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Abstract. While efficient optimisation methods exist for problems with special
properties (linear, continuous, differentiable, unconstrained), real-world problems
often involve inconvenient complications (constrained, discrete, multi-stage, multi-
level, multi-objective). Each of these complications has spawned research areas in
Artificial Intelligence and Operations Research, but few methods are available for
hybrid problems. We describe a reinforcement learning-based solver for a broad
class of discrete problems that we call Mixed Influence Diagrams, which may
have multiple stages, multiple agents, multiple non-linear objectives, correlated
chance variables, exogenous and endogenous uncertainty, constraints (hard, soft
and chance) and partially observed variables. We apply the solver to problems
taken from stochastic programming, chance-constrained programming, limited-
memory influence diagrams, multi-level and multi-objective optimisation. We ex-
pect the approach to be useful on new hybrid problems for which no specialised
solution methods exist.

1 Introduction

Optimisation problems are ubiquitous in artificial intelligence, operations research and
a wide range of application areas. They occur in many forms, each with a range of spe-
cialised modelling languages and solution methods: mixed integer linear programming
(MILP), constraint programming (CP), stochastic programming, chance-constrained
programming, dynamic programming, bilevel programming and others. Some hybrids
have been investigated — for example multi-objective reinforcement learning with con-
straints [19] and bilevel multi-objective stochastic integer linear programming [9] —
and CP and MILP have been extended in various directions: stochastic optimisation,
robust optimisation, multiple objectives and multiple decision makers. However, no
method exists for complex hybrids in general. For example there is no obvious way of
solving a bi-level optimisation problem whose leader is a non-linear stochastic program
with chance constraints, and whose followers are a bi-objective constraint satisfaction
problem and a weighted Max-SAT problem. A researcher faced with such a problem
must invent a new approach.

Influence diagrams (IDs) [18] are a particularly expressive formalism that can model
multi-stage decision problems, in which an agent makes decisions by assigning values
to decision variables, observes the (possibly random) results, then makes further deci-
sions, and so on depending on the number of stages. Chance variables model uncertain-
ties and are not controlled by a decision-maker. They may be independent or related



by conditional probability tables as in Bayesian networks (which are a special case of
IDs without decisions or utilities). Decision variables may appear in these tables and
thus affect chance variable distributions, a feature sometimes called endogenous uncer-
tainty as opposed to the more common exogenous uncertainty where distributions are
independent of decisions. Conversely, decisions may depend on chance variable assign-
ments.

IDs have been extended in several ways, and in this paper we combine many of
them into a problem class we call Mixed Influence Diagrams (MIXIDs) which allow:

— Non-linear utilities. In fact we allow programmable utilities.

— Multiple agents. Each decision variable may belong to any one of a set of agents
(decision makers) each with its own utility. Agents may be independent, adversarial
or cooperative.

— Multiple objectives. Each agent may have more than one utility.

— Constraints. Many optimisation problems are constrained, and we allow hard, soft
and chance constraints.

— Fartially observed variables. We allow chance and decision variables to be observ-
able or unobservable by subsequent decision variables.

Each of these extensions have been added to IDs in earlier work, at least to some ex-
tent (see below), but to the best of our knowledge they have not been combined into a
single framework. The contribution of this paper is to show that many problems can be
modelled as MIXIDs and solved using a reinforcement learning-based method called
MiIXID1. In Section 2 we describe MIXID1 and provide references to previous ID ex-
tensions. In Section 3 we apply it to a variety of problems from different optimisation
literatures to demostrate its flexibility and ease of use. In Section 4 we summarise the
results and discuss future work.

2 Modelling and solving MIXIDs

We now introduce the MIXID class of problems and the MIXID1 solver. First we intro-
duce standard IDs.

2.1 Influence diagrams

IDs are popular graphical models in decision analysis, and they can model important
relationships between uncertainties, decisions and values. They were initially conceived
as tools for formulating problems, but they have also emerged as efficient computational
tools for the evaluation stage.

An ID is a directed acyclic graph with three types of node: decision nodes corre-
spond to decision variables and are drawn as rectangles; chance (or uncertain) nodes
correspond to chance variables and are drawn as ovals; value nodes correspond to pref-
erences or objectives and are drawn as rounded rectangles, or polygons such as dia-
monds.

Each chance variable is associated with a conditional probability table that specifies
its distribution for every combination of values for its parent variables in the graph. Each



decision variable also has a set of parent variables in the graph, and its value depends
only on their values. The decision variables are usually considered to be temporally or-
dered, and chance variables are observed at different points in the ordering. A standard
ID assumption is non-forgetting which means that the parents of any decision variable
are all its ancestors in the graph: thus a decision may depend on everything that has
occurred before. All variables are discrete.

Each value node is associated with a table showing the utility (a real number) of
each combination of parent variable values. A decision policy is a rule for each decision
variable indicating how to choose its value from those of its parents. Any policy has a
total expected utility (it is an expectation because of the chance variables) and solving
an ID means computing its optimal policy, which has maximum expected utility. An
example of an ID is shown in Section 3.1.

2.2 The basic algorithm

We now describe a reinforcement learning (RL) approach to solving standard IDs, sim-
ilar to that described in [32]. Suppose we have a single agent with one objective f to be
minimised: a standard ID. Each variable v; (¢ = 1,...,n) is either a decision variable
or a chance variable. The variables are strictly ordered v; < ... < v,, according to their
temporal ordering. Denote the current assignment of v by x,,. Each variable v; has a
domain size s, indicating that it takes values from its domain D,, = {0, 1,...,s, — 1}.

initialisee = 1, = 1 and ¢,,; = 0
forepisodee =1... F
update € and «
forv=wv1...v,
if v is chance
sample x,, from its distribution
else with probability e
randomly sample x,, € D,
else
Ty = argmin;c 5 (qv,i)
compute objective f(¥)
forv=wv1...v,
Qu,x, = Oéf + (1 - Q)QU,xU

Fig. 1. The MixiD1 algorithm for standard IDs

The basic algorithm is shown in Figure 1. It is based on a simple RL algorithm:
infinite-step tabular SARSA with e-soft action selection and learning rate o [36]. The
RL reward is the objective of the optimisation problem (the ID utility) which is com-
puted at the end of each episode when all variables have been assigned updated val-
ues. The user must provide code for this step. Note that in our IDs there is only one
value node, which includes all those values that would usually be computed earlier.
This simplifies the implementation without loss of generality. Infinite-step indicates that



the reward is backed up equally to all values in the episode, which is more robust than
Q-learning in the presence of unobserved variables [36]. Tabular indicates that state-
action pairs have values in a table. The discount factor  is set to 1 as the RL problem
is episodic.

The € and « parameters start at 1 and decay to 0. Many decay schemes have been
proposed in RL, and we arbitrarily choose a = ¢ = ((E — ¢)/E)3. In our use of
RL a state is an assignment to variables v; ...wv; for some ¢ = 1...n, an action is
the assignment of decision variable v, 1, an episode assigns all the variables, and the
reward is the objective value computed at the end of an episode. The g, ., are state-
action values used to define the policy, which should optimise the expected reward.

Each decision depends on all previous decisions and random events (but see Sec-
tion 2.3) so a policy might involve a huge number of distinct states. To combat this
problem, RL algorithms group together states via state aggregation methods. For our
prototype method we choose a simple form called random tile coding [36], specifically
Zobrist hashing [41] with H hash table entries for some large integer H. This works
as follows. To each (decision or chance) variable-value pair (v, z) we assign a random
integer 7, which remains fixed. At any point during an episode we have some set S of
assignments (v, ), and we take the exclusive-or of the r,, values (that it, their bit pat-
terns) associated with assignments Xg = ea(v,w)E g Tvz. Finally, we use X to index
an array V' with H entries: the value of g, ,, is stored in V[X g mod H]. It might be ex-
pected that Zobrist hashing will perform poorly when the number of states approaches
or exceeds the size of the hash table, because hash collisions will confuse the values of
different state-action pairs. Surprisingly, it can perform well even when hash collisions
are frequent, and has been used in chess programming [20].

2.3 Partially observed variables

Standard IDs are designed to handle situations involving a single, non-forgetful agent.
Limited memory influence diagrams (LIMIDs) [25] are generalizations of IDs that
allow decision making with limited information and simultaneous decisions, and can
have much smaller policies. They relax the regularity (total variable ordering) and non-
forgetting assumptions of IDs. LIMIDs are considered harder to solve optimally than
IDs. We handle the limited memory feature in a simple way: during Zobrist hashing,
the set .S contains only those assignments that are visible to the decision variable (its
parent variables, indicated by a link in the ID graph).

2.4 Multiple objectives

Many real-world applications have multiple objectives and we must find a trade-off.
Multi-objective (or multi-criteria) IDs were described in [8, 28]. Objectives can be com-
bined in more than one way in RL, and a simple and popular approach is linear scalar-
isation: take a linear combination of the objectives, giving a single objective that can
be used as a RL reward. This has the drawback that it can not generate any solutions
in a non-convex region of the Pareto front. It can also be hard to choose appropriate
weights, especially when the objectives use different units.



Another approach is to rank the objectives by importance, then search for the lexico-
graphically best result. This has the same problem as linear scalarisation (though recent
work addresses this [35]) which can be fixed by thresholding all but the least important
objective, a method called thresholded lexicographic ordering [11]. However, it has the
drawback of using a specific RL algorithm. Moreover, in some of our applications the
most important objective is to minimise constraint violations, and this should not be
thresholded.

The method we choose is to reduce the multiple objectives to a single objective
via weighted metric scalarisation [30] in which the distance is minimised between the
vector of values f, for objectives o and a utopian point v* in the multi-objective space:

1/p
min (Z wolfol) - u)

for some p > 1 and weights w, chosen by the user. The need to choose weights is a
disadvantage in terms of user-friendliness, but an advantage is that we can tune them
to find different points on the Pareto front. The special case of Chebyshev scalarisation
(p = o0) is theoretically guaranteed to make the entire Pareto front reachable, but the
L,-norms (p = 1, 2) may perform better in practice [14] and we found best results with
L.

The utopian point is often adjusted during search to be just beyond the best point
found so far, but MIXID1 uses a fixed «* provided by the user. Depending on whether
each objective is to be maximised or minimised, we choose a value that is optimal or
high/low enough to be unattainable.

2.5 Hard and soft constraints

Many optimisation problems have constraints that must be met by any solution. Con-
straints are not modelled in standard IDs but hard constraints were supported in infor-
mation/relevance IDs [21]. We model soft constraints by minimising their violations
as an additional objective. To model hard constraints we use the popular technique of
choosing a large weight to prioritise minimising violations to zero.

2.6 Chance constraints

A chance (or probabilistic) constraint is a constraint that should be satisfied with some
probability threshold: Pr[C(x,r)] > 6 for a constraint C' on decision variables x and
chance variables r. Chance-constrained programming [5] is a method of optimising
under uncertainty and has many applications, as it is a natural way of modelling uncer-
tainty. Chance constraints are usually inequalities but we allow any form of constraint.
Chance constraints have also been used in the area of Safe (or Constrained) Reinforce-
ment Learning using various approaches [13, 17], and our approach is related to that of
[19]. Chance constraints do not seem to have been added to IDs in previous work.

We model chance constraints by adding a new objective for each, with a reward of
1 for satisfaction and O for violation, and setting the utopian value for that objective to
the desired probability threshold. The weight attached to the objective should be high.



2.7 Multiple agents and non-linear objectives

Many problems in economics, diplomacy, war, politics, industry, gaming and other ar-
eas involve multiple agents, which form part of each other’s environment. Multi-agent
RL can be applied to these problems, as can several forms of ID: bi-Agent IDs [16],
multi-agent IDs [23], game theory-based IDs [40], networks of IDs [12] and interactive
dynamic IDs [15]. LIMIDs can model multiple agents, but only the cooperative case in
which they all have the same objective.

We extend MIXID1 to allow multiple agents numbered 1, 2, . .. Each decision vari-
able v belongs to an agent a,, and we use 0 as a dummy agent number for chance
variables (sometimes called a chance agent). Each agent a > 1 has its own objective
f¢, each of which is computed at the end of an episode. The algorithm is modified so
that each reward f¢ is backed up only to values g, ., such that a,, = a. This transforms
MIXID1 into a multi-agent RL algorithm.

3 Experiments

We now illustrate the flexibility of the method by applying it to a variety of problems
taken from diverse literatures. We do not compare it with standard methods in terms
of efficiency, as this is not the goal of the paper. For the same reason we do not report
runtimes, though they are quite short: typically a few seconds and at most a few minutes.
In fact we do not expect MIXID1 to be competitive on any particular class of problem,
though as a RL method it should perform well on some applications. Our aim here
is only to demonstrate that a single solver can solve a wide variety of optimisation
problems, thus filling a gap in optimisation technology. In future work we will explore
more efficient RL methods, especially using deep neural networks for state aggregation.

3.1 A standard ID

As a first example we use the well-known Oil Wildcatter ID shown in Figure 2. An
oil wildcatter must decide either to drill or not to drill for oil at a specific site. Before
drilling, they may perform a seismic test that will help determine the geological struc-
ture of the site. The test result can be closed (indicating significant oil), open (indicating
some oil) or diffuse (probably no oil). The special value notest means that test results
are unavailable if the seismic test is not done. There are two decision variables Test (T)
and Drill (D), and two chance variables Seismic (S) and Oil (O).

The Test decision does not depend on any other variable, but the Drill decision
depends on whether a test was made, and if so on its result. The Oil variable is unob-
servable so no decision depends on it (this is distinct from forgetting its value which
is addressed in Section 2.3). The payoff tables model costs and benefits as utilities: the
test payoff is negative (a cost) if the test is performed, otherwise zero; the drill payoff
may be positive if oil is found, negative if not, and zero if no drilling occurs. In our
implementation the two tables are computed after all variables are assigned values.

We use probabilities and utilities as given in [28]. The known optimal policy for this
problem is: apply the seismic test, and drill if the test result is open or closed. MIXID1
finds this solution which has expected utility 22.5.



test payoff

oil contents| P (O) test payoff| U (T')
Test?
dry|wet|soak
0.5[0.3] 0.2 yes | -10
no 0
Seismic results P(S]|0,T) Drill payoff |Uz(O, D)
Oil cnt.| Test? |closed|open|diffuse|notest Oil cnt. |Drill?
dry yes | 0.1 |03 | 0.6 0 dry | yes -70
dry no 0 0 0 1 dry no 0
wet | yes | 03 |04 | 03 0 wet | yes 50
wet no 0 0 0 1 wet | no 0
soak | yes | 0.5 | 04| 0.1 0 soak | yes 200
soak no 0 0 0 1 soak | no 0

Fig. 2. The oil wildcatter ID




3.2 Partially observed variables

As an example we use a pig breeding problem from [25]. A pig breeder grows pigs
for four months then sells them. During this period the pig may or may not develop a
disease. If it has the disease when it must be sold, then it must be sold for slaughter and
its expected market price is 300. If it is disease-free then its expected market price is
1000. Once a month a veterinary surgeon test the pig for the disease. If it is ill then the
test indicates this with probability 0.80, and if it is healthy then the test indicates this
with probability 0.90. At each monthly visit the surgeon may or may not treat the pig,
and the treatment costs 100. A pig has the disease in month 1 with probability 0.10.
A healthy pig develops the disease in the next month with probability 0.20 without
treatment and 0.10 with treatment. An unhealthy pig remains unhealthy in the next
month with probability 0.90 without treatment, and 0.50 with treatment.

In the LIMID shown in Figure 3 the h are random variables denoting healthy or
unhealthy, the t are random variables denoting positive or negative test results, the d
are decision variables denoting treat or leave, the u are utilities, and the numbers 1-4
denote month. The pig breeder does not keep detailed records, which are forgotten, and
bases treatment decisions only on the previous test result for each pig. MIXID1 almost
always finds the optimal policy with expected utility of approximately 727: ignore the
first test and do not treat, then follow the results of the other two tests (treat if positive).

Fig. 3. The pig breeding LIMID.

3.3 Multiple objectives

We use the bi-objective oil wildcatter ID in [28]. In addition to maximising payoff
the aim is to minimise environmental damage. The utility of testing is now (—10, 10)
while the utility of drilling is (—70, 18), (50, 12) and (200, 8) for dry, wet and soak
respectively: in each case the first value is the original utility while the second value
refers to the new utility. Instead of one optimal solution there are four Pareto-optimal



solutions, each with two utility values: (1) test, then drill if the result is closed or open,
with utility (22.5,17.56); (2) do not test but drill, with utility (20, 14.2); (3) test, then
drill if the result is closed, with utility (11,12.78); (4) do not test or drill, with utility
(0,0). In multiple runs MIxID1 found policies (1), (2) and (4) using a utopian point
(1000,-1000) and weights (0.55,0.45), though it did not find policy (3).

3.4 Hard and soft constraints

We take an example from stochastic programming [3] which models and solves prob-
lems involving decision and chance variables, with known distributions for the latter.
Problems may have one or more stages: in each stage decisions are taken then chance
variables are observed. A solution is not a simple assignment of variables, but a policy
that tells us how to make decisions given assignments to variables from earlier stages.
Stochastic programming dates back to the 1950s and is now a major area of research in
mathematical programming and operations research. We use a 2-stage stochastic pro-
gram from [1]:

max z = 1.5z1 + 4xo + E[Q(z1, x2)]

where Q(z1, z2) is the value of

max 16y; + 19y2 + 23ys + 28y, such that

2y1 +3y2 +4ys +5ys < &1 — 11

6y1 + y2 +3ys +2ys < §o — T2

where 0 < x1,29 <5, y+i € {0,1} (i =1,2,3,4)
&1, &2 uniformly distributed on {5,5.5,...,15}

A solution to this problem consists of fixed assignments to z, 2 and assignments to
the y; that depend on the random ¢ values. The optimum policy has objective 61.32
with (21, z2) = (0,4).

We model the problem as a MIXID with two objectives: the first to minimise the
number of constraint violations to 0, and the second to maximise z. Decision vari-
ables can observe all ancestor variables. We use a utopian point (—10, 100) and weights
(0.99,0.01): note that 0.99 > 0.01, chosen because the constraints are hard. In mul-
tiple runs MIXID1 found policies with (z1,22) equal to (0,4) or (0, 3) and expected
reward approximately 60.

3.5 Chance constraints

We modify the stochastic program of Section 3.4 by attaching probabilities to the two
hard constraints:

Pr[2yy +3yz + dys + 5ya < & — 2] = 0.7
Pr[6y: + y2 + 3ys + 2ys < & — x2] = 0.9

Notice that the chance constraints are of the form Pr[-] = p instead of the usual
Pr[-] > p. MIXIDI is not guaranteed to satisfy the probability thresholds because of
its multi-objective approach: instead of forcing the satisfaction of a chance constraint
to exceed a threshold probability, it tries to match the threshold in a trade-off with other



objectives. However, it can be used as an exploratory tool to find a policy with the
desired characteristics, and the user can iteratively increase thresholds.

As described in Section 2.5 these chance constraints are implemented by adding a
new objective for each, but this time with utopian point (0.7,0.9,100). To solve this
tri-objective MIXID we experimented with different weights and found a variety of
policies, with different compromises between the chance constraints and original ob-
jective. Not all solutions were useful, but using weights (0.496, 0.496, 0.008) we found
a policy with objectives (0.74,0.95,71) that satisfies the requirements. Relaxing the
hard constraints to chance constraints allowed us to increase z from 60 to 71.

3.6 Multiple agents and non-linear objectives

We use a tri-level program studied in at least two publications [2, 29] and shown in Fig-
ure 4. Tri-level programs have been used to model problems in supply chain manage-
ment, network defence, planning, logistics and economics. They involve three agents:
the first is the top-level leader, the second is the middle-level) follower, and the third
is the (bottom-level) follower. They are organised hierarchically: the leader makes de-
cisions first, the middle-level follower reacts, then the bottom-level follower reacts.
Many algorithms have been published on tri-level (also bi- and multi-level) programs,
but mostly on linear continuous problems and relatively little work has been done on
discrete problems.

maxg, z1 = (z1 + T2 + 223 +4)(—x1 — 22 + 23 + 224 + 1)
where 2 solves

maxy, 22 = 222 + T3 + 324

where x3, x3, x3, x3, 3, X3 solve, for given x1, x2

MAXay...0q 23 = oy ai

subject to

—311—|—71’2—|—1’3+:}3’5:10 14.’1}1 +4IE2+IE6:6
r1+x2+x3—a+x7=5 2x1+T2+2x4+28=28
0§$1§5 0§$2§2 5§$3§20 4§x4§30
1<25<20 0<26<30 0<z7<15 0<x5<20

Fig. 4. A tri-level non-linear program

This problem is also of interest because its objectives are quadratic for the leader,
linear for the first (middle-level) follower, and fractional for the second (bottom-level)
follower. Non-linear objectives were added to IDs in [24] using non-linear optimal con-
trol approximations.

We model the problem as a MIXID with 3 agents, each with 2 objectives, and each
variable observing the values of all previous variables. The first objective used by all
agents is the number of constraint violations, which should be 0: the constraints ensure
that any solution is tri-level feasible so all agents should be penalised for violations (in
this problem no agent is allowed to make a decision that leads to a constraint violation).



The secondary objectives are z1, 22, 23. We choose a utopian point for each agent and
objective: ((0, 1000), (0,100), (0, 1)) and 3 pairs of weights:

((0.99999,0.00001), (0.999,0.001), (0.99, 0.01))

In repeated runs MIXID1 finds the correct policy (0,0, 9,4, 1,6, 0,0) with objectives
((0,396), (0,21), (0,0.2)) with approximately 50% success.' The suboptimal solutions
that it sometimes finds can be recognised by their lower z; values:

((0,196), (0,17), (0,—0.06)), ((0,240), (0, 18),(0,0)) and ((0, 288), (0, 19), (0, 0.06)).

3.7 Case study

As a case study to illustrate the system’s ease of use, we now show the code required
for our most complex example: the tri-level program of Section 2.7. MIXID1 is imple-
mented in C, and the user must provide: (i) a text file specifying the variables, their
agent numbers, their domains, their parent variables, how many objectives each agent
has, and the conditional probability tables; (ii) a C function that takes as input a 1-
dimensional array of (decision and chance) variable values, and computes as output a
2-dimensional array of agent-utility values.

Firstly, the text file describing the problem is shown in Figure 5 (the format is cur-
rently a simple research prototype but it could be adapted to a more user-friendly form).
The meaning of the numbers is as follows:

8

1 68

2308

316 01 8
3270128
320012 3 8
3310123438

316 012 3458
3210123 45¢6 38

8

8

2 0.0 1000.0 0.99999 0.00001
2 0.0 100.0 0.999 0.001
2 0.0 1.0 0.99 0.01

Fig. 5. Text file describing the tri-level MIXID

— The first line simply states that there are 8 variables numbered 0-7. We can there-
fore use “8” as a list terminator in the rest of the file.

! The first objective is given as 612 in [29] but it can be verified that the solution yields z; = 396.



— The next 8 rows describe each variable in turn: which agent it belongs to (0 would
indicate a random variable but there are none in this example), its domain size D
(values are assumed to be 0,1,..., D — 1), then a list of parent variables ending
with terminator 8. As the highest agent number was 3, the method now knows that
there are 3 agents. In this example each variable has all ancestors as parents.

— Next, each conditional probability table is listed, followed by a terminator. In this
example there are no tables.

— Next, the user may provide a list of observed chance variable values, followed by a
terminator. This feature is not used in this paper, but we briefly discuss it in Section
4.

— Finally, for each agent we input a number w of objectives (2 in this example) fol-
lowed by a list of w weights, and a list of w utopian values.

Secondly, we show the C ut i 1ity function that computes the objectives. Its input is a
1-dimensional integer array called values and its output is a 2-dimensional real array
called results (we assume that there will be no more than 10 agents and objectives,
but these numbers can easily be increased):

void utility(intx values, float results[10][10]) {

To adapt the notation to that in Figure 4, and to adjust the variable domains to the
desired ranges, we create new integer variables x1—x8:

int xl=values]| x2=values
x3=values|
x5=values|

[

x7=values

4
+4,

14
+5, x4=values
+ ’

1, x6=values

4

0] 1
2] 3
4] 5
6] 7

— — — —

]

]

]
, x8=values|[7]
Compute the number of constraint violations:

—3%x1+7*x2+x3+x5==10) +
14xx1+4*xx2+x6==0) +
X1+x2+x3-x4+x7==5) +
2+x1+x2+2+x4+x8==8) ;

int violations= !
|
|
|

—~ o~ o~ —~

This becomes the first objective (index 0) for each agent:

results[l] [0]=violations;
results[2] [0]=violations;
results[3][0]=violations;

The other objective (index 1) for each agent is its given objective function z:

results[1l] [1]=(x1+x2+2*x3+4) x (-x1-x2+x3+2+xx4+1) ;

results[2] [1]=2*x2+x3+3%x4;

results[3][1]=((float) 2+x1+3%x2+2+x3-3%x4)/
((float) 5#*x1+11%*x2+x5+29); }

Note that no algorithmic details are required.



4 Conclusion

This paper makes two contributions. Firstly, it combines several known (and some new)
ID extensions into a single framework we call a MIXID. Secondly, it proposes a MIXID
solution method called MIXID1 based on RL, which has been proposed as a unifying
approach to sequential decision making under uncertainty [31]. MIXID1 is a lightweight
solver that does not need a graphics processing unit or other specialised hardware. We
demonstrated the flexibility of the approach using examples taken from diverse litera-
tures: ID, LIMID, multi-objective ID, stochastic programming, chance-constrained pro-
gramming and tri-level programming. To the best of our knowledge, no other solver can
tackle this range of optimisation problems, and we expect MIXIDs to be useful for hy-
brid optimisation problems that do not fit well into any particular class. A fruitful source
of applications might be Safe RL in which constraints are used to ensure robust and safe
policies.

Several methods exist for solving IDs. Some are exact and based on variable elim-
ination [7,22, 33,34, 37] while others are approximate [4, 6,27, 38, 39]. However, we
know of only one other application of RL to solving IDs [32], which seems surprising
as both IDs and RL can be used to model and solve sequential decision problems. The
main connection usually made between the two is that IDs can model problems that can
be tackled by RL, for example Causal IDs have been used to model Artificial General
Intelligence safety frameworks which often use RL [10].

An aspect of IDs that we have ignored in this paper is evidence propagation. As in
Bayesian networks, an ID might be provided with evidence: observed values of chance
variables. This evidence can be propagated back to earlier chance variables to learn pos-
terior distributions. Rejection sampling was used in [32] and also works with MIXIDI,
but this becomes impractical when probabilities are very small. Initial experiments with
Gibbs sampling are promising, and evidence propagation will be investigated in future
work. We are also interested in adding continuous variables, and using more powerful
state aggregation than random tile coding: both improvements might be achieved by
moving from SARSA to an actor-critic RL algorithm.
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