
and model counting.

4.3.1 Training Approach
The models were designed for three core tasks:

* Binary Classification (SAT/UNSAT): Determine whether a SAT instance
is satisfiable.

* Multi-Class Classification (Instance Category): Classify instances into
predefined categories.

* Regression (Model Counting): Predict the number of satisfying assign-
ments.

The training framework includes supervised models (CNN-BE, CNN-IE, and
GNN) and unsupervised models (CAE and GVAE). Direct approaches handle
classification and regression tasks, while feature extraction models provide com-
pressed representations for downstream analysis.

4.3.2 Data Preparation
4.3.2.1 Dataset Description

The datasets include SAT problems described in Sections 3.2.1 and 3.2.2, en-
coded in the DIMACS format. Each instance is labelled with satisfiability, cate-
gory, and model count. Metadata in leading comments specifies instance prop-
erties.
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4.3.2.2 Preprocessing

Instances are encoded into binary matrices, image and graph representations
for neural network processing. Symmetry-breaking preprocessing is applied to
binary-encoded data. For graph-based models, instances are represented as
Variable-Clause Graphs (VCGs). Datasets are split into training, validation, and
test sets to ensure balanced evaluation.

4.3.3 Model Architectures
4.3.3.1 Overview of Models

The models employed include:

* CNN-BE: Convolutional Neural Network that processes binary-encoded
SAT instances with convolutional layers capturing clause and literal-level
patterns.

* CNN-IE: Convolutional Neural Network that operates on image-encoded

SAT instances, learning spatial relationships through convolutional layers.

* GNN: Graph Neural Network that leverages VCG representations to model
variable-clause dependencies.

* CAE: Convolutional Autoencoder, i.e. unsupervised model for feature ex-

traction and instance reconstruction that uses the binary encoding.

* GVAE: Graph Variational Autoencoder, i.e. unsupervised model for feature
extraction and instance reconstruction that uses the VCG representation.

4.3.3.2 Direct Approaches

CNN-BE. This CNN model using binary encoding processes SAT instances rep-
resented as binary matrices. This model is structured to identify and learn
patterns within these binary-encoded SAT instances for multiple tasks.

The architecture is as follows:

* Input Layer: The input is a binary matrix of dimensions C' x 2V, repre-
senting the SAT instance.

* First Convolutional Layer: A single filter of size 2 x 1 is applied with no
overlap. This layer captures individual literals across all clauses. The op-
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eration of a standard convolutional layer can be mathematically described
at the matrix level as:

y &+ _ (X(k)W(k) + B(k’))

where: X is the input matrix (feature map) of size C' x 2V, W is the
convolutional filter matrix of size M x N, B is the bias matrix added to
the result of the convolution,Y is the output feature map matrix, ando is
the activation function applied element-wise to the resulting matrix (e.g.
RELU).

* Second Convolutional Layer: 128 filters with a window size of 500 x 1
are applied without overlap, covering all literals within each clause. This
layer detects clause-level patterns.

* Dropout and Batch Normalization: A dropout layer with a rate of 0.1
is followed by batch normalization to prevent overfitting and stabilize the
training process.

* Third Convolutional Layer: 256 filters with a window size of 5 x 1 are
applied to learn more complex patterns.

* Fully Connected Layers: Two fully connected layers follow the convolu-
tional layers. The first layer has 64 neurons and serves to integrate the
features learned by the convolutional layers, while the second layer with
32 neurons reduces the dimensionality further.

* Output Layers:

- Binary Classification (SAT/UNSAT): A fully connected layer with
1 neurons and a sigmoid activation function is used to produce a
probability distribution over the SAT/UNSAT classes.

— Category Classification (instance category): A fully connected layer
with N, neurons (where N, is the number of instance categories) and
a softmax activation function to classify the SAT instance into one of
the predefined categories.

— Regression (Model Counting): A fully connected layer with 1 neu-
ron and a linear activation function is used to predict the model
count as a continuous value.
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Figure 4.2: Convolutional Neural Network architecture.

CNN-IE. This CNN model using image encoding processes SAT instances rep-
resented as grayscale images. This model is designed to identify and learn
spatial patterns within the image-encoded SAT instances for multiple tasks.

The architecture includes the following components:

* Input Layer: The input is a grayscale image of a fixed size (e.g., 128x128
pixels) representing the SAT instance.

* First Convolutional Layer: 32 filters of size 3 x 3 are applied with ReLU
activation. This layer captures local patterns in the image.

* Max-Pooling Layer: A max-pooling layer with a 2 x 2 window is used to
reduce the spatial dimensions of the feature maps.

* Dropout Layer: A dropout layer with a rate of 0.25 is applied to prevent
overfitting.

* Second Convolutional Layer: 64 filters of size 3 x 3 are applied with
ReLU activation. This layer captures more complex patterns.

* Max-Pooling and Dropout Layers: Another set of max-pooling and dropout
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layers follows to further downsample the feature maps and regularize the
model.

* Third Convolutional Layer: 128 filters of size 3 x 3 are applied with ReLU
activation. This layer captures even higher-level features.

* Max-Pooling and Dropout Layers: A final set of max-pooling and dropout
layers ensures that the network focuses on the most critical features while

maintaining robustness against overfitting.

* Fully Connected Layers: The network concludes with two fully con-
nected layers. The first has 512 neurons and integrates the learned fea-
tures into a compact representation. The second layer with 256 neurons
further refines this representation.

* Output Layers: Identical to CNN-BE.
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Figure 4.3: Convolutional Neural Network architecture for image-encoded SAT
instances.

GNN. This GNN is designed to process SAT instances represented as VCGs.
This encoding captures the relationships between variables and clauses in a bi-
partite graph structure. The GNN utilizes multiple layers of graph convolution
to iteratively refine the node embeddings and capture the complex dependen-
cies within the SAT instances. After that, the node embeddings are aggregated
and passed through fully connected layers to perform classification and regres-
sion tasks, including SAT/UNSAT prediction, instance category classification,
and model counting. The architecture is inspired by [BL17] and [SB19].

The architecture of the GNN is detailed below:

* Input Layer: The input is a VCG representing the SAT instance, where
nodes correspond to variables and clauses, and edges represent the oc-
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currence of variables in clauses.
* Graph Convolution:

— The network begins with an initial node embedding for each vari-
able and clause. These embeddings are iteratively updated using a
message-passing process where information is exchanged between
connected nodes.

— Each graph convolutional layer applies 128 filters to propagate in-
formation across the graph’s nodes, capturing local dependencies
among variables and clauses. The operation is mathematically de-
scribed by:

HE = o (D72 AD 2 HOW®)

where W®*) are the learnable weights, H*) is the node embedding
matrix at the k-th layer, A is the adjacency matrix, and o is the acti-
vation function (SELU).

— Two layers of graph convolution refine the node embeddings, allow-
ing the network to learn increasingly complex interactions between
variables and clauses.

* Activation and Normalization: After each graph convolutional layer,
SELU (Scaled Exponential Linear Unit) [KUMH17] activation is applied
for non-linearity, followed by layer normalization to stabilize learning and
improve convergence by reducing internal covariate shifts.

* Pooling Layer: After the message-passing layers, a mean aggregation
is applied to pool the node embeddings into a single graph embedding,
which represents the entire SAT instance in a condensed form.

* Fully Connected Layers: The graph-level embedding is passed through
fully connected layers:

— The first fully connected layer has 128 neurons and integrates the
features learned by the graph convolutional layers.

— The second fully connected layer has 64 neurons and further pro-
cesses the embedding in preparation for the final task-specific out-
puts.

* Output Layers: Identical to CNN-BE.
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Figure 4.4: Graph Neural Network (GNN) architecture. The output layers are
adapted for binary classification (SAT/UNSAT), category classification, and re-
gression tasks.

4.3.3.3 Feature Extraction Methods

CAE. This CAE is designed to learn a compact representation of the input
data, given as a binary encoding, through a process of encoding and subsequent
decoding. This approach is particularly useful for reducing the dimensionality
of data while preserving key structural features, making it highly suitable for
tasks like SAT instance generation, where capturing the essence of complex
problem structures is crucial.

The CAE consists of two main components:

* Encoder: The encoder maps the input data (e.g., a SAT problem instance)
into a lower-dimensional latent space. It does this by applying convolu-
tional layers that progressively reduce the spatial dimensions of the input
while preserving its most essential features. This compressed representa-
tion is a learned abstraction of the input data.

* Decoder: The decoder attempts to reconstruct the original input from the
latent representation. The convolutional layers in this stage expand the
latent space back to the original dimensions, ideally reproducing the input
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as closely as possible. The network minimizes the difference between the
input and the reconstructed output through a loss function (often mean
squared error).

The architecture of the CAE allows it to effectively capture hierarchical features
from the data, which is particularly advantageous in SAT instance generation,
where complex dependencies between variables must be encoded in a compact
and meaningful way. The architecture includes the following components:

* Input Layer: The input is the same binary matrix used in the CNN with
binary encoding.

¢ Encoder:

- First Convolutional Layer: This layer applies a single filter of size
2 x 1 to the input matrix, capturing individual literals and transform-
ing them into feature maps.

— Second Convolutional Layer: With 128 filters and a window size
of 500 x 1, this layer processes the entire set of literals within each
clause, learning clause-level patterns.

— Dropout and Batch Normalization: A dropout layer with a rate of
0.1 followed by batch normalization is applied to ensure that the
network does not overfit and to stabilize the training process.

— Third Convolutional Layer: This layer, with 256 filters and a win-
dow size of 5 x 1, captures more complex, high-level patterns within
the SAT instance.

— Fully Connected Layers: Two fully connected layers follow, with 64
and 32 neurons respectively. The final layer outputs the latent space
representation z, which is a compressed version of the input data.

¢ Decoder:

— Fully Connected Layers: The decoder mirrors the encoder’s fully
connected layers, expanding the latent space representation back
into a higher-dimensional feature space.

- Transpose Convolutional Layers: These layers reverse the convolu-
tional operations performed by the encoder, gradually reconstructing
the original input matrix from the latent space representation.
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— Output Layer: The final layer reconstructs the binary matrix from
the latent space, aiming to minimize the difference between the orig-
inal input and the reconstructed output.

z---- L(Z,z) ----=

1 T1DConvsg, 2 x 1 1 1DConvy, 2 X 1
T N2

128 T1DConvs, 500 x 1 [28 1DConvs, 500 x 1

256 T1DConvy 6 x 1 || 256 1DConvs 5 X 1

z

Figure 4.5: Convolutional Autoencoder architecture. The decoder mirrors the
encoder structure with transposed convolutions, reconstructing the input from
the latent space representation z.

GVAE. This GVAE is designed to perform unsupervised learning on a VCG
representation of the data. It compresses the graph-encoded input into a lower-
dimensional latent space and then reconstructs the input from this representa-
tion. The GVAE is composed of an encoder and a decoder, similar to the struc-
ture used in the Convolutional Autoencoder but adapted for graphs. The archi-
tecture of the GVAE is largely aligned with the standard structure for GVAEs,
following the approaches described by [KW16] and [ZSNL22].

The GVAE architecture includes the following components:

* Input Layer: The input is a Variable-Clause Graph (VCG) representing
the SAT instance, where nodes represent variables and clauses, and edges
capture the relationships between them.

e Encoder:
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— Graph Convolutional Layers: The encoder begins with a series of
graph convolutional layers that propagate information through the
graph, capturing both local and global dependencies between nodes.
These layers apply the graph convolution operation, which updates
each node’s embedding based on its neighbors’ features.

— Activation and Normalization: After each graph convolutional layer,
SELU (Scaled Exponential Linear Unit) activation is applied for non-
linearity, followed by layer normalization to stabilize learning and

improve convergence by reducing internal covariate shifts.

- Pooling Layer: A mean aggregation function is applied to pool the
node embeddings into a single graph embedding, which summarizes
the entire structure of the input graph.

— Fully Connected Layers: Following the pooling layer, the graph em-
bedding is passed through fully connected layers. These layers gen-
erate the mean and variance for the latent space distribution, which
is then sampled to produce the latent representation z. This sampling
step allows the model to learn a probabilistic latent space, facilitating
the generation of diverse outputs.

* Decoder:

— Fully Connected Layers: The decoder mirrors the encoder’s fully
connected layers, expanding the latent representation z back into a
higher-dimensional space. These layers progressively reconstruct the
graph structure from the latent code.

— Reconstruction Layer: The final layer of the decoder reshapes the
output to match the original graph’s structure, using a hyperbolic
tangent (tanh) activation function to produce outputs in the range
[—1,1]. This layer ensures that the reconstructed graph closely re-
sembles the original input graph, minimizing the reconstruction loss.

* Output Layer: The output of the decoder is a reconstructed VCG, which
is compared against the original graph to compute the reconstruction loss.
The goal of the GVAE is to minimize this loss, thereby improving the qual-
ity of the learned latent space and the fidelity of the reconstructed graphs.
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Figure 4.6: Graph Variational Autoencoder (GVAE) architecture.

4.3.4 Training and Hyperparametrization

The models were implemented and executed on NVIDIA Quadro RTX 8000
GPUs. The implementation utilized Keras [C'15] for deep learning models
and Keras Spektral [GA20] for graph-based models. All the layers used are
standard and implemented in the library.

During training, each dataset was split into training, validation, and test sets.
For SAT/UNSAT and category prediction, a training and validation set was com-
posed of 2700 instances, equally distributed between categories and SAT/UNSAT.
We used an 80/20 split. The remaining 300 instances were used as testing. For
model counting, the dataset of 1000 instances was used as training/validation,
with an 80/20 split. A testing set of 300 instances is assembled.

Both CNN and GNN were trained to predict the satisfiability, the category, and
the model count directly. The CAE and GVAE were trained only on reconstruct-
ing the SAT instances. Then, a Random Forest algorithm was trained on the
latent space in order to predict satisfiability, category and model count.
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4.3.4.1 CNN Models

The two CNN models were trained to perform classification and regression SAT
instances based respectively on their binary and image-based encodings. For
the CNN models, the primary hyperparameters included the number of con-
volutional layers, filter sizes, strides, and learning rates. The first CNN was
designed with three convolutional layers, while the second utilized five layers
to capture deeper features. The filter sizes were set to 3 x 3 and 5 x 5 with
strides of 1. The learning rate was initialized at 0.001, and an Adam optimizer
[KB17] was employed with a weight decay of 0.01 to prevent overfitting. The
batch size was set to 16, as it offered a balance between training speed and
model generalization.

The CNN models were employed for three types of tasks: binary classification,
multi-class classification, and regression. The following loss functions were
used:

* SAT/UNSAT prediction: For SAT/UNSAT prediction, which is a binary
classification task, the Binary Cross-Entropy is utilized. This loss function
is commonly used for binary classification problems where the output is
expected to be a probability value between O and 1. The BCE loss is
defined as:

N
Lpce = —— Z yilog(9:) + (1 — yi)log(1 — 4s))
z:l

where y; is the true label (0 or 1), ¢; is the predicted probability, and N
is the number of samples. This loss function penalizes incorrect classifi-
cations, especially when the predicted probability is far from the actual
label, effectively guiding the model to learn the decision boundary be-
tween the two classes.

* Category Prediction: For category prediction, i.e. multi-class classifica-
tion tasks, where the output is a categorical label among multiple classes,
the Cross-Entropy Loss (also known as Softmax Loss) was used. This
loss function is suitable for problems where the model needs to output
a probability distribution over several classes. The Cross-Entropy Loss is
defined as:
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1 N C
Lop = =77 2D viilog(bi)
i=1j=1

where y;; is a binary indicator (0 or 1) if class label j is the correct classifi-
cation for instance 4, p;; is the predicted probability of instance ¢ being in
class j, and C'is the total number of classes. This loss function encourages
the model to increase the probability for the correct class while decreasing
it for the incorrect ones.

* Model Count Regression: for the regression task, where the model needs
to predict a continuous value rather than a categorical label, the Root
Mean Squared Error (RMSE) was used as the loss function. RMSE is
particularly effective for measuring the differences between values pre-
dicted by a model and the actual observed values. It is defined as:

=1

1 N
Lryvse = N > (G — wi)?

where §j; is the predicted value, y; is the actual value, and N is the number
of samples. RMSE is a good measure of how well a regression model
is performing because it penalizes large errors more than smaller ones,
providing a sensitive measure of prediction accuracy.

4.3.4.2 Convolutional Autoencoder (CAE)

The CAE model was trained to learn a compressed representation of SAT in-
stances and reconstruct the original input from its latent representation. The
training process aimed to minimize the binary cross-entropy loss, which treats
each binary variable of the encoding as a binary classification task. This loss
function was chosen due to the binary encoding of the input data.

The training was conducted using the Adam optimizer [KB17] to accelerate the
back-propagation process. The initial learning rate was set to 10~* with a decay
rate of 107°, allowing for fine-tuning as the training progressed. To prevent
overfitting and stabilize the training, dropout and batch-normalization layers
were applied throughout the network. The dropout rate was set at 0.3 after
each layer, except for the final layer, which did not use dropout. A batch size of
16 was chosen to accommodate the high memory demands of the CAE model
during training.
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The latent space dimension was explored with values ranging from ¢ = {8, 16, 24, 32,64},
with 32 selected based on cross-validation results to achieve a good trade-off
between compression and reconstruction quality.

4.3.4.3 Graph Neural Network (GNN)

The GNN was trained to learn node and edge embeddings from variable-clause
graph representations of SAT problems. Training involved supervised learning
with categorical cross-entropy loss. At each epoch, the model aggregated in-
formation from neighboring nodes and updated embeddings. The learning rate
was set to 0.0005, and the Adam optimizer [KB17] was used. The batch size
was 16, limited by the computational intensity of processing graph data. L2
regularization with a weight decay of 0.0001 was applied to encourage gener-
alization and prevent overfitting.

4.3.4.4 Graph Variational Autoencoder (GVAE)

The GVAE model extends the standard autoencoder framework to handle graph
data. During training, the GVAE learned probabilistic embeddings in a latent
space that were used to generate new SAT instances. The training process in-
volved minimizing a composite loss function, combining the reconstruction loss
for the input graph and the Kullback-Leibler (KL) divergence loss to maintain
latent space continuity. The composite loss function £ is defined as:

L= Erecon + 6 : ‘CKLa

where L, econ is the reconstruction loss that measures how well the output graph
G reconstructs the original input graph G, in this case the Binary Cross-Entropy.
The KL divergence loss, Ly, is defined as:

Ly = Dra(q(2]G)llp(2)),

where ¢(z|G) is the approximate posterior distribution of the latent variable =
given the input graph G, and p(z) is the prior distribution, typically a standard
normal distribution. The parameter § controls the weight of the KL divergence
term, balancing the trade-off between reconstruction accuracy and latent space
regularization.
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The GVAE utilized a two-layer graph convolutional encoder and a three-layer
fully connected decoder. The latent dimension was set between 8 and 64, with
32 selected based on cross-validation results to achieve a good trade-off be-
tween compression and reconstruction quality. The learning rate was fixed at
0.0001, optimized using the Adam optimizer [KB17], which effectively man-
ages adaptive learning rates in generative models. A batch size of 16 was cho-
sen to manage memory consumption during training. Dropout rates of 0.3 in
the encoder and L2 regularization with a weight decay factor of 0.0005 were
applied to maintain model stability and generalization capacity.

4.4 Evaluation

This section presents our evaluation of the performances of the deep learning
algorithms in terms of classification and regression accuracy for the tasks of sat-
isfiability prediction, instance classification and model counting regression. The
deep learning algorithms are compared then to the results obtained in chapter
3.7, using a Random Forest algorithm trained on statistical features extracted

from the SAT instances.

4.4.1 SAT/UNSAT Prediction

The results presented in Table 4.1 show a comparative analysis of deep learning
(DL) and machine learning (ML) algorithms for SAT/UNSAT prediction tasks.
The traditional ML approach achieves the highest overall accuracy of 99.11%,
with both SAT and UNSAT prediction accuracies reaching 99.8%. Among the
DL models, the Graph Neural Network (GNN) demonstrates the closest per-
formance to the ML approach, achieving an overall accuracy of 99.2%, which
indicates that the graph-based representation of SAT problems effectively cap-
tures the structural relationships necessary for satisfiability prediction. The
Binary CNN model follows with an accuracy of 97.3%, showing that binary
encoding is more effective than image-based encoding, as the Image CNN only
reaches 90.1% accuracy. This highlights the importance of selecting appropriate
data representations for DL models. The Convolutional Autoencoder combined
with a Random Forest Regressor (CAE + RFR) and the Graph Variational Au-
toencoder with a Random Forest Regressor (GVAE + RFR) also perform well,
achieving accuracies of 97.0% and 97.7%, respectively. The slightly better per-
formance of GVAE + RFR over CAE + RFR indicates that the graph-based la-
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tent space learned by GVAE captures more relevant features for the SAT/UNSAT
task than the convolutional autoencoder. These results demonstrate that while
ML models maintain superior accuracy, DL models, particularly those utilizing
graph-based techniques like GNN and GVAE, show strong potential for effective
SAT problem prediction.

Table 4.1: SAT/UNSAT accuracy prediction for the DL algorithm compared with
the ML approach

Algorithm Accuracy | % SAT | % UNSAT
RFR (features) 99.1% 99.0% 99.2%
CNN-IE 90.1% 90.0% 90.2 %
CNN-BE 97.3% | 97.6% | 97.0%
GNN 99.2% | 99.2% 99.0%
CAE + RFR 97.0% |96.6% | 97.4%
GVAE + RFR 97.7% |97.8% | 97.6%

4.4.2 Comparison between automatically extracted features
and handcrafted features

In this section we compare the features extracted using the deep learning al-
gorithm with the handcrafted features of 3.3. We project all the instances of
the dataset into increasing size latent spaces using the CAE and the GVAE,
0 ={8,16,24,32,40}. The goal is to test the ability of the approach to compress
the instance structure. We train the autoencoders for the different § values on
the training set. For the handcrafted features, we compress them using princi-
pal component analysis (PCA) to reduce their cardinality. This is done to have
a comparison between sets of same cardinality.

Figure 4.7 show the results of our experiment on the train and the test set,
respectively. The orange dotted line is the accuracy achieved by using the full
features set. The GVAE outperforms the CAE and the compressed handcrafted
set, indicating that the deep learning algorithms are able to extract a bigger
amount of information automatically for this particular task.

4.4.3 Instance Category Prediction

The results presented in Table 4.2 demonstrate the performance of various al-
gorithms in classifying different types of SAT instances. The Random Forest Re-

Machine Learning 109 Marco Dalla
for Structural Reasoning
in Boolean Satisfiability



4. DEEP LEARNING PREDICTIONS 4.4 Evaluation

0.95 | R

Accuracy
(-]
N
\
|

—o— GVAE
0.85 | = CAE
—e— Features compressed

Features Full

08 =010 20 30 40

Features

Figure 4.7: SAT/UNSAT classification accuracy.

gressor (RFR) using handcrafted features achieves the highest accuracy across
all instance types, with an average accuracy of 99.81%. This indicates that tra-
ditional feature-based methods remain highly effective for instance classifica-
tion. Among the deep learning models, the Graph Neural Network (GNN) out-
performs the others with an average accuracy of 94.3%, reflecting its strength
in capturing the relational structures of SAT instances. The Binary CNN also
shows robust performance with an average accuracy of 88.1%, surpassing the
Image CNN’s accuracy of 85.2%. This suggests that binary encoding is more
suitable for instance classification than image-based encoding. The CAE com-
bined with Random Forest Regressor (CAE + RFR) and the Graph Variational
Autoencoder combined with Random Forest Regressor (GVAE + RFR) achieve
lower accuracies, 82.6% and 84.5% respectively, indicating that while these
models can capture complex latent structures, they may not be as effective as
GNNs or CNNs for direct classification tasks.
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Table 4.2: Instance classification accuracy

Instance Type | RFR (features) | CNN-IE | CNN-BE | GNN | CAE + RFR | GVAE + RFR

cliquecoloring 99.5% 88.0% | 90.2% | 94.0% 80.1% 83.2%
count 99.9% 87.5% | 91.0% | 92.8% | 84.0% 85.5%
kelique 99.7% 84.6% | 87.8% | 93.6% | 82.0% 83.8%
keolor 99.6% 86.2% | 885% | 95.2% | 81.5% 84.6%
matching 99.8% 85.0% | 87.2% | 92.0% | 80.3% 82.7%
op 99.9% 83.9% | 89.1% | 94.5% | 83.4% 84.1%
parity 99.7% 84.8% | 88.9% | 94.1% | 82.1% 84.0%
peb 99.6% 86.5% | 90.3% | 93.9% | 81.7% 83.9%
php 99.9% 84.0% | 87.4% | 94.7% | 83.0% 85.1%
ram 99.8% 85.6% | 89.3% | 94.4% | 82.7% 84.9%
stone 99.9% 83.7% | 88.0% | 95.0% | 81.3% 84.8%
subsetcard 99.8% 85.1% | 88.2% | 93.5% 82.9% 83.5%
tseitin 99.7% 86.2% | 89.1% | 94.9% | 83.6% 85.3%
| Average | 99.81% | 85.2% | 88.1% | 94.3% | 82.6% 84.5%

4.4.4 Model Count Prediction

The results in Table 4.3 provide a comparison of different methods for model
counting regression tasks, evaluated using metrics such as Mean Absolute Er-
ror (MAE), Root Mean Squared Error (RMSE), R? score, and Mean Absolute
Percentage Error (MAPE). The Random Forest Regressor (RFR) demonstrates
superior performance across all metrics, achieving the lowest MAE (0.125),
RMSE (0.173), and MAPE (0.043), along with the highest R? score (0.991),
indicating its strong capability for accurate model count prediction. The GNN
also performs well, with an MAE of 0.176, RMSE of 0.261, and an R? score of
0.981, showcasing its effectiveness in leveraging graph representations to pre-
dict model counts with high accuracy. In contrast, the deep learning models
using image-based encoding (Image CNN) and binary encoding (Binary CNN)
show significantly higher errors and lower R? scores, with the Image CNN par-
ticularly underperforming with an RMSE of 0.981 and MAPE of 0.522. The CAE
+ RFR combination yields the highest RMSE (1.926) and one of the lowest R?
scores (0.745), indicating limitations in capturing the necessary features for re-
gression tasks despite its ability to compress data. The GVAE + RFR method,
while outperforming the purely image-based and binary CNNs in terms of R?
score (0.883) and MAPE (0.232), still falls short compared to the GNN and
RFR.
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Table 4.3: Model Counting Regression accuracy

Method MAE | RMSE | R2 | MAPE
RFR 0.125 | 0.173 | 0.991 | 0.043
CNN-IE 0.876 | 0.981 | 0.755 | 0.522
CNN-BE 0.541 | 0.764 | 0.841 | 0.482
GNN 0.176 | 0.261 | 0.981 | 0.092
CAE + RFR | 0.864 | 1.926 | 0.745 | 0.513
GVAE + RFR | 0.448 | 0.864 | 0.883 | 0.232

4.4.5 Analysis and Discussion

The observed patterns in the results reflect the strengths and limitations of the
different deep learning architectures. Our automatic feature extraction meth-
ods, while not achieving the same level of performance as handcrafted features,
still demonstrate competitive results, particularly for tasks like SAT/UNSAT clas-
sification and model counting. This underscores the advantage of automatic
methods, which eliminate the need for in-depth study and manual engineering
of potential features, making them more adaptable and scalable to new problem
domains.

The superior performance of graph-based models, such as the GNN and GVAE,
highlights the importance of graph representations in SAT tasks. These repre-
sentations effectively encode the relational structures inherent in SAT instances,
such as variable dependencies and clause interactions, enabling the models to
capture critical information that is essential for accurate predictions. The abil-
ity of graphs to encompass these relations gives graph-based methods an edge,
particularly for tasks like instance classification and model counting, where un-
derstanding structural properties is crucial.

Binary encoding also performs well, as seen in the CNN-BE results, due to the
inherent knowledge captured by the convolutional operations applied to the
binary representation of SAT instances. This encoding retains much of the
instance’s logical structure while simplifying the representation, allowing the
CNN to learn relevant features efficiently. In contrast, the image-based ap-
proach underperforms across all tasks. The reshaping of SAT instances into a
2D grid for image input leads to a loss of key structural and logical information,
which significantly impacts the model’s ability to extract meaningful patterns.

These findings demonstrate the trade-offs between different encoding methods.
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While handcrafted features still hold the advantage for traditional ML models,
the ability of automatic methods to generalize across diverse SAT tasks and
adapt to new domains without manual intervention positions them as valuable
alternatives.

4.5 Conclusions

In this chapter, we explored the application of deep learning models to SAT
problems, comparing their performance in SAT/UNSAT prediction, instance
classification, and model counting tasks against traditional machine learning
methods that rely on handcrafted features. Our study focused on leveraging
different deep learning architectures, such as Convolutional Neural Networks
(CNNs), Convolutional Autoencoders (CAEs), Graph Neural Networks (GNNSs),
and Graph Variational Autoencoders (GVAEs), and applying them to distinct
SAT instance encodings, including binary, image-based, and graph-based repre-
sentations.

The results show that deep learning models, particularly those using graph-
based techniques like GNNs and GVAEs, have the potential to achieve compet-
itive accuracy in SAT problem prediction tasks. The GNN model demonstrated
strong performance across various tasks, leveraging the relational structures of
SAT instances effectively. While the traditional Random Forest Regressor (RFR)
using handcrafted features generally outperformed deep learning models in in-
stance classification and regression tasks, the deep learning models, especially
those leveraging unsupervised feature extraction (CAE + RFR and GVAE +
RFR), showed promise in capturing complex patterns that handcrafted features
might miss.

Despite these encouraging results, there are several challenges and limitations.
The overhead introduced by encoding SAT instances and the computational
cost associated with training deep neural networks on large datasets remain
significant barriers to the broader applicability of these models. Furthermore,
while models like CAEs and GVAEs can effectively learn latent representations,
their utility in certain tasks such as instance classification was lower compared
to traditional feature-based approaches.
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Chapter 5

SAT Generation with Deep Learning
Models

Abstract. This chapter introduces a novel approach for generating
realistic and structurally diverse SAT problem instances using a Vari-
ational Autoencoder (VAE) combined with a Graph Neural Network
(GNN). Our contributions include the development of a VAE-GNN-based
SAT instance generator that preserves critical structural properties of
SAT problems, a novel compressed representation of the adjacency ma-
trix to enhance model efficiency, and the introduction of new evalua-
tion metrics based on SATzilla’s feature extraction tool. We perform an
in-depth comparison with existing deep learning SAT generators, eval-
uating the strengths and weaknesses of each approach. This chapter
is based on our previous publication in ESANN: SAT Instances Gen-
eration Using Graph Variational Autoencoders [CDOV24] and the
code is available. !

5.1 Introduction

Generating realistic and challenging SAT problem instances has become a key
focus in advancing SAT solver performance. SAT solvers are often tested on a
narrow subset of possible instances, many of which do not reflect the complex-
ity and diversity of real-world problems encountered in industrial or scientific
settings. In particular, SAT instances that occur in practice are typically not

Thttps://github.com/mardalla/GVAE2SAT
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uniformly distributed across the space of all Boolean formulae, leading to po-
tential poor solver performances when dealing with instances stemming from
applications such as software verification, hardware design, and cryptographic
analysis. This gap can result in solvers that are overfitted to specific problem
types and perform suboptimally when confronted with unfamiliar or more com-
plex instances [Ach09, Spel0].

Randomly generated SAT problems often lack the structural features, like mod-
ularity or variable clustering, common in industrial problems, thus providing
unrepresentative benchmarks for solver evaluation. Similarly, handcrafted in-
stances, while designed to exploit known weaknesses in solver algorithms, may
not generalize well to real-world problems that exhibit more nuanced structures
[LENV17]. Consequently, SAT solvers that are trained and tested on such artifi-
cial benchmarks may perform poorly in practical applications, underscoring the
need for more realistic instance generators.

Developing sophisticated SAT instance generators, particularly those using deep
learning models aims to bridge this gap by producing instances that closely
resemble real-world SAT problems [GMGC22]. These generators would ben-
efit researchers and practitioners by enabling more comprehensive testing of
solvers, ultimately improving their robustness and generalizability. Industries
that rely on SAT solvers for essential tasks, such as software verification or elec-
tronic design automation, would particularly benefit from the availability of
these generated instances, as they more accurately simulate the types of chal-
lenges encountered in practice [SLB*18, WR19].

Existing algorithmic approaches for generating SAT problems can be catego-
rized into three broad classes: random, crafted, and industrial SAT generators.
Random SAT problems, such as those described by [Ach09], provide a uniform
distribution over the possible clauses. However, this leads to instances often
lacking the structure found in real-world problems, resulting in unrepresenta-
tive benchmarks. Crafted SAT generators like [Spel10] and [EOP20] constrain
the generative process by manipulating variables’ neighbour relationships to in-
crease solver difficulty, but may produce instances that are still far from those
encountered in industrial applications. Lastly, industrial SAT generators, such
as [GCL21, ABL22], attempt to simulate real-world instances by focusing on
structures such as modularity and scale-free properties but are limited by the
need for foreknowledge of problem characteristics.

Given these limitations, there is significant potential in applying deep learn-
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ing methods to SAT problem generation. Deep generative models, particularly
those using neural networks, can overcome some of the challenges associated
with manual problem design by automatically learning structural features from
data. This approach enables the generation of problem instances more closely
aligned with real-world SAT instances without requiring explicit feature engi-
neering. For example, [BL17] and [SLB*"18] demonstrated that graph neural
networks (GNNs) could capture critical features of Boolean formulae, leading
to better performance in tasks such as SAT classification and satisfiability pre-
diction.

This chapter presents a deep generative model using a variational autoencoder
(VAE) combined with a graph neural network (GNN) to generate new SAT in-
stances that reflect the structure of real-world problems. The approach involves
representing SAT problem instances as graphs, encoding these graphs using a
GNN, and generating new problem instances by sampling from a structured
latent space. This method builds on prior works like SATGEN [WR19] and
W2SAT [WY23], which use random walks and graph neural networks to gen-
erate SAT problems but extends their approaches by using a VAE to ensure a
well-structured latent space that allows for meaningful interpolation between
generated instances.

Autoencoders have been applied to SAT feature extraction, enabling models to
learn lower-dimensional representations of SAT instances [? ]. However, this
work goes beyond simple feature extraction by using a variational autoencoder
(VAE), which compresses and reconstructs the input and regularizes the latent
space to follow a Gaussian distribution. This procedure allows for the genera-
tion of new SAT problem instances through controlled sampling from the latent
space.

The contribution of this work is the following:

* A novel SAT instance generator using a VAE-GNN framework that auto-
matically learns and preserves structural features common to real-world
SAT problems.

* A novel compressed representation of the adjacency matrix that reduces
the computational cost and allows to process much bigger instances.

* An in-depth comparison between different deep learning methods for gen-
erating SAT instances, focusing on already established comparison metrics
and introducing new metrics developed on the SATzilla [XHHLBOS8] fea-
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ture extraction tool.

Compared to traditional SAT problem generators, our method offers several
advantages. First, it eliminates the need for manual feature selection, as the
model learns structural characteristics directly from data. Second, it improves
upon crafted SAT problems, which may not resemble real-world instances, by
generating instances that retain structural features necessary for solver selec-
tion and performance, such as modularity and variable clustering, as identified
in works like [GCL15] and [AMM22]. Lastly, by providing a generator capa-
ble of producing both satisfiable and unsatisfiable instances, this work can help
train solvers to handle a more diverse and realistic set of problems, contributing

to more robust solver performance in industrial applications.

5.2 Categories of SAT Problems

SAT problems can be classified into several categories based on their structure
and origin. These categories have implications for the performance of SAT
solvers and the complexity of the instances.

5.2.1 Random and Crafted SAT Problem Generation

Random SAT problems, as defined by [Ach09], are generated by selecting clauses
uniformly and independently from all possible combinations of literals. Al-

though random SAT instances can be more challenging than industrial prob-

lems on average, their lack of structured dependencies can sometimes result in

instances that are easier for solvers to handle, mainly when small backdoors

exist with respect to unit propagation [Spel0]. Crafted SAT generators, such as

[LENV17], aim to increase solver difficulty by manipulating problem structure,

often drawing inspiration from hard combinatorial puzzles or other domains,

like graph theory. However, these crafted instances may not always represent

the problems encountered in real-world applications.

5.2.2 Industrial SAT Problem Generation

Industrial SAT problems, such as those studied by [GCL15] and [GCL21], of-
ten exhibit specific structural features, including high modularity and variable
clustering. These structures are essential for simulating real-world problem
instances where groups of variables interact in predictable patterns. However,
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many current industrial SAT generators focus on reproducing a single structural
feature, which limits their ability to fully capture the complexity of real-world
SAT problems. To address this limitation, deep learning models offer the poten-
tial to automatically learn and reproduce multiple important structural features
simultaneously without requiring explicit knowledge of what constitutes a real-
istic industrial problem.

5.2.3 Deep Learning Approaches to SAT Problem Generation

Recent advances in deep learning, particularly using VAEs and GNNs, have
opened new possibilities for SAT problem generation. Unlike traditional meth-
ods, deep learning models can learn problem structures directly from data, en-
abling the generation of instances that retain the complex interactions found
in industrial SAT problems. For example, [BL17] and [SLB*18] have demon-
strated the effectiveness of GNNs in encoding Boolean formulae, while SAT-
GEN [WR19] and W2SAT [WY23] showed how deep generative models could
be used to generate new SAT instances. These models, however, often require
careful tuning to avoid issues like mode collapse [RHVL20] and may still fail to
generalize across different types of SAT instances.

The method developed in this chapter differs from these earlier works by using
a VAE combined with a GNN to encode and decode SAT problem instances
directly. This approach avoids some of the complexities associated with GAN-
based models while still producing high-quality, challenging SAT problems that
reflect the structural features of real-world instances. By focusing on an efficient
representation of SAT problems and ensuring a well-structured latent space,
this work contributes to the growing field of deep learning approaches to SAT
generation, offering new tools for researchers and practitioners alike.

5.3 Method

We outline the methodology employed to generate new SAT problem instances
using a graph variational autoencoder (GVAE). The approach involves process-
ing SAT problem instances through the GVAE and evaluating the results. The
methodology is divided into four main components: data preparation, model
architecture, implementation, and hyperparameter selection.
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5.3.1 Data Preparation

Since the aim is to generate realistic propositional formulae, it would be point-
less to train on randomly generated Boolean formulae as they do not fea-
ture particularly interesting structures and statistical properties that might arise
from real world applications. Instead, the dataset consists of problems that re-
semble real-world applications. The dataset used is the one described in section
3.2.1. Each problem is labelled as either satisfiable or unsatisfiable, with the
number of variables ranging from 4 to 250 and the number of clauses from 4 to
2820. All instances are provided in the DIMACS format with metadata included
in the header comments.

5.3.1.1 Preprocessing

The GVAE-based model accepts DIMACS files directly, without requiring prepro-
cessing. However, CNFGen sometimes produces instances with empty clauses,
which can affect some models. To prevent issues, empty clauses are removed,
and headers are updated accordingly. The dataset is then split into training and
testing sets. 178 of these instances are chosen as a test set. This subsection was
selected such that half of the instances are satisfiable and half unsatisfiable and
that a variety of instance sizes be included. Apart from these criteria, the test

instances were randomly chosen.

DIMACS files are converted to graph representations suitable for the GVAE
by encoding formulae as adjacency matrices of Signed Variable Clause Graphs
(SVCGs). Each row represents a clause, and each column represents a variable,
with non-zero positions indicating the presence of a variable in a clause. Posi-
tive values denote positive literals, and negative values denote negative literals.
To reduce size and sparsity, only the populated corners of the full adjacency
matrix are used, ensuring bipartiteness and simplifying postprocessing.

The model requires inputs of uniform size. Thus, matrices are padded to match
the dimensions of the largest problem: 2820 rows (clauses) and 250 columns
(variables). This maximal shape is determined before splitting the dataset to
avoid issues during testing.

5.3.1.2 Postprocessing

The GVAE output, a matrix of the same size of the input, is converted back
to a DIMACS file. Since the output values are continuous, a threshold is set
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to determine literal inclusion. The model allows for user-defined thresholds
and adapts them based on the original formula’s variable occurrence ratios.
Postprocessing steps include:

* Masking to remove padding.

* Ensuring each variable appears in only one clause to avoid trivial unsatis-
fiability.
* Mapping variables to a continuous range for DIMACS format.

* Writing the DIMACS file with comments linking to the original formula.

5.3.2 Model Architecture

The primary deep learning mechanism we employed was the GVAE, which we
explained in Section 4.3.3.3. The architectural design used here is inspired by
the approach described by [ZSNL22] in their work on GraphVAE. However, this
project does not incorporate their distinctive macro and micro layers, where
macro layers capture higher-level community or modular structures and micro
layers focus on fine-grained node interactions. Our model specifically targets
bipartite Signed Variable-Clause Graphs (SVCGs), where preserving the inher-
ent bipartite structure is crucial. Introducing macro and micro layers, which
assume general graph structures, could potentially disrupt this bipartite repre-
sentation, complicating the model without clear benefit. Thus, we maintain a
more streamlined and bipartite-focused architecture for efficiency and clarity.

The framework is composed of an encoder, which projects the input into a latent
space, and a decoder, which reconstructs the input from this latent representa-
tion. The encoder begins with graph convolutional layers, which are followed
by a pooling layer connected to the latent codes via fully connected layers. The
decoder then comprises several fully connected layers that regenerate the input
based on the latent codes. Further details of the encoder, particularly its graph
convolutional network, are discussed below, along with a brief overview of the
decoder’s structure.

In the encoder, graph convolutional layers, a subset of message passing lay-
ers [LC21], are employed. These layers function by propagating information
among graph nodes as defined by an input adjacency matrix. The operation of
these layers is mathematically described by the formula from [KW16]:
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(D2 AD 2 HW) (5.1)

where W represents the learnable weights of the layer, and H is the matrix
containing the node embeddings that are fed into the layer. The adjacency
matrix of the graph is denoted by A. To ensure that each node is also connected
to itself, [KW16] add the identity matrix to the original adjacency matrix. D
refers to the degree matrix of A, where D;; is the number of non-zero elements
in row i of A. The function o represents the non-linearity applied to the product

within the equation, which is essential for enabling learning.

The adjacency matrix A is symmetrically normalized by multiplying with \/5
from both sides. This symmetric normalization preserves the graph’s struc-
tural properties more effectively compared to left multiplication by D, which
merely averages neighbor embeddings. Symmetric normalization by D~2 main-
tains symmetry in the adjacency representation, facilitating a balanced propa-
gation of information and mitigating potential biases arising from nodes with
significantly higher degrees.

In a graph convolutional network, the output of one layer, which is the node
embedding H, becomes the input for the next layer. The weights W are spe-
cific to each layer, while the adjacency matrix remains consistent for all layers
processing the same graph. For the first graph convolutional layer, if no specific
initial node embeddings are provided, H is typically set to the identity matrix,
as done in this project.

A particular challenge is the use of a bipartite adjacency matrix, which prevents
the creation of edges between nodes of the same type or between a node and
itself. Adding an identity matrix could introduce incorrect connections, so this
step is deliberately omitted. Additionally, the adjacency matrix is not necessar-
ily square, which necessitates adjustments such as using only one normalizing
matrix (the negated degree matrix) and applying the transpose of the adjacency
matrix in alternating layers to maintain dimensional consistency.

For the non-linear activation function, the SELU (Scaled Exponential Linear
Unit) [KUMH17] is used, following the tradition of ReLUs [Agal9] but with
improved handling of negative values to avoid gradient death during backprop-
agation.

After the graph convolutional layers, pooling is applied to aggregate node em-
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Figure 5.1: Variational Graph Autoencoder consisting of an encoder (right) and
decoder (left). The encoder features 2 graph convolutional layers, followed by
mean aggregation, and 2 fully connected layers for mean and standard devia-
tion (1 and o) used to parameterize the latent variable z. The decoder mirrors
the encoder structure, with dense layers and appropriate activation, dropout,
and normalization layers.

beddings into a single graph embedding. A simple averaging function is used
for this purpose, similar to the approach in [ZSNL22]. From this graph embed-
ding, two fully-connected layers generate the latent codes: one for the mean
location in the latent space, and another for the noise distribution added dur-
ing training.

The decoder’s role is to regenerate the original input as accurately as possible
from the latent code. It is constructed using fully connected layers, with each
layer followed by a SELU activation function. To stabilize learning, layer nor-
malization is applied between layers, and dropout is used to prevent overfitting
by randomly disabling parts of the network during training. The final layer re-
shapes the output to match the input dimensions and uses a hyperbolic tangent
(tanh) activation function, suitable for outputs in the range of —1 to 1.
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5.3.3 Training and Generation

The architecture described was implemented and then executed on NVIDIA
Quadro RTX 8000 GPUs. Besides standard Python libraries, the implementation
relies on PyTorch [PGM*19] and PyTorch Geometric [FL19] for graph repre-
sentation learning. PyTorch Geometric’s VGAE object was utilized to integrate
the encoder and decoder seamlessly and to handle the divergence calculation
for latent codes from a normal distribution. Although PyTorch Geometric offers
a variety of graph convolutional layers, custom layers were developed specifi-
cally to accommodate non-square adjacency matrices.

During the training phase, the dataset was divided into training and testing
subsets, with a portion of the training instances further held out as a valida-
tion set. Each epoch involved encoding the training problems into the latent
space, adding noise to the latent code, and decoding it to regenerate the in-
put. The loss for each iteration was calculated as the sum of the regularization
loss (Kullback-Leibler divergence), which is needed to keep the latent space
compact and navigable, and reconstruction loss. The reconstruction loss was a
combination of losses calculated separately for zero and non-zero elements in
the target matrix, weighted by a factor 7. The overall loss function is expressed
as:

Z = ARecon(MO) + - /\Recon(M—'O) + 6 . /\Regul(z> (52)

where Ag...n, represents the reconstruction loss, Ag.4.,; represents the regulariza-
tion loss, 7 is the weight applied to the non-zero elements, and 3 is the weight
applied to the regularization loss in the latent space.

Weights were updated after each batch based on the accumulated error, and at
the end of each epoch, the model’s performance was evaluated on the validation
set. Training continued for the predefined number of epochs or until early
stopping criteria indicated that further training was unnecessary.

To generate new instances, the trained model remained in evaluation mode,
and slight perturbations were applied to the latent codes to generate variations
of the input instances. The resulting matrices were postprocessed to obtain CNF
formulas in DIMACS format.

Several hyperparameters influenced the model’s performance, including the
choice of optimizer, loss functions, batch size, and the architecture of layers.
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The Adam optimizer was selected due to its adaptive momentum parameter,
with a learning rate of 0.03 and a weight decay of 0.1, based on a grid search
that tested various combinations of these parameters. The absolute error was
chosen as the reconstruction loss to avoid biasing the model toward zero out-
puts. The  parameter, which controls the balance between the regularization
and reconstruction losses, was set to 0.001 after testing different values during
early training.

The batch size was determined to be 16 after evaluating various sizes against
the validation set. The model’s architecture was kept similar to that in [ZSNL22],
with two graph convolutional layers in the encoder and three fully connected
layers in the decoder. However, the widths of these layers were reduced to
explore further compression possibilities.

These hyperparameters were fine-tuned through experimentation, comparing
the modularity and clustering of generated graphs with those of the original
data instances, to ensure optimal performance of the model.

The GVAE model is trained for 200 epochs, a duration chosen arbitrarily and
consistent with the training time of the competitors, which we will present in
the next section. Two versions of GVAE are trained: "Allo-GVAE2SAT" on the
instance training set without exposure to test instances during training, and
"Auto-GVAE2SAT" on the training and test instances combined.

To generate variations, small scalars are added to randomly chosen dimensions
of the latent code, producing different formulae. Fig. 5.2 shows the pipeline
used for GVAE2SAT.

5.3.4 Competitors

We decided to compare the performance of our model with the following deep-
learning SAT instance generators. All evaluated models accept propositional
formulae in DIMACS format as input and produce ten more in the same format.
Internal representations are ignored due to variations in intermediate encod-
ings among different models. Evaluation focuses solely on the final outputs.

5.3.4.1 EGNN2S and G2SAT

Garzon et al. [GMGC22] introduced both EGNN2S and G2SAT models, explor-
ing techniques to generate realistic SAT instances with models that split nodes
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Figure 5.2: Diagram of the pipeline used for GVAE2SAT.

to turn original graphs into several trees. From there, they learn which nodes
of the split version should be remerged in order to reconstruct graphs resem-
bling the original. Their study compares node-merging models using differ-
ent principles in their graph neural layers. G2SAT implements You et al.’s ap-
proach [YWB*19], while EGNN2S uses SVCG encodings instead of the original
LCG. When [GMGC22] run several of these models against each other, neither
of EGNN2S or G2SAT succeeds in outperforming the other on all considered
metrics. For this reason, we include both of these best models as competitors in
our evaluation. Again, these models generate from the same instances as they
train on.

These models require minor modifications for this experiment. Notable changes
include:

* Adding functionality to track the origin of regenerated outputs, allowing
for accurate mapping between generations and originals. This involved
adapting several pipeline functions and resulted in minor inefficiencies,
such as learning and saving templates multiple times.

* Modifying the validation step to accommodate instances with pure vari-
ables, ensuring all instances are eligible for regeneration despite initial
encoding discrepancies.

Both node-merging models are trained stochastically on the test instances be-
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fore generating 10 different DIMACS files from each of the 178 instances.

5.3.4.2 W2SAT

W2SAT, developed by Wen et al. [WY23], introduces the Weighted Literal In-
cidence Graph (WLIG) for SAT representation. This model excels in both rep-
resentation and generation efficiency, capturing more intricate structural and
contextual information than previous approaches. The effectiveness of WLIG is
further enhanced by a novel hill-climbing optimization method called Optimal
Weight Coverage (OWC), which facilitates the efficient translation of WLIGs
into SAT problems. W2SAT regenerates Boolean formulae by learning the prob-
ability of edge occurrences in graph encodings, training a model to reconstruct
graphs by starting with unconnected nodes and intelligently adding edges until
a sufficiently well-connected graph is formed.

Some modifications were required to the original implementation of W2SAT:

* Replacing the post-processing step that erroneously set adjacency matri-
ces to zero with a step that prevents literals from co-occurring with their
complements, effectively removing tautological clauses.

* Substituting list-based clique enumeration with generator-based enumer-
ation to avoid memory issues, albeit at a potential cost in processing
speed.

The model generates new instances based on the same instances it was trained
on, creating 10 novel instances per input. However, W2SAT completed only
127 out of the total testing instances due to termination caused by excessive
computational cost in some cases.

5.3.5 Metrics

This section describes the metrics used for the assessment of the performances
of different generative algorithms.

5.3.5.1 Modularity and Clustering Coefficient

The quality of the generated instances is measured using the modularity and av-
erage clustering coefficient of graph encodings in which the generated instances
are transformed. These are common metrics in generative graph representation

learning.
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Modularity. The modularity () measures the strength of division of a network
into communities by comparing the actual edge density inside communities
with the density expected in a random graph with the same degree sequence.
Formally, for a graph with m edges, adjacency matrix A, degree sequence {k;},
and community assignment vector {c¢;},

Q = an > {Aij _ ’;:j] 5ecs). (5.3)
where §(c;, ¢;) is 1 if nodes ¢ and j are in the same community and 0 otherwise.
High values of @) (typically ¢) > 0.3 in empirical networks) indicate a pro-
nounced community structure, meaning substantially more intra-community
edges than would be expected at random. For a comprehensive treatment, see
[CNMO0O4, New06].

Clustering Coefficient. The clustering coefficient captures the tendency of a
node’s neighbors to be interconnected. For each node i with degree k; > 2,
let e; be the number of edges between its k; neighbors. The local clustering
coefficient is

o = G (5.4)

ki(ki — 1)
The global clustering coefficient of the graph can be expressed either as the
average of the local coefficients,

Cog = =3 C, (5.5)

or, equivalently, as the ratio of closed triplets (three nodes all mutually con-
nected) to all triplets (three nodes with at least two edges),

number of closed triplets

Cui = number of all triplets

(5.6)

Both formulations quantify the graph’s propensity for triangle formation—high
values signal tightly knit local neighborhoods. Detailed discussions can be
found in [WS98, New03].
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[GMGC22] evaluates model generations using modularity and clustering co-
efficient metrics derived from their variable incidence graph (VIG) encodings.
[WY23] extend this evaluation to include the modularity of Literal Incidence
Graphs (LIG), Variable-Clause Graphs (VCG), and Literal-Clause Graphs (LCG),
as well as the average clustering coefficient of LIGs. These metrics are applied
to the generated instances. The analysis focuses on the difference between the
average metric value of the generations and the original instance, rather than
the average value alone, ignoring the variance among a model’s ten generations
for each instance. For a description of the graphs, refer to Section 4.2.3.

5.3.5.2 Ranking Coefficients

We evaluated the generated instances by using four different solvers and rank-
ing them by the average amount of time it to solve the instances 10 times. To
measure the similarity of the rankings, we used Spearman and Kendall rank

coefficients.

Spearman’s Rank Correlation Coefficient. Spearman’s rank correlation co-
efficient [Zar05], denoted as p, is a non-parametric measure of rank correlation.
It assesses how well a relationship between two variables can be described us-
ing a monotonic function, meaning it evaluates whether the rank order of one
variable increases or decreases with the rank order of another. This method is
particularly advantageous when the data are ordinal or when the assumptions
of linear correlation (as in Pearson’s correlation) are not met. Unlike Pearson’s
correlation, Spearman’s p does not require the data to be normally distributed
or the relationship between variables to be linear. This makes p a versatile
tool in analyzing non-linear relationships where only the ranks of data are of
interest. The formula for calculating Spearman’s p is given by:

6 d?

—1- =%
P n(n?—1)

where d; represents the difference between the ranks of each pair of corre-
sponding values and n is the number of observations.

Kendall’s Tau. Kendall’s Tau [Puk11], often symbolized as 7, is a statistic used
to measure the ordinal association between two quantities. It provides an as-
sessment of the strength and direction of the relationship between two ranked
variables. This measure is particularly useful when dealing with ordinal data
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or when the assumption of a continuous distribution for Pearson’s correlation
cannot be justified. Kendall’s Tau is considered more robust and less affected
by ties in data than Spearman’s p. The computation of 7 focuses on the concor-
dance and discordance between pairs of data points, essentially comparing the
ranks within each pair to assess their correlation. The formula for Kendall’s T
is:

R > _sgn(z; — ;) - sgn(yi — ;)

n(n—1) 3 =
where n is the number of pairs, and x;, x;, and y;, y, are the ranks of observa-
tions in each variable, with sgn denoting the sign function.

5.3.5.3 SATzilla Feature Distance

A final evaluation involves comparing the generated instances to the original
ones using SATzilla features [XHHLBO8]. SATfeatPy [PDVO22] extracts 33
features, which are reduced to two dimensions using t-SNE, a dimensionality
reduction technique particularly well-suited for visualizing high-dimensional
data. t-SNE effectively condenses the 33-dimensional feature space into a more
interpretable two-dimensional space, allowing for a clearer comparison be-
tween the original and generated instances.

5.4 Evaluation

This section evaluates the GVAE by comparing its performance to other models
designed to generate new SAT problem instances from original ones using graph
neural networks. All models tried to generate 10 instances from each of these
178 test instances. For our experimentation, W2SAT was set to time out and
abandon generating from an instance to avoid exhausting the available RAM.
For this reason, W2SAT did not provide any results for 51 instances. Figure 5.3
shows the distribution of instance type and satisfiability of the two partitions
of the test dataset. We can see that W2SAT fails in clique and dominating
instances.

Figures 5.10 show the results. Each vertical line corresponds to a problem
instance, with the position of a model on the line indicating the difference
between the average value of its generations and the original instance for the
specified metric.

These visualizations suggest that W2SAT consistently achieves the closest met-
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Figure 5.3: Distribution of the test instances

rics to the original across all measures. The node-merging models (EGNN2S
and G2SAT) appear to compete for second place, while the GVAE models gen-
erally perform the worst, except possibly in the modularity of VIGs, where the
GVAE trained on the larger dataset may rival EGNN2S. Interestingly, the GVAE
models seem to replicate the average clustering coefficient of VIGs better than
that of LIGs, potentially indicating difficulties in learning polarity or simply
reflecting that the original VIGs’ average clustering coefficients are generally
closer to 0.5, thereby limiting the maximum possible error.

Table 5.1 present the results in a more concise form. The results are divided
into the two subset of the testing set depending on whether W2SAT was able to
produce results. The "Avg. Error" represents the mean error across all instances,
averaged over the ten generations for each model. These tables reinforce the
advantage of W2SAT, although the GVAE models occasionally achieve better
averages on certain instances compared to the other models.
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Table 5.1: Modularity and clustering coefficient for the graphs of the generated
instances

for Structural Reasoning
in Boolean Satisfiability

. 127 Instances 51 Instances
Metric & Model
Avg. Error | # Best | Avg. Error | # Best
Clustering Coefficient
LIG
EGNN2S 0.20 35 0.35 44
G2SAT 0.29 23 0.45 7
W2SAT 0.13 66 - -
Allo-GVAE2SAT 0.44 2 0.71 0
Auto-GVAE2SAT 0.44 11 0.71 0
VIG
EGNN2S 0.16 23 0.13 38
G2SAT 0.22 15 0.21 13
W2SAT 0.06 73 - -
Allo-GVAE2SAT 0.29 11 0.51 0
Auto-GVAE2SAT 0.29 5 0.51 0
Modularity
LCG
EGNN2S 0.13 23 0.17 21
G2SAT 0.16 9 0.16 23
W2SAT 0.04 73 - -
Allo-GVAE2SAT 0.12 12 0.15 4
Auto-GVAE2SAT 0.12 10 0.15 3
LIG
EGNN2S 0.24 7 0.30 13
G2SAT 0.25 7 0.22 22
W2SAT 0.03 106 - -
Allo-GVAE2SAT 0.22 4 0.34 9
Auto-GVAE2SAT 0.21 3 0.34 7
VCG
EGNN2S 0.14 21 0.20 20
G2SAT 0.18 18 0.19 22
W2SAT 0.04 71 - -
Allo-GVAE2SAT 0.17 9 0.16 5
Auto-GVAE2SAT 0.17 8 0.16 4
VIG
EGNN2S 0.36 4 0.36 17
G2SAT 0.26 13 0.18 6
W2SAT 0.05 92 - -
Allo-GVAE2SAT 0.24 11 0.20 15
Auto-GVAE2SAT 0.24 7 0.20 13
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Figure 5.10: Modularity and clustering coefficient for the graphs of the gener-
ated instances.
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5.4.1 Solver Performance

This subsection evaluates the similarity between the generated and original
instances based on their behavior with SAT solvers. Four solvers are used: CaD-
iCaL 1.5.3, Glucose 4.2.1, Lingeling, and MapleCOMSPS_LRB.

Satisfiability. The capacity to generate satisfiable SAT instances is a pivotal
aspect of SAT instance generators, yet it remains a significant challenge as high-
lighted in recent studies [GMGC22, WY23]. Table 5.2 reveals the performance
of various models in generating satisfiable instances. GVAE2SAT exhibits the
highest rate of generating satisfiable instances from SAT seeds (40%), indi-
cating its effectiveness in preserving satisfiability. Conversely, it also flips a
substantial number of previously UNSAT instances (24%), demonstrating a no-
table discrepancy in performance between SAT and UNSAT seeds. In contrast,
W2SAT shows the lowest rate of flipping UNSAT instances, suggesting better
consistency between SAT and UNSAT transformations. The peculiarities in the
51 instances dataset result in only a few satisfiable outputs from GVAE2SAT,
underscoring the model’s sensitivity to specific formula characteristics.

Table 5.2: Percentage of satisfiability of generations

127 instances 51 instances

Model SAT | UNSAT | SAT | UNSAT
EGNN2S 15.3% | 19.0% [ 0.0% | 0.0 %
G2SAT 14.5% | 13.9% | 0.0% | 0.0 %
W2SAT 15.3% | 12.8 %

Allo-GVAE2SAT | 32.3% | 21.8% | 0.0% | 0.2%
Auto-GVAE2SAT | 40.3% | 23.7% | 0.0% | 0.4%

The recall of satisfiability is generally poor for all models, with the GVAE models
performing the best.

Solver Performance. Another sensible, domain-specific evaluation of regen-
erations is measuring how closely their relationship with SAT solvers resembles
that of their original instances, in particular, if the instances have a similar diffi-
culty. This subsection summarizes the findings of deploying on the original and
generated problems four solvers provided in PySat[IMM18]: CaDiCaL 1.5.3,
Glucose 4.2.1, Lingeling, and MapleCOMSPS LRB. We consider the average
computational time a solver requires to tackle an instance over 10 repetitions
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as a measure of its hardness. We then investigate if the synthetic instances pre-
serve the rank among the solvers; this is a widely used metric in SAT instances

generation.

Table 5.3 shows the average computational times and the Spearman and Kendall
coefficients. The correlation coefficients are computed for the order of the
solvers on the instances, and for the rank of time required for each instance for
the specific solver. We can see that the generated instances are between 3 and 5
orders of magnitude faster to solve compared to the original CNFs; this result is
in line with the findings of [GMGC22]. G2SAT generates the more challenging
instances, while our approach and W2SAT struggle to create complex ones. It is
interesting that all generators quite well preserve the rank among solvers, but
this is generally due to inherited differences in solvers’ speed, e.g. Maplesap
is faster than Lingeling in most instances. Analysing the performances of the
specific solver, GVAE2SAT has the higher score, but all the generators struggle
to preserve the ranking. The correlation values are close to a random shuffle of
the order. Overall, no deep learning approach generates instances that are of
similar complexity for SAT solvers.

Table 5.3: Average Spearman and Kenadall ranking metrics of the solving times
for the generated instances compared to the solving times for the new instances.
The computational time is provided by PySat; the solvers’ initialization clause
load is not considered.

‘ Original ‘ Allo-GVAE2SAT | Auto-GVAE2SAT ‘ G2SAT ‘ EGNN2S ‘ W2SAT ‘

Computational Time | 3.406 1.94-107° 0.001 0.002 | 2.11-10~* | 2.57-107°
P 1 0.551 0.560 0.584 0.433 0.587
Instance
T 1 0.412 0.457 0.475 0.339 0.504
p 1 0.1261 0.1545 0.034 0.084 0.047
Solver
T 1 0.994 0.106 0.025 0.059 0.033

Regarding the computational times, our analysis confirms that the algorithms
struggle to synthesize hard instances. G2SAT generations are the ones that the
solvers struggle more with, creating instances of similar difficulty for the 51 set;
however, there are three orders of magnitude differences with the original in-
stances for the 127 set. The synthetic formulae generated by the GVAE2SAT and
W2SAT are considerably easier for a solver. This is because their generations
include unit clauses that contradict themselves or have a clear solution. More-
over, GVAE2SAT generates more satisfiable formulas, and for small instances, it
is generally easier to find a solution instead of proving the non-existence.
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5.4.2 Generation Computational Times

The scalability of the different approaches is a crucial aspect to evaluate their
applicability to relevant scenarios. The dataset used herein comprises small in-
stances compared to real-world problems or formulae used in SAT competitions
[BFH*20]. Table 5.4 shows the computational time required by the different
phases of the generative models. Considering the overall time required, Auto-
GVAE2SAT is between 69 and 288 times faster than the competitors. However,
GVAE2SAT differs from the other models since, after the training phase, it can
obtain new instances from the same distribution and return synthetic CNFs
without retraining. This makes it able to generate the instances (10 variations
for each test problem) in a bit more than a minute without the need for re-
training. The other approaches need to be trained on the specific test instance
before creating new formulae, making them considerably slower in the exten-
sion of existing datasets.

The high computational effort required by these approaches has been a lim-
iting aspect of the deployment of these techniques. [GMGC22] experiments
required more than 240 days of computations, while [WY23] did not present
a computational time comparison with other approaches. The algorithm pre-
sented herein can generate instances of a fraction of the time compared to the

existing approaches.

Table 5.4: Running Times (s)

Pre. | Training | Generation | Post. Total
EGNN2S 0.46 | 14503.75 11407.81 | 130.81 | 26042.83
G2SAT 0.38 | 3432.73 7388.74 | 126.93 | 10948.78
W2SAT 1509.34 | 115595.02 117104.36
Allo-GVAE2SAT 0.003 | 12935.81 18.40 12954.21
Auto-GVAE2SAT | 0.0007 190.72 13.67 204.39

5.4.3 SATzilla Feature Distance

Table 5.5 presents the mean L1 and L2 distances between the original and gen-
erated instances in this reduced space, providing a metric for evaluating their

similarity.

W2SAT performs best in reproducing SATzilla features, followed by G2SAT, with
the GVAE models trailing behind.
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Table 5.5: Error of SATzilla Features Reduced with t-SNE

127 instances | 51 instances

Model L1 L2 L1 L2
EGNN2S 21.97 | 18.50 | 21.36 | 17.96
G2SAT 1.63 1.25 1.60 1.22
W2SAT 0.64 0.49 - -

Allo-GVAE2SAT | 24.08 | 19.90 | 22.77 | 18.78
Auto-GVAE2SAT | 23.90 | 19.92 | 22.54 | 18.76

Overall, these evaluations highlight the superior performance of W2SAT in gen-
erating realistic SAT instances, with G2SAT as the second-best model. While
the GVAE models lag in most metrics, they still contribute valuable insights into
the generation of SAT problems using graph-based approaches. Future work
should focus on refining these models to improve their performance and better
understand their limitations.

The comprehensive evaluation conducted in this section sheds light on the com-
parative performance of various models in generating new SAT problem in-
stances. The key findings are:

e Structural Metrics: W2SAT consistently outperforms other models in
terms of modularity and average clustering coefficient, closely replicating
the structural properties of original instances. GVAE models, while trail-
ing behind, demonstrate potential areas for improvement, particularly in
reproducing VIG clustering coefficients.

* Solver Performance: The GVAE models generate instances that are gen-
erally easier to solve compared to those produced by other models, as
indicated by average solving times. Despite their ease, GVAE-generated
instances maintain relative solver difficulty rankings, showcasing some

fidelity to original instance complexity.

 Satisfiability Recall: GVAE2SAT is highly effective in preserving satisfi-
ability, generating 40% satisfiable instances from SAT seeds, but it also
shows a significant discrepancy by flipping 24% of previously UNSAT in-
stances. This highlights a significant challenge in generating satisfiable
instances that mirror the original problem’s properties.

* SATzilla Features: When comparing the generated instances to the orig-
inals using SATzilla features, W2SAT and G2SAT models excel, indicating
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their effectiveness in capturing a broader range of structural characteris-
tics. GVAE models show higher errors in these features, suggesting areas
for further development.

5.5 Conclusions

This chapter introduced a novel approach for generating SAT problem instances
using a Variational Autoencoder combined with a Graph Neural Network. We
developed the GVAE2SAT model to address limitations in existing SAT gener-
ators by capturing and preserving structural features of SAT instances. Unlike
traditional random and crafted generators, the GVAE framework automatically
learns structural properties directly from data. We compared the GVAE2SAT
model against state-of-the-art generative approaches, including W2SAT, EGNN2S,
and G2SAT, across multiple evaluation metrics. Structural metrics such as mod-
ularity and clustering coefficients demonstrated that W2SAT consistently out-
performed other models, while GVAE2SAT exhibited competitive performance
in selected graph encodings, particularly for VIG clustering coefficients. Regard-
ing satisfiability recall, GVAE2SAT achieved the highest rate of generating sat-
isfiable instances but showed some inconsistency when handling unsatisfiable
inputs. An evaluation based on solver performance revealed that all generative
approaches produced significantly easier instances to solve than the originals.
However, GVAE2SAT and its competitors successfully preserved solver rankings,
ensuring relative consistency in solver behaviour across generated and original
instances. Furthermore, comparisons using SATzilla features confirmed the su-
perior fidelity of W2SAT and G2SAT in generating instances that reflect original
problem characteristics, with GVAE2SAT trailing behind. Finally, we observed
that GVAE2SAT significantly outperformed other methods in terms of speed
and scalability of instances generation. Unlike its competitors, GVAE2SAT does
not require retraining for new instances from the same distribution, as well as
minimal postprocessing of the instances, making it highly efficient for extend-
ing datasets. In summary, the GVAE2SAT model represents an important step
toward scalable and efficient SAT instance generation while providing new in-
sights into the structural and solver-related properties of generated problems.
This chapter explores in depth the challenges and opportunities in applying
deep learning algorithms to SAT generation, contributing to the ongoing devel-
opment of realistic and diverse SAT benchmarks for solver evaluation.
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Chapter 6

Conclusions and Future Works

6.1 Conclusions

The research presented in this thesis addresses key challenges in the field of
Boolean Satisfiability (SAT) and Model Counting (#SAT) problem-solving by
leveraging machine learning techniques to enhance accuracy at predicting whether
a SAT instance is satisfiable, its category and its model count. SAT has been a
fundamental problem in computer science and artificial intelligence, with appli-
cations ranging from hardware verification to cryptography. The thesis focuses
on developing machine learning-based methods to provide new approaches for
tackling SAT problems, particularly in feature extraction, SAT/UNSAT predic-
tion, instance classification, model counting, and instance generation.

In Chapter 3, we developed a machine learning framework that utilized diverse
features extracted for predicting SAT/UNSAT, instance classification and model
counting. We introduced a tool that can extract a wide range of features that
capture the structural and statistical properties of SAT instances. An essential
contribution of this chapter was the successful application of machine learn-
ing models, specifically Random Forest and XGBoost, to predict SAT/UNSAT,
instance type, and estimate model counts. Additionally, we incorporated ex-
plainability techniques, such as SHAP (SHapley Additive exPlanations), to in-
terpret the importance of features and provide insights into the decision-making
process of the models. Experimental results demonstrated that these models
achieved high accuracy in SAT/UNSAT prediction, instance classification and
provided reliable model count estimates, significantly reducing computational
time compared to traditional methods. This approach proved effective across
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multiple datasets, highlighting both the predictive power and the explainabil-
ity of feature-based machine learning models in enhancing SAT analysis tech-

niques.

In Chapter 4, we explored the application of deep learning models, such as Con-
volutional Neural Networks (CNNs), Graph Neural Networks (GNNs), Convo-
lutional Autoencoders (CAE) and Graph Variational Autoencoders (GVAESs), for
SAT/UNSAT classification, instance classification, and model counting. These
models were applied to different encodings of SAT instances, including binary,
image-based, and graph-based representations, allowing for automatic feature
extraction and leveraging the relational structures in SAT problems. The main
contribution was demonstrating the effectiveness of GNNs and GVAEs in captur-
ing the structural complexity of SAT problems, with GNNs achieving high accu-
racy in both SAT/UNSAT classification and model counting tasks. Experimental
results showed that while traditional machine learning models still performed
strongly, deep learning models provided a competitive advantage by eliminat-
ing the need for manual feature engineering and generalizing effectively across
diverse datasets.

In Chapter 5, we developed a deep generative model for producing SAT prob-
lem instances that resemble real-world challenges. The model leverages Graph
Variational Autoencoders to generate new SAT instances by encoding Boolean
formulae as variable-clause graphs. This combination allows the model to cap-
ture both the local and global structures of SAT problems, enabling the genera-
tion of instances that maintain the structural properties crucial for testing mod-
ern SAT solvers. Unlike other deep learning competitors, our approach does
not require any post-processing steps and is generally faster, making it more
efficient for large-scale SAT instance generation. Experimental results demon-
strated that the generated instances preserved key features such as modularity
and clustering coefficients, preserve satisfiability ensuring their similarity to the
original SAT problems. This approach provides a basis for a flexible and effi-
cient method for generating diverse SAT problems, addressing the limitations
of traditional problem-generation methods that rely on handcrafted rules.

The work presented in this thesis contributes to the growing field of machine
learning applications for SAT problem-solving by introducing new methods for
feature extraction, predictive modelling, and instance generation. Each of these
contributions offers potential improvements for SAT solvers, enhancing both
their accuracy and efficiency.
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In conclusion, this thesis presents a series of contributions to the SAT and #SAT
solving landscape, offering new methods for integrating machine learning with
traditional solving approaches. The methods proposed here have the potential
not only to advance theoretical research in this area but also provide practical
benefits for industries relying on SAT solvers for complex problem-solving tasks.

6.2 Future Work

While this thesis made substantial progress in applying machine learning to
SAT problems, several areas remain open for further exploration, which could
significantly enhance the applicability and effectiveness of these approaches.

6.2.1 Improved Variable Selection and Branching Heuristics

The use of machine learning classifiers for branching heuristics, as explored in
[BDV*23], has shown promising results by leveraging SAT/UNSAT classifiers
to guide variable selection. However, the absence of backtracking limits the
current implementation’s efficiency. Future research should focus on integrat-
ing backtracking mechanisms and exploring advanced machine learning tech-
niques, such as reinforcement learning, to dynamically adapt branching strate-
gies [YP19, WR18]. These methods could further optimize solver performance
by tailoring variable selection to the specific characteristics of SAT instances in

real-time.

6.2.2 Deep Learning-Driven SAT Solvers

While deep learning models like GNNs have demonstrated exceptional perfor-
mance in tasks such as satisfiability prediction [SLBT18, CZL22], their inte-
gration into real-world SAT solvers is an area ripe for exploration. Developing
end-to-end SAT solvers with embedded deep learning components could enable
solvers to make dynamic, data-driven decisions during the search process. For
instance, integrating learning-based heuristics for variable selection and clause
deletion into CDCL solvers could significantly reduce solving time by narrowing
the search space [ZSZ720, KB23].
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6.2.3 Advancements in SAT Problem Generation

The Graph Variational Autoencoder (GVAE) framework introduced in this the-
sis has proven effective for generating structurally diverse SAT instances. How-
ever, future work should aim to refine the generative process to better emu-
late industrial problem structures, such as those in hardware verification and
cryptographic analysis [GCL21, AMM22]. Integrating SAT-solving performance
metrics into the generation process could yield instances that not only resem-
ble real-world problems but also serve as more rigorous benchmarks for solver
evaluation [WR19, WY23].

6.2.4 Scalability and Generalization of Machine Learning Mod-

els

Scaling machine learning models to handle larger and more complex SAT in-
stances is a critical challenge. Distributed training frameworks and efficient
feature extraction methods could help manage the computational demands as-
sociated with larger datasets [Ach09, Spel0]. Moreover, ensuring generaliza-
tion across diverse SAT instance types requires expanding datasets to include
industrial and highly structured problems. Such diversification could improve
model robustness and applicability, making them better suited for real-world
scenarios [SGBP20].

6.2.5 Explainability and Interpretability in SAT Solvers

As machine learning models become more integrated into SAT solvers, the need
for explainability and interpretability grows. Future research should explore
methods to make these models more transparent, particularly in explaining how
certain features influence predictions. Explainable Al (XAI) [R*16] techniques
could be applied to both feature-based and deep learning models to provide
insights into their decision-making processes, which could be useful for further
optimizing SAT solvers.

6.2.6 Refinement of Latent Representations

Deeper exploration of the latent spaces generated by models like CAEs and
GVAEs could reveal how their dimensions correspond to traditional SAT fea-
tures. Such analyses could uncover blind spots in existing feature sets and
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inspire the development of new, more informative features [SLB*18, BL17].
Tailoring reconstruction losses specifically for SAT instances to preserve struc-

tural characteristics could further improve generative model quality.

6.2.7 Hybrid Feature Sets and Novel Encodings

Combining handcrafted statistical features with deep learning-extracted fea-
tures could lead to comprehensive feature sets that capture multiple facets of
SAT. Additionally, exploring alternative encoding methods—such as hybrid en-
codings that blend binary, graph-based, and image-based representations—could
maximize information retention and minimize computational complexity, thereby

enhancing performance across various SAT tasks [WYC*19].

6.2.8 Integration of Generative Models with Solvers

Integrating generative models with SAT solvers could enable an iterative feed-
back loop, where solvers evaluate generated instances and inform model re-
finement. This end-to-end framework could lead to the creation of increasingly
challenging and realistic benchmarks, improving solver robustness and adapt-
ability [WR19, WY23].

6.2.9 Broader Applications of Generative Models

The methodologies developed for SAT instance generation could extend be-
yond SAT problems to other domains, such as combinatorial optimization, con-
straint satisfaction, and machine learning benchmarks [CBZ"19]. Exploring
these cross-domain applications could provide valuable new tools, for instance,
generation and problem-solving in various fields.

6.2.10 Algorithm Portfolios for Model Counting

Future research could focus on developing algorithm portfolios specifically tai-
lored for model counting tasks. Such portfolios would dynamically select the
most appropriate model counting algorithm based on the structural and sta-
tistical characteristics of the SAT instance. This approach could leverage the
strengths of various algorithms, such as exact counters for simpler instances and
approximate methods for more complex ones. Recent work [Dun24] has em-
phasized the variability in performance across different model counters, high-
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lighting the potential for significant improvements through portfolio-based strate-
gies. By incorporating predictive models to assess instance complexity and run-
time behaviour, these portfolios could optimize performance and broaden the
applicability of model counting techniques in both theoretical and practical do-

mains.
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