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Abstract

Abstract

The substitution of a small fractionx of nitrogen atoms, for the group V elements
in conventional III-V semiconductors such as GaAs and GaSb strongly perturbs
the conduction band of the host semiconductor. In this thesis we investigate the
e�ects of nitrogen states on the band dispersion, carrier scattering and mobility
of dilute nitride alloys.

In the supercell model we solve the single particle Hamiltonian for a very large
supercell containing randomly placed nitrogen. This modelpredicts a gap in the
density of states of GaNxAs1� x , where this gap is �lled in the Green's function
model. Therefore we develop a self-consistent Green's function (SCGF) approach,
which provides excellent agreement with supercell calculations and reveals a gap
in the DOS, in contrast with the results of previous non-self-consistent Green's
function calculations. However, including the distribution of N states destroys
this gap, as seen in experiment.

We then examine the high �eld transport of carriers by solving the steady-
state Boltzmann transport equation and �nd that it is necessary to include the
full distribution of N levels in order to account for the small, low-�eld mobility and
the absence of a negative di�erential velocity regime observed experimentally with
increasingx. Overall the results account well for a wide range of experimental
data.

We also investigate the band structure, scattering and mobility of carriers by
�nding the poles of the SCGF, which gives lower carrier mobility for GaN xAs1� x ,
compared to those already calculated, in better agreement with experiments. The
calculated optical absorption spectra for InyGa1� yNxAs1� x and GaNxSb1� x using
the SCGF agree well with the experimental data, con�rming the validity of this
approach to study the band structure of these materials.
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Chapter 1

Introduction

1.1 Motivation and background

The band structure and physical properties of semiconductors can be engineered

by alloying these materials. Such alloys have been widely used in the development

and improvement of electronic and optoelectronic devices.Most such alloys are

well described using the virtual crystal approximation where the properties of the

materials evolve smoothly, in a linear or close to linear fashion as the composition

is varied.

In the last twenty years, dilute nitrite semiconductor alloys have been a topic

of intense scienti�c research and technological developments ever since they were

discovered, because of their peculiar electronic and physical properties and po-

tential device applications. The substitution of dilute amounts of nitrogen atoms

for the group V elements in conventional III-V semiconductors such as GaAs or

GaInAs strongly disturbs the conduction band (CB) of the host semiconductor,

in a way which is markedly di�erent from what will be expectedusing the virtual

crystal approximation. This allows one to strongly modify and tailor the band

structure of these semiconductors, leading to the development of novel optoelec-

tronic devices such as light emitting diodes, edge emittinglasers, solar cells, photo

detectors, and modulators [1�3].

When a small fraction of arsenic in GaAs is replaced by nitrogen to form

GaNxAs1� x the energy gap decreases rapidly by about 100 meV per % of N for

x < 3% [4]. This behaviour is markedly di�erent to conventionalsemiconductors,

and is of interest both from a fundamental perspective and because of its signi�-

cant potential device applications. As an example, the strong bowing opens the

possibility of using GaInNAs to get optical emission on a GaAs substrate at the

technologically important wavelengths of 1:3 and 1:55 � m, considerably expand-
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1. Introduction

ing the capabilities of GaAs for optoelectronics devices [3]. In 1996 M. Kondow

et al. [5] proposed GaInAsN as a material for long wavelength emission on GaAs.

These new semiconductors o�er device engineers new design opportunities for a

new generation of electronic and optoelectronic devices.

The unusual electronic properties of Ga(In)NAs arise because of the marked

di�erence between nitrogen and arsenic atoms: N is considerably more electroneg-

ative, and the equilibrium Ga-N bond length is 20% shorter than that of GaAs.

This strong di�erence has far-reaching consequences, and underpins many fea-

tures of dilute nitride alloys.

Signi�cant progress has been achieved in understanding theelectronic struc-

ture of dilute nitrides, and several theoretical approaches have been used to de-

scribe the electronic band structure of nitrogen-containing III-V compounds [6].

It is well established that because of the large di�erence inelectronegativity and

atomic size between N and As, when a single N atom replaces an As atom in

GaAs, it forms a resonant defect level above the conduction band edge (CBE) of

GaAs [7, 8]. A major breakthrough was achieved by Shanet al. [9] who demon-

strated that the reduction in energy gap in dilute nitride alloys is due to a band

anti-crossing (BAC) interaction between the conduction band edge of the host

semiconductor material and these localised N impurity states.

The BAC model provides a good qualitative explanation of theband structure

of dilute nitride alloys, but it is in many cases necessary toinclude the details of

the distribution of N-related defect levels to obtain a quantitative understanding

of the conduction band structure in dilute nitride alloys. In practice, replacing

As by N introduces a range of N-related defect levels, associated with isolated

N atoms, N-N pairs, where a group III atom has two N neighbours, and larger

clusters of N atoms. In has been shown that the e�ect of such defect levels on

the alloy conduction band structure is strongly dependent on the relative energy

of the defect levels and the host conduction band edge [10, 11].

The incorporation of nitrogen into III-V materials is also known to cause a

large drop in the electron mobility [12, 13]. In addition to the scattering from ni-

trogen states, the conduction band becomes highly non-parabolic, which further

a�ects the transport properties. Adams proposed that a suppression of the elec-

tron ionisation rate might be possible in avalanche photodiodes, due to the strong

perturbation by N states that could limit the ability of electrons to gain higher

energy from an applied electric �eld in GaNAs [14]. Moreover, a strong negative

di�erential velocity has been predicted and observed at high electric �elds for

GaNxAs1� x with very low N composition, x [15]. Recent Monte Carlo calcula-

Dilute Nitride Semiconductors 2



1.2 Thesis structure

tions [16] also con�rms negative di�erential velocity at very low N compositions

(x � 0:2%).

1.2 Thesis structure

In this thesis we explore the electronic structure, scattering and high �eld trans-

port of carriers in GaNxAs1� x alloys. First a review of the relevant background

to this work is presented in Chapter 2. This chapter begins with an overview

the current models to explain the in�uence of the introduction of N atoms in the

band structure of the dilute nitride alloys. We �rst review the band-anticrossing

model to describe the conduction band structure. We then discuss that there are

in practice a distribution of N-related states in GaNAs, which can be described

using a Linear Combination of Isolated Nitrogen States (LCINS) model [11, 17].

We then describe the Green's function approach to calculatethe electronic struc-

ture. Then we describe some experiments that reported a dramatic reduction in

the carrier mobility of GaNxAs1� x alloys, and review the main suggested models

to understand carrier scattering and mobility in these materials. We also brie�y

mention some experiments that observed negative di�erential velocity at high

�eld for samples containing small fraction of N,x.

Then in chapters 3 to 5 we investigate the band structure of dilute nitride

alloys as a requirement to study the hot-electron, mobilityand drift velocity in

high electric �elds in Chapter 6. We modify and develop the BAC and Green's

function models in Chapter 3. The Green's function approachproposed by Wuet

al. [18] predicts that the nitrogen state energies acquire an imaginary component,

interpreted as an energy broadening, which is omitted in theusual BAC model.

We introduce this N broadening by considering a complex N state energyEN in

the BAC model in Chapter 3. Moreover the usual BAC model is oversimpli�ed

as it assumes that all N atoms have the same energyEN , and ignores a range of

resonant defect level close to the conduction band edge. We modify this model

in Chapter 3 by including N-N pairs and larger clusters of localised N states.

Also we consider the shift in the N state energies due to theirinteraction with

the CB states, and calculate the density of states (DOS) and band dispersion of

GaNxAs1� x alloys.

In order to examine the accuracy of these models we undertakesupercell cal-

culations in Chapter 4, where by using the Anderson impuritymodel we directly

solve a simpli�ed random impurity model Hamiltonian for a very large GaAs su-

percell, and calculate the exact eigenstates of this Hamiltonian. To simplify this

3 Masoud Sei�kar



1. Introduction

model we ignore the distribution of N states and assume all the N atoms have

the same energy,EN . Thereafter we compare the band structure and the density

of states of GaNAs alloys in the supercell, with those obtained using the BAC

and Green's function models. This comparison con�rms the validity of the BAC

model at energies away from N state energies but highlights some disagreements

close to the N energy,EN . The supercell model predicts a gap in the DOS of

GaNxAs1� x alloys, where this gap is �lled in the Green's function and the mod-

i�ed BAC models. These results suggest a deeper investigation of the energy

broadening model used in the Green's function approach.

Therefore, in Chapter 5 we introduce a self-consistent Green's function

(SCGF) method by introducing an energy-dependent complex energy � E j (E),

where the imaginary and real parts of �E j (E) indicate the broadening and shift

in energy, respectively. This model gives a very good agreement with the re-

sults of the supercell calculations, including in the energy range close toEN .

In this chapter we also consider the e�ects of a distributionof N-related defect

levels in the band structure by using the LCINS model. This model considers

the interaction between nitrogen atoms on nearby sites leading to inhomogeneous

broadening and a distribution of localised state energies.We examine the conse-

quences of this distribution on the density of states and band structure of dilute

nitride alloys. We show that it has several signi�cant e�ects including a �lling of

the gap in the DOS of GaNxAs1� x alloys.

Having provided a clear picture of the band structure and thedensity of states

of GaNAs alloys, we study in Chapter 6 the scattering and high�eld transport,

by solving the steady-state Boltzmann transport equation in bulk GaNxAs1� x .

Two di�erent models of the CB structure have been studied to investigate the

behaviour of electrons with increasing electric �eld in GaNxAs1� x alloys: (1)

carriers in parabolic � and L bands are scattered by resonantnitrogen states,

polar optic and acoustic phonons, and intervalley optical phonons; (2) carriers

con�ned in the lower band of the BAC model are scattered by N states and by

optical phonons. We consider scattering both by isolated N states and by a full

LCINS distribution of N states. We conclude that it is necessary to include the

full distribution of N states in order to account for the small low-�eld mobility

and the absence of a negative di�erential velocity regime observed experimentally

with increasing x. We note that the BAC model with carriers constrained to the

lower BAC sub-band fails at high electric �eld as it does not allow carriers to

accelerate to higher energies.

Chapter 7 aims to develop a more complete model to calculate the band

Dilute Nitride Semiconductors 4
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structure, scattering and mobility of bulk dilute nitride alloys by �nding the

poles of the Green's function. In this chapter we calculate the complex poles

of the Green's function in a self-consistent manner, where we use its imaginary

and real parts to calculate the scattering rate and band dispersion of carriers,

respectively. Then we use the band dispersion and scattering rates to determine

the carrier mean free path and mobility using the Boltzmann Transport Equation.

Our results for low �eld mobility in Chapter 7 show a better agreement than were

obtained in Chapter 6, because the model used in Chapter 7 considers the e�ects

of nitrogen states on both the band dispersion and carrier scattering.

Then in Chapter 8 we benchmark the methods we have developed by calcu-

lating the optical absorption coe�cient for InGANAs and GaNSb alloys, using

the BAC and LCINS model, and comparing the results with experimental data.

We consider two models for the band structure of dilute nitride alloys: (1) the

BAC model including isolated and pair N levels interacting with the host ma-

trix conduction, light hole and spin orbit split-o� band; (2 ) the SCGF method

to include the full distribution of localised state calculated using the LCINS ap-

proach, including non-parabolic CB and light hole, and parabolic heavy hole and

split-o� bands. The �rst model accounts for many features ofthe absorption

coe�cient spectrum in comparison with experiments on InGaNAs alloys; includ-

ing the LCINS distribution improves this agreement. Our calculated absorption

spectra for GaNSb alloys predict the band edges correctly, but show more fea-

tures than seen experimentally. This suggests the presenceof more disorder in

GaNSb alloys in comparison with InGaNAs.

Finally in Chapter 9 we summarise our conclusions and discuss possible future

works.
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Chapter 2

Review of prior research

2.1 Introduction

The aim of this chapter is to provide an overview of the background theory of

dilute nitride semiconductors relevant to this thesis. We start with the band

structure of dilute nitride alloys, and the current models to treat the e�ect of

substitutional nitrogen atoms in GaNAs. We begin, in Ÿ 2.2 bygiving an overview

of the band anticrossing (BAC),L inear Combination of I solatedN itrogen States

(LCINS) and Green's function methods that have already beenapplied to explain

the electronic structure of GaNAs alloys. Then in Ÿ 2.3 we �rst brie�y discuss the

prior carrier mobility measurements of GaNAs alloys that have shown a signi�cant

reduction of mobility in these alloys in comparison with GaAs. This is followed

by a brief overview of the models which have been introduced to explain this

remarkable decrease of electron mobility in dilute nitridesemiconductors. Finally

we review, in Ÿ 2.4, the research that has been performed on high �eld transport

in dilute nitride alloys.

2.2 Band structure

The electronic structure of dilute nitride alloys has attracted considerable interest,

both from a fundamental perspective and also because of their potential device

application. Substituting a small fraction of the group V atoms by nitrogen,

N, strongly perturbs the conduction band of III-VN materials. For instance,

replacing a small fraction of As atoms by N introduces a series of N-related

defect states into the conduction band (CB) of GaAs, and the energy gap initially

decreases rapidly, at about 0.1 eV per percent of N forx < 0:03 [4]. A number

of theoretical models have been introduced to explain the behaviour of these

7



2. Review of prior research

materials, of which the simplest one is the two-level band anti-crossing model, as

described in the next section.

2.2.1 BAC model

It is well known that the substitution of an As atoms by a single N atom, in GaAs,

forms a resonant defect level above the conduction band edge(CBE) of GaAs [7].

The BAC model introduced by Walukiewicz and co-workers explains the extreme

band gap bowing observed in Ga1� yInyAs1� xNx in terms of an interaction between

two levels, one at energyEN associated with localised isolated N impurity states

 N , and the other at energyEc associated with the extended CBE state c0 of the

GaInAs matrix, with the two states linked by a matrix elementVNc describing the

interaction between them [9]. The conduction band dispersion of GaInAs1� x Nx

is then given in the BAC model by the eigenvalues of the determinant equation

�
�
�
�
�
�
�

EN (x) � E VNc

VNc Ec(x) +
~2k2

2m�
� E

�
�
�
�
�
�
�

= 0; (2.1)

where the interactionVNc between the host matrix CBE and the N state increases

with N concentration asVNc = �x 1=2 [19], � is a constant parameter, andm� is

an appropriately chosen band edge e�ective mass for the Ga(In)As host matrix

material [20].

Figure 2.1 shows as an example the band structure of GaN0:005As0:995, where

the interaction of the CB of GaAs,Ek , with the nitrogen state energy,EN , splits

the host semiconductor CB into two sub-bandsE � and E+ . The bottom of

the lower band, E � (k), is pushed down to lower energy and the minimum of

the upper band, E+ (k), is pushed up with increasingx. Here we have taken

EN = (1 :56 � 0:22x) eV, Ec = (1 :42 � 3:5x) eV and � = 2:0 eV, based on the

parameter values given in [21].

The BAC model explains many features of the electronic structure, includ-

ing the strong reduction in energy gap in GaNxAs1� x with increasing x [9], the

band dispersion close to and above the CBE in samples with very low N compo-

sition [22], and the measured increase in band edge e�ectivemass in GaInAsN

alloys [20]. However, because it omits the full energy distribution of N states, it

fails to explain the further enhancement and non-monotonicvariation of the band

edge mass withx in GaNxAs1� x for x � 0:05% [6, 23, 24]. The BAC model is

oversimpli�ed, because it ignores the detail of the distribution of N states which

are present in actual GaNAs samples, as will be discussed in the next section.

Dilute Nitride Semiconductors 8
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Figure 2.1: Dispersion relation for GaNxAs1� x with x = 0:5%, calculated by
BAC model of Eq. (2.1). Ek and EN show the host semiconductor and nitrogen
energies, respectively.

More details of the BAC model and how it can be modi�ed to treata range of

di�erent N defect states will be presented in chapter. 3.

2.2.2 LCINS model

O'Reilly, Lindsay and Fahy have previously used a tight-binding-based model to

calculate the distribution of N states expected in random GaNAs alloys, treating

explicitly the interactions between aLinear Combination of I solated N itrogen

States (LCINS) in this model [11, 17]. These interactions lead to a mixing be-

tween the di�erent N states and a broadening of the N spectralenergy (ENj

no longer just equal toEN ) and of the interaction valuesVNc . In addition, the

number of N pair and cluster states increases with N composition x. The pair

states have energy close toENN , the energy of an isolated N pair, where a N

pair is formed when two of a Ga atom's nearest neighbours are Natoms [21].

The density of localised N states calculated by the LCINS approach, weighted

by jVj j2=Nc (where Nc is the number of primitive cells in the system andVj is

the interaction matrix element of statej with the CBE), is shown in Fig. 2.2 for

GaNxAs1� x several di�erent values of nitrogen compositionx.

It has been previously shown that use of this full distribution of N states can
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Figure 2.2: Calculated distribution of localised LCINS states, weighted by their
interaction jvj j2=Nc for each state, versus their energies respect to the conduction
band edge of the host semiconductor, for GaNxAs1� x with x = 0:21; 0:5; 1:2 and
2:0%. Each energy level is broadened to a Gaussian of width 1 meV[13].

account very successfully for the non-monotonic variationof electron band edge

mass with N compositionx [25] and with hydrostatic pressure [26, 27], as well

as the anomalous behaviour of the electron gyromagnetic ratio as a function of

compositionx [28] and the conduction band density of states projected onto the

GaAs host matrix states [29]. It should therefore also provide a good description

of the conduction band dispersion. In later chapters of thisthesis we will employ

the LCINS model, which includes a full distribution of N states, as well as the

BAC model to investigate the density of states and transportproperties for a

range of dilute nitride alloys.
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2.2.3 Green's function method

Because the �localised� N states in GaNxAs1� x are degenerate with the host CB

matrix states, it should be expected that they behave as resonant states, with an

associated resonant broadening. This broadening is omitted in the BAC model

but can be considered by using the many impurity Anderson model.

In the many impurity Anderson model, the Hamiltonian for a set of localised

N states interacting with the host matrix conduction band states can be written

as

H = H0 + V; (2.2)

whereH0 is a sum of two terms describing the energies of extended and localised

states, labeled by wave vectorjki and position vector jj i

H0 =
X

k

Ek jkihkj +
MX

j =1

E j jj ihj j; (2.3)

whereEk and E j are the energies of the host matrix CB states with wave vector

k, and of the j -th N state, respectively. The interaction between extended and

localised states is given by

V =
X

k ;j

1
p

Nc

�

Vk j ei k :R j jkihj j + V �
k j e

� i k :R j jj ihkj
�

; (2.4)

where Nc is the number of primitive cells in the system,R j is the position of

the j -th N atom, and Vk j is describing the interaction between thej -th N state

and the k-h host matrix state. It can be assumed that thek dependence of the

interaction term is weak, and so it can be written asVj [30]. Assuming all the

localised states have the same energy and using Anderson's many-impurity model

in the coherent potential approximation [31], Wuet al. [18] derived the solutions

of the Hamiltonian in Eq. (2.2) in terms of the Green's function

Gkk =

8
<

:
E � Ek �

� 2x
E � EN � i � N

9
=

;

� 1

; (2.5)

where � N = ��� 2D0(EN ) is the broadening ofEN in the single-impurity Anderson

model, andD0(EN ) is the unperturbed density of states atEN . In this approx-

imation, they used a prefactor� where value was chosen by comparison with

absorption coe�cient measurements to be� = 0:22. Including the broadening
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� N , Eq. (2.1) becomes

�
�
�
�
�
�

EN (x) + i � N � E VNc

VNc Ek(x) � E

�
�
�
�
�
�
= 0: (2.6)

When � N = 0, the eigenvalues of this equation are given by

E � (k) =
1
2

�

Ek + EN �
q

(Ek � EN )2 + 4V 2
Nc

�

; (2.7)

whereE � andE+ are the lower and upper conduction sub-bands, respectively. For

nonzero broadening �N , Eq. (2.6) has complex eigenvalues that can be written

as E � + i � � , where E � and � � are the real and imaginary parts of the energy

calculated by replacingEN by EN + i � N in Eq. (2.7).

Vaughan and Ridley [32, 33] generalised this method to include additional

nitrogen clusters such as N-N pairs sharing a nearest neighbour Ga ion, and

derived the Green's functionGkk for the more general case as [30]

Gkk =

8
<

:
E � Ek �

1
Nc

X

j

jVj j2

E � E j + i � j

9
=

;

� 1

; (2.8)

whereEk andE j are the energies of the extended host semiconductor and localised

nitrogen states, respectively,Vj is the host conduction band interaction energy

with the impurity levels j , and Nc is the number of primitive cells in the system.

Vaughan and Ridley [34] calculated the density of states of GaNAs from the

imaginary part of the Green's function, assuming that the energy broadening � j

is constant and the same for all N levelsE j . Vogiatzis and Rorison [35, 36] have

also studied the band structure and the density of states of bulk, quantum well

and quantum wire GaInNAs, using Matsubara Green's functionmethod.

In Chapter 4 of this thesis, we modify this method by calculating � EN as

the imaginary part of the energy shift using second order perturbation theory.

We will also consider the real part of the energy shift as a shift in the localised

state energies, dEN . Then in Chapter 5 we further modify the Green's function

(GF) method by introducing energy dependent broadening parameters, � E j (E),

calculated by aSelf-Consistent Green'sFunction (SCGF) approach, where the

real and imaginary parts indicate the shift in energy, and broadening, respectively,

of localised states. We �rst calculate an energy-dependentbroadening � E j (E)

using a self-consistent Green's function method and then investigate the e�ect of

the energy dependent broadening on the calculated DOS of GaNAs.

Dilute Nitride Semiconductors 12
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2.3 Mobility and scattering

2.3.1 Carrier mobility

It has been observed that the introduction of small amount ofN into III-V mate-

rials, not only perturbs the CB of the host semiconductor, but also signi�cantly

reduces the mobility of carriers [37�41]. Compared to the room temperature value

of about 8000cm2(Vs)� 1 expected for GaAs, Skierbiszewskiet al. [41] measured

the mobility of GaN0:014As0:986 to be 400cm2(Vs)� 1 at 295 K. Young et al. [42]

measured the mobility of GaNxAs1� x for several N concentrations from 0:01%

up to 1:3% for carrier concentrations of (5� 7) � 1018 cm� 3. For x = 0:4% and

x = 1:3%, they reported � = 187 cm2(Vs)� 1 and 165 cm2(Vs)� 1, respectively.

Ishikawa et al. [43] measured the mobility of GaNxAs1� x for x=0:8; 1:7 and 2:2%

with several carrier concentrations. Forx=0:8%, they measured� =413; 208 and

89 cm2(Vs)� 1 for n=(0 :1; 1:0 and 5:1) � 1018 cm� 3 , respectively. Their mobil-

ity for x=1:7% at n=5:3 � 1017 cm� 3 was 185 cm2(Vs)� 1. Reasonet al. [44]

have also measured mobility of Si-doped GaNxAs1� x for several N concentrations

from 0:01% up to 2% (n=(0 :3 � 1) � 1018). Their value for x=0:1%; is around

600 cm2(Vs)� 1 and for x=0:5 and 1:2% they measured� =300 and 200 cm2(Vs)� 1

respectively. Fig. 2.3 shows the compilation of mobility values measured for

GaNxAs1� x samples, along with theoretical estimation of the mobilitywhich are

discussed further below.

In a �nal estimate of the mobility in GaNAs, Fahy and O'Reilly [45, 46], using

S-matrix theory, calculated the scattering cross-sectionfor an isolated impurity

as

� =
�
4

� m�

2� ~2

� 2 "
dEc

dx

#2

a6
0; (2.9)

where a0 is the GaAs lattice constant, m� is the electron e�ective mass and

dEc=dx is the derivative of the band edge energy with respect to the Nconcen-

tration x. In the two-band model, assuming all localised states have the same

energy,EN , they estimated that the n-type carrier mobility is given by

� =

p
3m� kB T

e
�

� m�

2� ~2

� 2 "
dEc

dx

#2

a3
0x; (2.10)

where e is the magnitude of the electron charge,kB is Boltzmann's constant

and T is the absolute temperature. Forx = 1%, Eq. (2.10) gives a mobility

around 1000 cm2(Vs)� 1, at room temperature. This value is comparable to the

highest measured mobility in high-quality GaInNAs samples. This mobility is
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substantially less than the ideal mobility of GaAs at room temperature.

Later, Fahy and O'Reilly [47] generalised Eq. (2.10) to include N-N pair and

higher cluster of N distribution, in an independent scattering approximation, as

� =

p
3m� kB T

e
�

� m�

2� ~2

� 2 X

j

"
dEc

dx j

#2

a3
0x j ; (2.11)

where x j is the concentration of thej -th environment. They concluded that

including the N-N pair has a relatively small e�ect on the mobility, reducing the

calculated values by less than 10%, compared to the two-bandmodel, where all

N atoms are treated independently. They proposed that the e�ects of nitrogen

clusters on the mobility may in general be small when the clusters are distributed

uniformly through the alloy. They [47] also suggested that the mobility has a very

weak temperature dependence in the range 100� 300 K, due to the increase in the

scattering cross-section at low temperature as the conduction band edge comes

closer to the nitrogen resonance levels.

Vaughan and Ridley [34] also calculated the bulk mobility for GaNxAs1� x for

the case of isolated N and N-N pair environments. In this workthey ignored the

details of the N distribution, and also did not consider polar optical, impurity

and defect scattering, scattering mechanism that were included in their later

work [49] for calculating the Hall mobility. These assumptions led to a higher

mobility value compared with those calculated by Fahyet al. [47], and an order

of magnitude higher than the highest measured values.

The dashed line in Fig. 2.3 shows the estimated variation of the room tem-

perature electron mobility with x in GaNxAs1� x , calculated using the two-level

band-anticrossing model for GaNxAs1� x [9, 45], which assumes all N resonant

defect states to be at the same energyEN . The electron mobility is estimated

to be of order 1000 cm2(Vs)� 1 when x=1%, of similar magnitude to the highest

values observed to date in dilute nitride alloys [50] but larger than that found in

many samples, where� � 100� 300 cm2(Vs)� 1, as shown by the data points in

Fig. 2.3 (following [12, 44]). In practice, there is a wide distribution of N reso-

nant state energies in GaNxAs1� x , associated with N-N nearest-neighbour pairs

and clusters [24, 51], with a signi�cant number of these defect levels calculated

to be close to the conduction band edge. The lower lines in Fig. 2.3 shows the

calculated mobility when scattering associated with the LCINS distribution of

defect levels is included. It can be seen that inclusion of this full distribution can

largely account for the low measured electron mobility in this alloy system.

The intrinsically low electron mobilities in dilute nitrid e alloys have signi�cant

Dilute Nitride Semiconductors 14
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Figure 2.3: Data points: measured variation of electron mobility with N com-
position x in GaNxAs1� x (from [12]). The uppermost dashed line shows the
calculated mobility, assuming scattering by isolated N atoms only (Eq. (2.10))
while the lower lines show the calculated mobility assuminga distribution of N
states [13] and carrier density of 1� 1017 cm� 3 and 1� 1018 cm� 3 (grey and black
triangles respectively), (following [48]).

consequences for potential device applications. The low electron mobility, com-

bined with the short non-radiative lifetimes observed to date, limit the electron

di�usion lengths and e�ciency achievable in GaInNAs-basedsolar cells. Fur-

ther e�orts may lead to increased non-radiative lifetimes,but are unlikely to see

signi�cant further improvements in the alloy-scattering-limited mobility [50].

2.3.2 Resonant scattering

The rate of transition from an initial occupied statej i i to an empty �nal state

j f i can be calculated from time-dependent perturbation theory, and is given by

Fermi's Golden Rule as

R(i ! f ) =
2�
~

jh i j�H j f ij 2D(E f ); (2.12)
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where �H in the matrix element is the perturbation to the Hamiltonian due to

the scattering mechanism,j i i and j f i are both eigenstates of the unperturbed

Hamiltonian H0, the density of �nal states is D(E f ) and E f = E i for elastic

scattering.

In a further work, Fahy et al. [13] developed a model based resonant scattering

for LCINS nitrogen distribution and Fermi's golden rule. Within the Lorentzian

approximation for the line shape for the weight of localisedstates the scattering

rate for carriers at energyE due to a N resonant state at energyEN is given by

R(E) =
2�

~Nc

� 4

(E � EN )2 + � 2

D(E)
Nc

; (2.13)

where Nc is the number of group-V atoms in the system and� de�nes the in-

teraction strength [13]. Here � = �� 2D(EN )=Nc is the imaginary part of the

energy, andD(E) is the density of states for the parabolic conduction band at

energyEN . Using an n-band Hamiltonian based on Anderson's many impurity

model, Vaughan and Ridley [34] also derived an expression similar to Eq. (2.13)

for the N scattering rate.

Using the LCINS distribution of N states, shown in Fig. 2.2, we can calculate

the scattering rate due to this distribution of states. Fig.2.4 shows the calculated

energy dependence of the scattering rate for several di�erent N compositions, with

the zero of energy in each case is taken to be at the bottom of the GaNAs con-

duction band (equivalent to setting the lower eigenvalue ofEq. (3.1) as the zero

of energy). Using the scattering rate given by Eq. (2.13) andthe Boltzmann

transport equation in the relaxation-time approximation,Fahy et al. [13] calcu-

lated the electron mobility for bulk and quantum well GaNAs alloys (shown by

the lower lines in Fig. 2.3). Nitrogen cluster states are found to dominate the

scattering near the conduction band edge and play a crucial role in limiting the

electron mobility.

We will employ these resonant scattering rates in Chapter 6 to calculate the

total scattering rate and drift velocity of carriers using the Boltzmann trans-

port equation. However, in Chapter 7 we will modify the method of calculating

resonant scattering rate using self-consistent Green's function method.

2.4 High �eld transport

The unusual band structure and strong scattering e�ects of Nstates led to a

number of interesting proposals concerning high �eld transport in dilute nitride
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Figure 2.4: Scattering rate due to the distribution of N resonant states in
GaNxAs1� x for selected values ofx.

alloys. It was proposed by Adams [14], that the strong perturbation by N states,

leading to a band gap aboveEN in the BAC model, would limit the ability of

electrons to gain higher energy from an applied electric �eld, and therefore the

impact ionization coe�cient could decrease for electrons.Because the valence

band is largely unchanged, the hole impact ionization coe�cient should not be

a�ected by the addition of nitrogen and therefore the suppression of electron

multiplication should allow the production of low-noise avalanche photodiodes

(APDs) using these materials. This proposal motivated someof the work reported

in Chapter 6 in this thesis.

Measurements to date have shown that there are di�erences inthe behaviour

of GaNAs and conventional APDs, but that there is no signi�cant suppression of

the electron multiplication rate [52]. This experimental result is consistent with

Green's function calculations using the LCINS model, whereincluding the full

distribution of N levels tends to �ll the gap observed in the BAC density of states.

Patanè et al. [15, 22, 53�55] predicted and observed a strong negative di�er-

ential velocity (NDV) e�ect at high electric �elds for x = 0:1% in GaNxAs1� x .

They analysed theoretically the behaviour of carriers in high electric �elds by

solving dynamical balance equations [56]. This simple model neglects the energy

distribution of electrons and energy dependence of resonant N scattering. In or-

der to simplify the model, they also approximated the electron e�ective mass by

an analytical expression that is �tted to the mass at the bottom of the GaAs CB.
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The model predicted that NDV should persist and remain signi�cant at higher

N compositions, contrary to later experiments by Sunet al. [57] for GaInAsN

quantum wells with x = 1:0% and x = 1:5%. Our analysis in Chapter 6 shows

that the NDV is indeed possible at very low N composition (x � 0:1%), but does

indeed become suppressed at higher N compositions, as N pairand cluster states

start to have a signi�cant impact on the low �eld mobility.

In order to develop a more sophisticated approach to calculate hot electron

transport, we need to calculate scattering rates, carrier group velocity and density

of states for all values of wave vectork. This limits the usefulness of the simple

BAC model that predicts a gap in the CB, and is not well behavednear the N

state energyEN . Vaughan and Ridley [32] derived an analytical function forthe

DOS that remains well-behaved around the nitrogen complex energy level and

that can be used in high �eld calculations.

Therefore, Sunet al. [57] performed a study of hot electron momentum relax-

ation in Ga0:7In0:3As1� xNx quantum wells (with x = 1:0% and x = 1:5%), and

observed that the high �eld drift velocity saturates at 1� 105 m/s with no evi-

dence of NDV. Their simple model based on nondrifting hot phonons con�rmed

this behaviour. However in this model, they ignored the nonparabolicity of the

CB of the host semiconductor and only included optical scattering and an elastic

scattering mechanism, �tted to the low �eld mobility measurements.

Recent Monte Carlo calculations by Vogiatis and Rorison investigated the

drift velocity variation with electric �eld in GaNAs samples with very low N

composition (x � 0:2%) [16, 58]. These calculations con�rm a NDV at these

low N compositions, but these authors did not undertake any detailed theoretical

analysis of GaNAs samples with higher N composition (x � 1 � 2%).

In Chapter 6 we will solve the steady-state Boltzmann transport equation in

bulk GaNxAs1� x . Two di�erent models of the conduction band structure will be

studied to investigate the behaviour of electrons with increasing electric �eld in

these alloys: (1) carriers in parabolic � andL bands are scattered by resonant

nitrogen substitutional defect states, polar optic and acoustic phonons, and in-

tervalley optical phonons; (2) carriers, constrained in the lower band of the band-

anti-crossing (BAC) model, are scattered by phonons and by nitrogen states. We

consider scattering both by isolated N atoms and also by a full distribution of

N states presented by the LCINS approach (Fig. 2.4). For bothmodels, we will

calculate carrier distribution, mobility and drift velocity. Detailed motivation for

the di�erent models is given in Chapter 6.
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2.5 Summary

In this chapter we presented an overview of the relevant background to the theory

of the band structure, scattering and high �eld transport that we will study in

this thesis. In the following chapters we begin in Chapter 3 by modifying and

developing the BAC and Green's function models explained inŸ 2.2. Then we

will compare the results of these models to supercell calculations in Chapter 4.

In Chapter 5 we will study the band structure and the density of states using

the self-consistent Green's function method. Following this investigation of the

electronic structure, we will then examine scattering mechanisms and high �eld

transport in GaNAs dilute nitride alloys in Chapter 6, wherewe also compare

our results with the previous studies mentioned in sections2.3 and 2.4. We then

introduce in Chapter 7 a more sophisticated method to study the band structure,

mobility and scattering by �nding the poles of Green's function method. We

compare the results of this method both with our methods presented in the

chapters of this thesis, as well as the results of other authors. We conclude that

this more sophisticated method addresses some of the issuesin earlier works, but

also raises interesting questions which we do not fully resolve regarding the carrier

mean free path in dilute nitride alloys. We then return in chapter. 8 to use the

BAC and LCINS models to investigate how optical absorption spectra should

vary with N composition in di�erent dilute nitride alloys. W e conclude that the

absorption spectra are well described using the LCINS model, but we note that

the variation between di�erent experimental measurementsin similar samples

make quantitative comparison di�cult. Finally we summarise our conclusions

and give an overview of possible future directions in Chapter 9.
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Chapter 3

Band anti-crossing model

3.1 Introduction

As we saw in Chapter 2, the rapid reduction in energy gap in GaNxAs1� x with

increasingx, is well explained in terms of a band-anticrossing (BAC) interaction

between the GaAs host matrix conduction band (CB) edge and a set of N res-

onant defect levels above the CB edge [9]. The BAC model predicts an energy

gap in the CB dispersion of GaNAs, above the N resonant state energy, which

makes it di�cult to investigate carrier transport in dilute nitride alloys such as

GaNAs. However, the density of states (DOS), measured [29] and calculated

using a Green's function method [34, 35], indicates a �llingof this gap.

In this chapter, we give more detail of some modi�cations to the BAC model

for GaNAs alloys. First in Ÿ 3.2 we include N broadening e�ects by considering a

complex N energy. We also consider the shift in the N state dueto the interaction

with the host semiconductor CB. We show how this model can be used to calculate

the fractional � character, the DOS and the band dispersion for this model, where

the fractional � character of a given state describes the properties of the state

which projects onto the host matrix extended states. In Ÿ 3.3we will extend

this model to include N-N pair states and to consider their consequences on the

DOS and the band dispersion in GaNxAs1� x . Finally in Ÿ 3.4 we consider the

full distribution of localised states given by the LCINS approach, and study their

impact on the DOS and band structure of dilute nitride alloysin a modi�ed BAC

model.
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3. Band anti-crossing model

3.2 Two-level BAC model

The band anticrossing model was introduced by Shanet al. [9] to explain the

properties of III-V dilute nitrides and other mismatched alloys. The BAC model

describes the electronic structure of dilute nitride material by considering the

interaction between the de-localised states of the host semiconductor and localised

impurity states. It is well known that an isolated N atom introduces a localised

state with energy levelEN in conventional III-V materials [8].

Here we modify the BAC model, given by Eq. (2.1), to include both the broad-

ening of nitrogen states and the shift in their energy due to their interaction with

the CB states. We see that this modi�ed BAC model is straightforward to im-

plement and gives the same results to those previously obtained by Vaughan and

Ridley [32, 33] and Vogiatzis and Rorison [35, 36] using the Green's function (GF)

model. In order to implement this modi�cation, the Hamiltonian of GaNxAs1� x

can be written as

H =

0

@
Ek VNc

VNc E 0
N + i � N

1

A ; (3.1)

whereEk= Ec+ ~2k2=(2m� ) is the GaAs conduction band energy,E 0
N = EN +� EN

is the shifted nitrogen state energy, �N is the broadening of the nitrogen states,~

and k are the reduced Planck constant and wavevector, respectively; m� =0:067m0

is the GaAs e�ective mass, andm0 is the free electron mass. In this chapter, all

energies are referenced to the GaAs conduction band (CB) edge energyEc. The

coupling matrix element VNc between the nitrogen and CB states depends on

nitrogen concentrationx, as VNc= �x 1=2 [6, 10], where we choose here� =2:0 eV

as the interaction parameter [6].

The N energy,E 0
N in Eq. (3.1) di�ers by � EN from the original N energyEN ,

that in this thesis we take EN = 0:23 eV. This is because the interaction with

the CB states shifts the mean N energy. This energy shift can be calculated from

second order perturbation theory as [13, 59]

� EN =
Z Emax

0

jhkjVjj ij 2

E � EN
D(E)dE: (3.2)

This shift is a�ected by the maximum energy, Emax , that is assumed for the

conduction band dispersion.

Moreover, the magnitude of the imaginary part of the N energy, � N , has

been estimated using the Green's function method and secondorder perturbation
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Figure 3.1: Energy-wavevector dispersion relation forE � and E+ for GaNxAs1� x

with x = 0:5% (solid red line), calculated using Eq. (3.1). The broadening of
the dispersion curves (green areas) illustrates the energyuncertainties. All the
energies are referenced toEc, the bottom of the conduction band of GaAs.

theory as [13]

� N = �� 2D(E 0
N )=Nc =

(2m)3=2a3
0

16� ~3
� 2(E 0

N )1=2: (3.3)

Herea0, and Nc are the cubic lattice constant for GaAs, and number of group V

atoms in the system respectively, whileD(E 0
N ) is the GaAs density of states at

E 0
N .

The energies of the upper and lower conduction subbands, denoted by E+ and

E � , are given by the eigenvalue equation as

E � =
E 0

N + i � N + Ek

2
�

q
(E 0

N + i � N � Ek)2 + 4V 2
Nc

2
: (3.4)

The solid red lines in Fig. 3.1 exhibit the lower and upper bands in the absence

of N broadening (� N = 0), for GaNxAs1� x with x = 0:5%. In this plot, we have

considered the shift inEN due to the interaction with a conduction band with

maximum energyEmax = 0:86 eV, that gives � EN = � 13:3 meV. The energy
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3. Band anti-crossing model

uncertainties can be obtained for non-zero �N as ER� � E I � , where ER� and

E I � are the real and imaginary parts ofE � , respectively. The green areas in

Fig. 3.1, represent this broadening of the dispersion relations. It is seen that the

energy broadening has its minimum value at the bottom of the lower band and

increases towards its maximum value as it approaches the N state energyEN . In

the upper band this energy uncertainty starts with its maximum at the bottom

of the band and decreases towards zero by distancing fromEN .

3.2.1 Fractional � character

It can be useful both for optical and transport analysis to know the fraction of

each state,f � , which has host matrix extended state character. Using the 2-level

band anticrossing model, the Hamiltonian of the system can be written as

2

4 Ec(x) +
~2k� 2

2m�
VNc

VNc E 0
N + i � N

3

5

2

4
� k

� N

3

5 = E

0

@
� k

� N

1

A ; (3.5)

and therefore we have
"

Ec(x) +
~2k� 2

2m�

#

� k + VNc � N = E� k ; (3.6)

and

VNc � k + [ E 0
N + i � N ] � N = E� N : (3.7)

Rearranging this equation we have:

� N = � k
VNc

E � E 0
N � i � N

: (3.8)

Multiplying Eq. (3.8) by its complex conjugate gives

j� N j2 = j� k j2
V 2

Nc�
�
�E � E 0

N

�
�
�
2

+ � 2
N

: (3.9)

The normalisation condition implies

j� k j2 + j� N j2 = 1; (3.10)
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3.2 Two-level BAC model

and thereforej� k j2, which we de�ne as the fractional �, f � , character is given by

f � = j� k j2 =

0

@1 +
V 2

Nc�
�
�E � E 0

N

�
�
�
2

+ � 2
N

1

A

� 1

: (3.11)

3.2.2 Density of states

We can de�ne the nonparabolicity factor
 (E) for a given band dispersion as


 (E) =
~2k2

2m�
; (3.12)

where for the 2-band BAC model given by Eq. (3.1),
 (E) is


 (E) = E � Ec �
V 2

Nc

E � (E 0
N + i � N )

: (3.13)

We consider now the 3D density of states for a supercell of size L3, which can be

calculated for energyE in the BAC model as

D(E) =
L3

2� 2

k2

dE=dk
: (3.14)

The DOS projected onto the � valley (host CB) states,Dcb(E), can be obtained

by multiplying D(E) by f � for eachk value, and is given by the real part of

Dcb(E) =
(2m� )3=2L3

4� 2~3

�

E � Ec �
V 2

Nc

E � (E 0
N + i � N )

� 1=2

(3.15)

=
(2m� )3=2L3

4� 2~3

 1=2(E):

For VNc = 0, we recover the usual GaAs DOS

DGaAs (E) =
(2m� )3=2L3

4� 2~3
(E � Ec)1=2: (3.16)

If we denote the real and imaginary parts of
 (E) by �( E) and �( E), respectively,

Eq. (3.15) can then be written as

Dcb(E) =
m� 3=2

2� 2~3

2

4 �( E) +

 

� 2(E) + � 2(E)

! 1=2
3

5

1=2

; (3.17)
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Figure 3.2: The density of states versus energy for GaNxAs1� x , with x = 0:2%
calculated for the 2-level BAC model, with and without including the N broad-
ening where shown by the solid blue and dashed red lines, respectively. The
dash-dotted green line shows the DOS of GaAs (x = 0).

where the real part of
 (E) is

�( E) = E � Ec �
V 2

Nc(E � E 0
N )

(E � E 0
N )2 + � 2

N
; (3.18)

and its imaginary part is given by

�( E) = �
V 2

Nc � N

(E � E 0
N )2 + � 2

N
: (3.19)

Eq. (3.17) is very similar to the DOS calculated by Vaughan and Ridley [34]

using the Green's function method. In this method the DOS is given by

Dcb = �
1
�

X
= [Gkk (E)]; (3.20)

whereGkk (E) is the Green's function given for instance by Eq. (2.5). TheGreen's

function in terms of �( E) and �( E) can be written as

Gkk =

"

�( E) � Ek � i �( E)

#� 1

; (3.21)
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3.2 Two-level BAC model

with its imaginary part then given by

= [Gkk ] =
�( E)

(�( E) � Ek)2 + �( E)2
: (3.22)

Figure 3.2 compares the DOS of GaN0:002As0:998, calculated by the simple BAC

model (� N = 0) and the BAC model including the nitrogen states broadening

calculated by Eq. (3.3) (� N = 16 meV). The dash-dotted green line in this plot

displays the DOS of GaAs in the absence of N. It is clear that introducing N atoms

in GaNAs pushes the conduction band edge (CBE) to lower energies. The usual

BAC model predicts a gap in the DOS as shown by the dashed red line in this

�gure. However, including broadening of the localised states caused this gap to

be �lled in. Although this is in agreement with Green's function calculations [34]

and experimental studies [29], we will see later in Chapter 5using a self-consistent

Green's function model that the gap should not be �lled in a 2-level model, but

is rather �lled in experimental measurements due to the distribution of N states

in actual samples.

3.2.3 The DOS projected to a single k state

In the BAC model the DOS projected onto a singlek state, can be calculated as

Dp= d� + d+ where

d� =
j� � j2

�
� �

(E � Ep� )2 + � 2
�

; (3.23)

where Ep� = < [E � ] and � � = = [E � ] are the real and imaginary parts ofE �

calculated from Eq. (3.4) and the fractional � character,� � , is given by the �rst

coe�cient of the corresponding normalized eigenvector. Eq. (3.23) is equivalent

to � (1=� )= [Gkk (E)] in the Green's function approach, where= [Gkk (E)] is given

by Eq. (3.22). Fig. 3.3 shows the DOS,Dp, projected onto single momentum

statesk, for all ranges of energyE and wavevectork. It is seen that the band is

split strongly into two bands, so that for instance the DOS projected onto a state

with k = 0 has a large peak below the GaAs CBE and another small peak about

E = 0:25 eV. However between the two peaks the DOS has always a nonzero

value, meaning that the lower and upper bands, in this model,are connected via

the overlap of the DOS of individual states. By increasing the GaAs CB state

energy, both peaks appear at higher energies, but the � character of lower one

decreases while that of the upper one increases.
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3. Band anti-crossing model

Figure 3.3: The Density of states projected onto selected GaAs jki states, for all
k-states calculated using the BAC model for GaNxAs1� x with x = 0:5%.

3.2.4 The band dispersion

Figure 3.4 shows the conduction band dispersion for GaN0:005As0:995, calculated

using Eq. (3.23). Actually this �gure is a top view of Fig. 3.3. It can be seen that

the band dispersion follows that of the BAC model of Eq. (3.1)(dashed white

line in Fig.3.4), but with two notable di�erences. Firstly, the dispersion at each k

point is broadened over a range of energy values, with the broadening increasing

close to the nitrogen resonant state energy,EN . Secondly, thek character of

the states in the lower band decreases towards zero with increasingk value, as

the band approachesEN . (This also occurs but has generally been ignored in

analyses based on the BAC model.)

The energy broadening in Fig. 3.4 in principle allows a meansfor electrons

which are being accelerated in the lower band to scatter intothe upper band.

However, we will see later that such a distribution of statesshould not be ex-

pected in the 2-level BAC model when using a self-consistentGreen's function

approach [60].
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3.3 Three-level BAC model

Figure 3.4: Energy-wavevector dispersion relation in the two-band BAC model
for GaNxAs1� x with x = 0:5, while eachk states is broadened by its DOS.

3.3 Three-level BAC model

The BAC model successfully describes many of the electronicproperties of GaNAs

alloys. However, as mentioned earlier in Ÿ 2.2, theoreticaland experimental stud-

ies show a range of resonant defect levels close to the CBE in GaNxAs1� x , due

to the formation of N complexes which are ignored in the conventional BAC

model. Experimental studies of dilute nitride alloys with very low N concen-

trations, have shown a range of resonant defect levels abovethe CBE due to the

formation of N complexes. These include, for instance, the pair N-N states, where

a Ga atom has two N neighbours, that gives a resonant defect level close to the

CBE of GaAs [7, 61, 62]. The empirical pseudopotential calculation by Kent et

al. [51, 63] and tight-binding studied by Lindsay and O'Reilly [11] have found

similar nitrogen resonant states.

Healyet al. [21] investigated the e�ect of N-N pairs by introducing a three-level

BAC model, incorporating isolated and pair N states and their interactions with

the host semiconductor CB level. In this model the Hamiltonian for GaNxAs1� x

is given by

H =

0

B
B
B
@

ENN (x) 0 VNNc (x)

0 EN (x) VNc(x)

VNNc (x) VNc(x) Ec(x)

1

C
C
C
A

; (3.24)
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Figure 3.5: Energy-wavevector dispersion relation in 3-band BAC model for
GaNxAs1� x for di�erent values of x.

where the energies of the isolated N levelEN , N-N pair state ENN , and the

conduction bandEc, are obtained from

ENN (x) = ENN 0 � � N x; (3.25)

EN (x) = EN 0 � � N x; (3.26)

Ec(x) = Ec0 � � cx +
~2k2

2m�
; (3.27)

where m� is the e�ective mass of the host semiconductor, and the interaction

parametersVNc and VNNc also vary with compositionx as

VNNc (x) = � NN
p

xNN ; (3.28)

VNc(x) = � N
p

xN ; (3.29)

where xN and xNN are the concentrations of single and pair states of nitrogen,

respectively, and are determined by

xNN = 6x2 and xN = x � 2xNN : (3.30)

The parameters we have chosen are [21]:EN 0 = 1:706eV, ENN 0 = 1:486eV,
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Ec(GaAs) = 1 :519eV, � NN = 2:69eV, � N = 1:97eV, � c = 2:1eV and � N =

0:22eV.

Figure 3.5 shows the calculated wavevector dependence of energy for

GaNxAs1� x for x = 0:2% and 1:0%. We see that by increasing the nitrogen

concentration x, the energy of the lowest conduction band shifts to lower val-

ues, the middle band width reduces slightly, and the upper band shifts to higher

energies.

Healy et al. [21] showed that for low temperatures, at low N composition

(x = 0:1 � 1:0%) the band dispersion can be well described using a 3-levelBAC

model, while at higher concentrations the e�ects of longer-range N-N interactions

need also to be considered [35].

However, the three-level BAC model given by Eq. (3.24) does not include the

N state broadening and shift. In order to modify Eq. (3.24) wecan replaceEN

and ENN by E 0
N + � N and E 0

NN + � NN , respectively. Here,E 0
N = EN + � EN ,

where � EN and � N are given by Eqs. (3.2) and (3.3), respectively. In a similar

way the shift, � ENN for the pair N-N states is given by

� ENN =
Z Emax

0

jhkjV jj ij 2

E � ENN
D(E)dE; (3.31)

and the broadening is given by

� NN = �� 2D(E 0
NN )=Nc =

(2m)3=2a3
0

16� ~3
� 2(E 0

NN )1=2: (3.32)

3.3.1 The DOS in the 3-level model

The density of state in the three-level BAC model, includingthe N broadening,

can be calculated by Eq. (3.17) but we need to add terms corresponding to N-N

pairs to Eq. (3.18) and Eq. (3.19) as

�( E) = E � Ec �
V 2

Nc(E � E 0
N )

(E � E 0
N )2 + � 2

N
�

V 2
NNc (E � E 0

NN )
(E � E 0

NN )2 + � 2
NN

; (3.33)

and

�( E) = �
V 2

Nc � N

(E � E 0
N )2 + � 2

N
�

V 2
NNc � NN

(E � E 0
NN )2 + � 2

NN
: (3.34)

The red line in Fig. 3.6 displays the calculated DOS for GaNxAs1� x with x = 0:5%

in the 3-band model, including localised state broadening.The energy shift and

broadening of isolated N and pair N-N states are calculated using Eqs. (3.2),

(3.3), (3.31) and (3.32), respectively, as: �N = 15:6 meV, � EN = � 12:8meV,
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Figure 3.6: The comparison of the DOS for GaN0:005As0:995 in the 2-band and
3-band models.

� NN = 6:5 meV, � ENN = � 34:5 meV.

The dashed blue line in this plot shows the DOS calculated in the 2-band

model. We see that the inclusion of N-N pair shifts the CBE to slightly lower

energy, and also around the N-N pair energy,ENN , the DOS deviates from the

DOS predicted by the 2-band model. As the N-N pair energy is close to the GaAs

CBE, inclusion of such states can have a signi�cant e�ect on carrier transport

calculations, as we will discuss later in Chapter 6.

3.3.2 Band dispersion in the 3-level model

Moreover, the DOS projected onto each single momentum statecan be given by

Eqs. (3.23), (3.33) and (3.34). Having calculated this DOS for all k states we can

plot the band dispersion. Fig. 3.7 shows the dispersion relation of GaN0:005As0:995

in the three level BAC model, when eachk state in broadened by its DOS, given

by Eq. (3.23). Overall the behaviour is similar to what we sawin the 2-band

model, but here we have another gap related to N-N pair states.
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Figure 3.7: Energy-wavevector dispersion relation in the three-band BAC model
for GaNxAs1� x with x = 0:5%, while eachk states is broadened by its DOS.

3.4 The LCINS model

The two and three level models are however oversimpli�ed, because they omit the

detail of the distribution of N states which are present in actual GaNAs samples.

We can extend these models to consider a distribution of N states. In the LCINS

model we considern nitrogen states with energyE j in a volume containingNc

group V atoms. The Hamiltonian for this (n+1)-state model can be written as

H =

0

B
B
B
B
B
B
B
B
B
@

Ek(x) V1=
p

Nc V2=
p

Nc � � � Vj =
p

Nc

V1=
p

Nc E 0
1 + � 1 0 � � � 0

V2=
p

Nc 0 E 0
2 + � 2 � � � 0

...
... � � �

. . . � � �

Vj =
p

Nc 0 0 � � � E 0
j + � n

1

C
C
C
C
C
C
C
C
C
A

(3.35)

where Vj =
p

Nc is the interaction and E 0
j = E j + � E j represents the energy of

the j th localised state, with broadening � j , that in a similar way to Ÿ 3.3 can be
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Figure 3.8: The density of states for GaNxAs1� x with x = 0:1%, 0:5% and 2:0%,
calculated using the Green's function and the full LCINS distribution of N state
energies.

calculated from

� j = �� 2D(E 0
j )=Nc: (3.36)

Also the shift in the localised state energy is given by

� E j =
Z Emax

0

jhkjV jj ij 2

E � E j
D(E)dE: (3.37)

We can then solve the Hamiltonian of Eq. (3.35) including thedistribution of N

states in the LCINS approach [13], as discussed in Ÿ 2.2.2. Inthis thesis we use

the LCINS distribution calculated by Lindsay, O'Reilly and Fahy [11, 17], as

shown in Fig. 2.2 for selected N concentrations.

3.4.1 The DOS in the LCINS model

The DOS projected onto the host semiconductor CB states can be found using

Eq. (3.17), or equivalently using Eq. (3.20), with �(E) given by

�( E) = E �
V 2

j

Nc

X

j

(E � E 0
j )

(E � E 0
j )2 + � 2

j
; (3.38)
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Figure 3.9: Dispersion relation for GaNxAs1� x with x = 0:5%, calculated using
the Green's function and the full distribution of N state energies.

and its imaginary part given by

�( E) = �
V 2

j

Nc

X

j

� j

(E � E 0
j )2 + � 2

j
: (3.39)

Figure 3.8 shows the DOS calculated using the LCINS approachfor GaNxAs1� x

with x = 0:1%, 0:5% and 2:0%. It is seen that the dips just above the isolated

N state energies are smaller than in the 2 and 3-level models.Also, the higher N

composition pushes the CB minimum to lower energies. In addition a shoulder

can be observed in the DOS at lower energy, particularly in the 0:5% case, due

to the increasing number of N pair states as the composition increases.

3.4.2 The band dispersion in the LCINS model

Having calculated the DOS projected onto allk states, we can plot the dis-

persion relation in the LCINS model. Fig. 3.9 displays the band dispersion

of GaN0:005As0:995 calculated using the LCINS approach and the Green's func-

tion method, where eachk state has a broadened projected DOS to that state.

This plot is similar to the band dispersion calculated usingthe three-level model
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3. Band anti-crossing model

(Fig. 3.7). However, the inhomogeneous broadening of the N state energies,E j ,

leads to an increased energy broadening at eachk point, while the BAC energy

gap is clearly �lled in by small contributions from a range ofk points to the

density of states at each energy.

3.5 Summary

In this chapter we provided a detailed overview of the BAC model, and of a num-

ber of the ways in which it can be adopted to provide a more detailed description

of dilute nitride alloys. We �rst reviewed how the BAC model can be modi�ed to

include the N state broadening and energy shift, calculatedrespectively by the

imaginary and real part of the energy change in second perturbation theory. We

saw that including this broadening in N states leads to a �lling the gap predicted

by the usual BAC model. We also overviewed the e�ect of N-N pairs in Ÿ 3.3.

Later in Ÿ 3.4 we included the full distribution of localisedstates presented by the

LCINS approach, in an (n+1)-band model. In the next chapter we will examine

in more detail the accuracy of the BAC model when solving the Anderson simple

impurity model of Eq. (2.2) to describe the band structure ofdilute nitride alloys.
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Chapter 4

Supercell model

4.1 Introduction

We investigate here, the accuracy of the BAC model in describing the band

structure of GaNAs, including the electronic structure both away from and close

to the N resonant state energy. We directly solve a simpli�edrandom impurity

model Hamiltonian for a very large supercell of GaNAs. We calculate the exact

eigenstates of this Hamiltonian, and compare their behaviour with that predicted

by the BAC model. We calculate the fractional � character, participation ratio

and the density of states in the supercell, and compare theseresults with those

calculated in BAC model to examine the validity of BAC model. Our results

con�rm the validity of the BAC model to describe states whoseenergy is well

separated from the N resonant state energy. Our results alsoshow that states

with energy close to the N level energy are likely to be localised, implying a

breakdown in the k selection assumed in the BAC model for such states. We

discuss brie�y the consequences of this state localisationfor electron transport at

high electric �elds in dilute nitride alloys.

4.2 Supercell model

In order to test the BAC model, we consider a large supercell of side length

L, with M randomly placed nitrogen states in the supercell. Using themany-

impurity model [31, 34, 35], the Hamiltonian of this system can be written fol-

lowing Eqs. (2.2) to (2.4) as

H =
X

k

Ek jk ihkj +
MX

j =1

EN jj ihj j +
X

k ;j

VNc

�

ei k :R j jk ihj j + e� i k :R j jj ihkj
�

; (4.1)
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4. Supercell model

where the �rst and second terms describe the energies of extended and localised

states, labeled by wave vectorjki and position vector jj i , respectively. The

last term represents the interaction between the extended and localised states,

whereR j is the position of thej -th N atom, k=( kx ; ky; kz) is the wavevector, and

VNc= �=N 1=2
c is the interaction parameter.

The �rst term in the Hamiltonian in Eq. (4.1) describes the host matrix CB

states satisfying periodic boundary conditions in the supercell, given by

 nx ;ny ;nz =
1

(L x L yL z)1=2
exp

�

i2� (
nxx
L x

+
nyy
L y

+
nzz
L z

)
�

; (4.2)

with energy equal to

Enx ny nz =
4� 2~2

2m�

2

4
� nx

L x

� 2

+

 
ny

L y

! 2

+
� nz

L z

� 2
3

5 + Ec; (4.3)

wherenx , ny and nz are quantum numbers in thex, y and z directions, respec-

tively. We include in our calculations all host states with energy Enx ny nz � Emax ,

whereEmax =4� 2~2l2=(m� L2), and l is a positive integer.

The second term in Eq. (4.1) describes the M nitrogen states in the supercell,

where M = xN c. In each cubic unit cell volumea3
0, we have 4 groupV atoms.

So for a supercell with side lengthL= L0a0, we haveNc=4L3
0 such atoms. Thus,

for GaNxAs1� x , x= M=Nc= M=4L3
0, and VNc= �= (4L3

0)
1=2. For most calculations

described below, we took a 4 million atom supercell (L0=100), adding M =8000

N atoms, and choosingl=11, so that Emax =0:857 eV, with the zero of energy at

the GaAs conduction band edge energy,Ec.

As mentioned in Chapter 3, the N energy,EN in Eq. (4.1) di�ers by � EN from

the value E 0
N in Eq. (3.1), because the interaction with the CB states shifts the

mean N energy. From Eq. (3.2), �EN = � 13:3 meV when we chooseEN =0:23 eV

and Emax =0:857 eV.

Using the Hamiltonian H we can then calculate directly di�erent parameters

for the chosen supercell. In the rest of this chapter, we calculate for supercell

states their fractional � factor, the density of states, andwave function partici-

pation ratio for GaNxAs1� x with x=0:2%, and compare the results with the BAC

model.
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Figure 4.1: Fractional � character of the energy eigenstates in a x=0:2% calcula-
tion for cell sizeL=100a0 (blue dots), compared with results from the BAC model
when (i) ignoring the shift and broadening in N energy (dashed green line), (ii)
including the shift in EN (dash-dotted brown line), and (iii) considering the shift
and broadening inEN (solid red line). All energies are referenced to the GaAs
CBE. The inset shows the details of the same plot around nitrogen energyEN .

4.3 Fractional � character

The supercell conduction band statesjci i , are a linear combination of the original

GaAs conduction band statesjki and localised statesjj i . We can calculate the

fractional � character f � of a supercell eigenstate by summing the CB state

weights, jhkjci ij 2 over all k, where f � provides a measure of the host matrix

character of a given state. f � is equal to the ratio of the GaAs to the alloy

e�ective mass. The blue dots in Fig. 4.1 show the � character calculated for the

large supercell of sizeL0=100, with M =8000.

In the BAC model ignoring the N broadening (� N = 0), the conduction band

weight at energyE for the upper (� +
k ) and lower band ( � �

k ) can be calculated

by

� �
k =

q
(1 � � p)=2; (4.4)
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4. Supercell model

where� p is

� p =
(Ek � E 0

N )
q

(E 0
N � Ek)2 + 4V 2

Nc

: (4.5)

The dashed green line in Fig. 4.1, shows the variation off � = j� �
k j2 calculated

using the 2-band BAC model of Eq. (3.1) with �EN =0 ( EN =0:23 eV) and � N =

0, where� �
k is the amplitude for E � of the BAC eigenstate on the hostk state

given by Eq. (4.4). The dash-dotted (brown) line in Fig. 4.1 shows the 2-bandf �

when we include this shift (E 0
N =0:2167 eV). Very good agreement is obtained over

a wide energy range between the supercell calculation and the BAC model with

shifted N energy in Fig. 4.1. It can be seen however that for energies just below

EN the numerical results move toward the BAC model result with the original

unshifted N energy.

In order to consider N broadening when calculating fractional � character, we

can use Eq. (3.11), as obtained in Chapter 3

f � =

0

@1 +
V 2

Nc
�
E � E 0

N

� 2
+ � 2

N

1

A

� 1

: (4.6)

The red solid line in Fig. 4.1 showsf � calculated using Eq. (4.6), and with � EN ,

and � N calculated using second perturbation theory, as discussedin Chapter 3.

This result shows much better agreement with the supercell calculation, but for

energies close toEN , there are still some discrepancies between the supercell and

BAC models.

4.4 Density of states

4.4.1 The DOS projected to a single state

The density of states projected onto a single CB momentum eigenstate (nx ; ny; nz)

is given by

Dnx ;ny ;nz (E) =
X

i

� (E � E i )jai
nx ;ny ;nz

j2; (4.7)

where ai
nx ;ny ;nz

is the amplitude of the i th wave function on the given CB state.

We use a Gaussian function with broadening parameter� =3 meV to represent

the � -function. The solid blue lines in Fig. 4.2.(a) show how the density of states

projected onto the individual k states varies with increasing energyEk of the k

states. The dashed red lines in this �gure display the results calculated by the

BAC model. As we discussed in Chapter 3, the DOS projected onto a singlek
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Figure 4.2: (a) The Density of states projected onto selected GaAs jki states,
calculated using the BAC model (dashed red lines) and using the numerical model
for a box with L0=100, l=11, M =8000, x=0:2% and� =3 meV (solid blue lines),
and the BAC model (dashed red lines). Arrows show the energyEk of the original
k state, and dotted line displays the N energy,EN (=0.23 eV). (b) The same plot
at very low DOS values.

state is given by Eq. (3.23). Overall we see a good agreement between the BAC

model (with energy broadening and shifted N energy) and our supercell model

eigenstates. Small di�erences are observed near the CB edge, Ek=0. However,

for Ek near the N state energy, the results of the BAC model are very similar to

the supercell calculations. A strong splitting of bands is seen especially near the

N state energy.

However, the BAC model does not reproduce all the details of the DOS.

Fig. 4.2.(b) (on the right hand side), shows the same plots but on a scale to

highlight the regions with a low DOS, where the two models do not agree well.

Despite the very good agreement between the BAC and supercell models at the

peaks of the DOS, their details far from the peaks are di�erent. In fact the super-

cell model predicts a small gap aroundEN , while the BAC model incorrectly �lls

this gap. We shall return to discuss the details further following the introduction

of a self-consistent Green's function method in the next chapter.
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Figure 4.3: GaAs DOS calculated for a supercell withL=100a0 (solid line) and
analytically (dashed line).

4.4.2 Density of states projected to CB

We consider now the 3D density of states for a supercell of size L3. We showed in

Chapter 3 that this is given for the BAC model by Eq. (3.15). The DOS projected

onto the GaAs CB states, in the supercell calculation, is

Dcb(E) =
X

i; k

� (E � E i )jai
k j2: (4.8)

Figure 4.3 shows the DOS of GaAs in the absence of N, determined by the

numerical calculation for the supercell withL=100a0, l=11 (Emax =0:857 eV), and

a Gaussian broadening� =20 meV (solid line), compared to the DOS calculated

analytically by Eq. (3.16) (dashed line). As expected very good agreement is

observed in this �gure, con�rming the validity of our supercell calculation. The

�uctuations in the numerical result arises because we only carry out calculations

for superlattice wavevector~q= 0. The DOS could be further smoothed either by

carrying out calculations over the full superlattice Brillouin zone (jqx j; jqy j; jqz j <

�= (L0a0)), or else by further increasing the box size,L.

The solid red line in Fig. 4.4 shows the DOS projected onto thehost CB states

for a GaNxAs1� x supercell with x=0:2% and Emax =0:857 eV. This is compared

with the projected DOS from the BAC model of Eq. (3.15) withEmax = 1 , with

(blue, dashed) and without (brown, dash-dotted) broadening. The unbroadened

DOS in the BAC model has an (integrable) divergence asE approaches the N

state energy, due to the in�nite set ofk values allowed for in Eq. (3.1). The DOS
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Figure 4.4: The DOS projected onto the GaAs CB states for GaNxAs1� x with
x=0:2%; obtained from (i) the BAC model with and without N broadening, and
assumingEmax = 1 (dashed red and dash-dotted brown lines, respectively), (ii) a
supercell calculation including 8000 N (solid red line), and (iii) a Green's function
method with Emax =0:857 eV (green dots). Energies are referenced to the bottom
of the GaAs CB, andEN is taken to be 0.23 eV.

calculated in the supercell model agree well with the BAC results for energies

far from EN . However, for energies aroundEN the BAC model with an in�nite

CB predicts a much higher DOS than the supercell calculation. In order to

con�rm the e�ect of the in�nite CB on the DOS calculated by Eq. (3.15), we also

use the Green's function approach to calculate the DOS projected onto the host

semiconductor CB states. The green circles in Fig. 4.4 show the DOS calculated

using the Green's function method by Eq. (3.20), with a cut-o� energy equal to

that for the supercell calculation. A much better agreementis observed between

the supercell and GF calculation with the same cut-o� energy. However, contrary

to the Green's function and BAC method, the supercell calculation shows a gap in

the DOS of GaNAs alloys. But, this gap is much smaller than theone predicted

by the original BAC model without N broadening (shown by the dash-dotted

brown line in this �gure). The DOS calculated in the supercell model in Fig. 4.4

con�rms the gap already seen in the DOS projected onto singlemomentum states

in Fig. 4.2, in disagreement with the Green's function approach (equivalent to
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the BAC model with N broadening � N and a maximum conduction band energy,

Emax = 0:857 eV).

4.4.3 Total density of states

The total DOS in the supercell calculation is given by

Dalloy (E) =
X

i

� (E � E i ): (4.9)

In the BAC model the total DOS can also be found by dividing theDOS projected

onto the CB by the fractional � factor, Dalloy = Dcb=f � . The red solid line

in Fig. 4.5 shows the numerical results of total DOS calculated for a box with

L0 = 100, l = 11, and including 8000 N atoms (x = 0:2% andEmax = 857 meV).

Near to the N energy,EN , the DOS projected onto the N states is clearly much

larger than the DOS projected onto the host CB states (dottedblue line). The

dashed green line in this plot shows the total DOS calculatedin the BAC model
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ignoring the shift in EN while the dash-dotted black line includes this shift, �EN .

We see that the BAC model with the shifted N energy predicts a correct total DOS

for energies far fromEN . However, just below the N energy, in the low energy

side of the peak in the total DOS, the BAC model with unshiftedN energy gives

better agreement with the numerical results. In addition, the BAC model with

constant broadening � N �lls in the gap that is observed in the supercell model

calculation.

4.5 Participation ratio

We investigate the degree of localisation of each state by calculating the partici-

pation ratio L for the CB part of each wave function, given by [64, 65]

L(E i ) =
V

Z

V
d3r j cb

i (r )j4

0

@
Z

V
d3r j cb

i (r )j2
1

A

2 ; (4.10)

where  cb
i (r )=

P
k ai

k exp (ik:r ), and V= L3
0a3

0 is the supercell volume. Fig. 4.6

shows the calculated participation ratio for all states in asupercell with length

L0=50, containing M =1000 N, (x=0:2%) and with l=12. The stronger the local-

isation, the larger the participation ratio. To compare with the BAC model, the
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Figure 4.6: Participation ratio calculated from Eq. (4.10)for the supercell of size
L0=50, with M =1000 and l=12. Vertical lines display band edges predicted by
the BAC model with Emax =4:08 eV.
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maximum of the lower bandE 0
N , and minimum of the upper bandE+0 , are indi-

cated on the �gure. The larger values ofL(E) in the BAC gap indicate that the

states in this energy range (which have predominantly N character) are localised,

in agreement with the experimental analysis of Patanèet al. [15, 22]. Note that

in this �gure the gap predicted in earlier calculations is �lled because of a very

high cut-o� energy (Emax = 4:08 eV). We conclude, given the large density of

N-related states near the N energy in Fig. 4.4(b) and the localised nature of these

states from Fig. 4.6 that we may need to use a hopping transport model to de-

scribe conduction through such states when investigating high �eld transport in

dilute nitride alloys.

4.6 Summary

We have shown by direct comparison with a supercell model Hamiltonian that

the BAC model provides a good description of the electronic structure of dilute

nitride alloys at energies which are well separated from theN state energy. For

simplicity, we have neglected the e�ect of nitrogen pairs orlarger clusters, that

would provide further perturbation and localisation in conduction band of the

host semiconductor [7, 24]. Our calculations show that the electronic structure

deviates from that predicted using the BAC model close to theN resonant state

energy, due to the �nite density of N-related states, and carrier localisation e�ects

(breakdown ofk selection). We conclude that it may be necessary when modeling

transport to consider hopping through the N states, at energies close to the N

resonant state and BAC energy gap range.

Our results for the fractional � character and total DOS suggest that we need

to consider the energy dependence of �EN (E) and � N (E) instead of a constant

shift in the N energy, � EN , and N broadening, � N . We introduce in the next

chapter a self-consistent Green's function method to do so.
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Chapter 5

Self-consistent Green's function

method

5.1 Introduction

In previous chapters we have seen that the BAC model gives a good explanation

of many aspects of the electronic structure of dilute nitride alloys, such as the

strong reduction in the energy gap with increasing nitrogenconcentration [9].

Also, the dispersion relations calculated by the BAC model,close to and above

the CBE is in good agreement with experiments in samples withvery low x [22].

However as we saw in previous chapters, there is no maximum cut-o� wavevec-

tor, kc, in the BAC model, Eq. (3.1), which introduces errors in the density of

states (DOS) and in high-�eld mobility calculations [66]. Furthermore, the BAC

model considers only isolated N states, and ignores states associated with N

pairs [7], where a Ga atom has two N neighbours, as well as ignoring states asso-

ciated with larger clusters of N atoms [51, 63]. Such pair andcluster states have

been shown to be very important for determining the band edgee�ective mass

and transport properties of GaNAs alloys [13, 66].

Wu et al. [18] and then Vaughan and Ridley [32] developed the Green's func-

tion method to investigate the band dispersion and density of states in dilute

nitride alloys, treating the N state energy broadening in terms of a constant

imaginary energy shift � EN , which arises due to the N states introduced being

resonant with the host semiconductor conduction band. Vaughan and Ridley cal-

culated the DOS of GaNAs in the two and three band models (including isolated

N and pair, N-N, states), introducing a Lorentzian functionto represent the N

broadening. They assumed the same constant broadening energy for both N and

N-N states [34]. Vogiatzis and Rorison [35, 36] have also studied the Anderson
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5. Self-consistent Green's function method

model using Matsubara Green's function method and calculated the band struc-

ture and density of states of bulk and con�ned quantum well and quantum wire

GaInNAs structures.

In chapters 3 and 4, the model of Vaughan and Ridley was modi�ed by calcu-

lating both the real and imaginary parts of the nitrogen state energy shift, � EN ,

using second order perturbation theory. This approach leads to a �lling of the

gap in the DOS of GaNAs, even in the 2-level BAC model, in agreement with

measurements [29]. Although these results agree well with supercell calculations

for energies far from the N energy levelEN , there are some disagreements close to

EN , indicating the need for a deeper investigation of the energy shift obtained in

the Green's function calculations of the band structure of dilute nitride alloys. We

show here that there are some aspects of the usual Green's function approach that

introduce errors that can become signi�cant, especially when treating high-�eld

mobility.

Here we modify the Green's function (GF) method developed byVaughan

and Ridley [33, 34] by introducing an energy-dependent complex energy, � E j (E),

where the real and imaginary parts of �E j indicate the shift in energy and broad-

ening, respectively, of the localised states due to the energy dependence of the

alloy density of states. In previous chapters we used constant values of < [� E j ]

and = [� E j ] as the real and imaginary parts of the energy shift, calculated using

second order perturbation theory. Here we �rst calculate anenergy-dependent

broadening � E j (E) using a Self-Consistent Green'sFunction (SCGF) method,

in which the energy shift of the nitrogen states and the conduction band density

of states are calculated self-consistently. We then investigate the e�ect of the

energy-dependent broadening on the calculated DOS of GaNAs.

In this chapter two models are considered; (1) the 2-band model (assuming

all N states have the same energy) and (2) aL inear Combination of I solated

N itrogen States (LCINS) model [11, 17], which allows for interaction between

N states on nearby sites as well as inhomogeneous broadeningand produces a

distribution of N state energies. We compare the SCGF results for the 2-band

model with those calculated using the BAC model, and also with those calculated

using the supercell approach of Chapter 4, where we solved the single particle

Hamiltonian for a very large supercell containing randomlyplaced N states.

In the two-band model, the usual Green's function method (with constant

nitrogen state broadening �EN ) predicts a continuous DOS in the CB with no

gap, whereas the self-consistent Green's function method gives a gap in the CB,

introduced above the N energyEN , that increases in magnitude with increasing
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N concentration x.

When the self-consistent approach is used with the full LCINS model, it can be

used to calculate the energy shift �E j (E) for each localised statej as a function

of energy. This should lead to a more accurate treatment of the band structure

in dilute nitride alloys, with the inhomogeneous broadening of the N states in

the LCINS model then playing a critical role in determining the behaviour of the

band dispersion at energies close to the N resonant state energies.

In the next section we introduce the self-consistent approach to treating the

Green's function and show how to �nd the energy-dependent energy shift � E j (E).

We then present in Ÿ 5.3 the results for the DOS, projected onto extended and

localised states, and the band structure for the two-level SCGF method. We

benchmark our two-band model results by comparing them withsupercell cal-

culation results to con�rm their validity. Afterward, in Ÿ 5 .4 we include the full

distribution of LCINS states and investigate the consequences of this broad distri-

bution of localised states for the DOS of GaNAs alloys. We then in Ÿ 5.5 compare

the band dispersion of the two-band and LCINS model, calculated by the SCGF

method for GaNxAs1� x . Finally we discuss and summarise our conclusions in

Ÿ 5.6.

5.2 Self-consistent Green's function method

In Chapter 2 we saw that in the many impurity Anderson model, the Hamiltonian

for a set of localised N states interacting with the host matrix conduction band

states using Eqs. (2.2)-(2.4) can be written as

H =
X

k

Ek jk ihkj+
MX

j =1

E j jj ihj j+
X

k ;j

1
p

Nc

�

Vj ei k :R j jk ihj j+ V �
j e� i k :R j jj ihkj

�

: (5.1)

The exact solutions of the Hamiltonian in Eq. (5.1) can be obtained from the

Green's function [30]

Gkk (E) =

8
<

:
E � Ek �

1
Nc

X

j

jVj j2

E � E j � � E j (E)

9
=

;

� 1

; (5.2)

where the (complex) energy shift of each localised statej is given by

� E j (E) =
jVj j2

Nc

X

k

Gkk (E): (5.3)
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The Green's function of localised statesGj j in addition is given by

Gj j (E) =
1

E � E j � � E j (E)
: (5.4)

When all the localised states have the same energy,E j = EN , the same

interaction parameter valueVj = � , and have an atomic concentrationx, Eq. (5.2)

becomes

Gkk (E) =

8
<

:
E � Ek �

VNc

E � EN � � EN (E)

9
=

;

� 1

; (5.5)

and Eq. (5.3) becomes

� EN (E) =
� 2

Nc

X

k

Gkk (E): (5.6)

where the coupling matrix elementVNc between the nitrogen and CB states in

Eq. (3.1) then depends explicitly on nitrogen concentration x, as VNc= �x 1=2 [6,

10].

Equations (5.2) and (5.3) do not in general admit an analytical solution. How-

ever, by assuming all the localised states have the same energy, and by assuming

that � E j (E) can be approximated by an imaginary constant broadening energy

i � j , Wu et al. [18] solved the Green's function, using Anderson's many-impurity

model in the coherent potential approximation [31]. Vaughan and Ridley [32, 33]

generalised this method to include additional nitrogen clusters such as N-N pairs

sharing a nearest neighbour Ga ion, with the Green's function Gkk given by [30]

Gkk (E) =

8
<

:
E � Ek �

1
Nc

X

j

jVj j2

E � E j + i � j

9
=

;

� 1

; (5.7)

Vaughan and Ridley [34] then calculated the density of states of GaNAs from the

imaginary part of the Green's function, assuming �j is constant and the same for

all N levels E j . In Chapter 3 we extended this model by approximatingGkk (E)

in Eq. (5.3) by G0
kk = 1=[E � Ek ], that still allowed an analytical solution.

Here, we go beyond these previous approaches and apply the Green's function

method, taking fully into account the modi�cation of the conduction band (CB)

Green's functionGkk (E) that is induced by its interaction with all localised states.

This requires us to solve Eqs. (5.2) and (5.3) self-consistently.
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5.2.1 The density of states

It can be shown that the density of states projected onto the host semiconductor

momentum states is given by [34]

Dcb(E) = �
1
�

X

k

= [Gkk (E)]; (5.8)

and the density of states projected onto the localised states is given by

D loc(E) = �
1
�

X

j

= [Gj j (E)]; (5.9)

where Gkk and Gj j are calculated by solving equations (5.2) to (5.4) self-

consistently. Eq. (5.8) can be written, by replacing the sumover k with an

integral over energy, as

Dcb(E) = �
1
�

=
Z 1

0
Gkk (E)D0(Ek)dEk ; (5.10)

where D0(Ek) is the host semiconductor density of states given by

(2m� )3=2E 1=2
k =(4� 2~3), and we have taken the zero of energy at the host matrix

CBE. De�ning 
 (E) as


 (E) = E �
1

Nc

X

j

jVj j2

E � E j � � E j (E)
: (5.11)

Gkk can then be written asGkk (E) = [ 
 (E)� Ek ]� 1. Therefore, the DOS projected

onto the extended states can be written as

Dcb(E) = �
1
�

(2m� )3=2

4� 2~3
=

Z Emax

0

E 1=2
k dEk


 (E) � Ek
; (5.12)

whereEmax is the upper limit of the energy of the band states that couplewith

interaction matrix element Vj to the localised states. Because
 (E) is independent

of Ek , we can evaluate this integral as

Z Emax

0

E 1=2
k dEk


 � Ek
= � 2E 1=2

max +
p


 ln

 
1 +

q
Emax =


1 �
q

Emax =


!

:

(5.13)

We note that the real part of this integral (and, hence, the real part of the energy

shift � E j ) is not well-de�ned as Emax ! 1 . However, for Emax >> j
 j, the
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Figure 5.1: (a) The real and (b) the imaginary parts of the energy shift � EN (E)
for the two-band model of GaNxAs1� x with x = 0:2%. The horizontal dashed
lines display the values obtained in second order perturbation theory.

logarithmic factor tends to ln(� 1) = � i� and the imaginary part of this integral

is given by

=

 

� i�
 1=2 �
�

2E 1=2
k

� 1

0

!

= � � <
�

 (E)1=2

�
; (5.14)

from which we can �nd the projected DOS

Dcb(E) =
(2m� )3=2

4� 2~3
<

h
(
 (E))1=2

i
: (5.15)

If we denote the real and imaginary parts of
 (E) by �( E) and �( E), respectively,

Eq. (5.15) can then be written as

Dcb(E) =
m� 3=2

2� 2~3

2

4 �( E) +

 

� 2(E) + � 2(E)

! 1=2
3

5

1=2

: (5.16)

Having calculated � E j and 
 (E) self-consistently, using a �nite value ofEmax ,

we may then take the limit of Emax ! 1 in examining the density of states, as

given by Eqs. (5.15) and (5.16). Note, however, that the realpart of � E j is not

well-de�ned.

5.3 The two-level SCGF

In the two-band model we assume all the N states lie at the sameenergy,EN =

0:23 eV, with interaction strength � = 2:0 eV [13], the host matrix conduction

band energy atEc = 0 eV, and electron e�ective massm� = 0:067m0 wherem0 is
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the free electron mass. To calculate the DOS we consider realenergiesE, while

allowing that � EN (E) is a complex quantity. In order to solve Eqs. (5.5) and (5.6)

self-consistently, the initial value of � EN (E) in Eq. (5.5) is found using second

order perturbation theory. In the calculations presented here, the upper limit of

the band energy is taken to beEmax = 856 meV. Gkk (E), given by Eq. (5.5), is

then used in Eq. (5.6) to calculate a new value of �EN (E). We continue in this

way until we reach a converged value for �EN (E). We �nd that 40 iterations are

su�cient to reach a converged value of �EN (E) for all real E, and that as few as

2 iterations give a good estimate of the DOS for energies awayfrom the energy

gap in this case.

Figure 5.1 shows the real and imaginary parts of (converged)� EN (E) calcu-

lated by the SCGF method. This �gure presents the main resultof our SCGF

method. In previous work we used constant values for= (� EN ) and < (� EN )

shown by the horizontal dashed lines in Fig. 5.1. From Eqs. (5.6) and (5.8) it

is clear that �= (� EN (E)) is proportional to the density of states in the 2-level

BAC model. < (� EN (E)) monotonically increases from -20 meV at the bottom

of the lower band to +5 meV at the top of the band, decreases sharply with E in

the band gap, and again monotonically increases in the upperband.

5.3.1 The DOS for the two-level SCGF model

Figure 5.2 shows the evolution of the density of states for di�erent numbers of

iterations, s, for GaN0:002As0:998. The red dashed line in this �gure displays the

DOS calculated by the ordinary (non-self-consistent) Green's function calculation

(s = 1), that predicts a continuous and �nite CB DOS at all E in the two-band

model. However after a su�cient number of iterations a gap appears in the DOS,

as shown by the blue solid line in Fig. 5.2.

We presented in Chapter 4 a supercell model to calculate the density of states

of GaNAs alloys. We used the Hamiltonian given by Eqs. (5.1)-(2.4), assuming

that all N states have the same energyEN , the interaction parameter is given

by VNc = �=N 1=2
c , and including all host states with energy less thanEmax =

4� 2~2l2=(mL 2). ( l is a positive integer.) In this model the DOS projected onto

the GaAs CB states is given by

Dcb(E) =
X

i;k

� (E � E i )jai
k j2; (5.17)

where ai
k is the amplitude of conduction band statek in the i th wave function.

We use a Gaussian function below with broadening parameter� to represent the
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Figure 5.2: The density of states for GaNxAs1� x with x = 0:2%, for di�erent
number of iterations s, of the two-band SCGF method, assuming all N states
have the same energy.

� -function.

Figure 5.3 compares the density of states obtained by the self-consistent

Green's function method, with the result of the supercell calculation, with super-

lattice wavevector q = 0, for GaNxAs1� x with x = 0:2% for a box of side length

L = 100a0, with M = 8000 randomly placed nitrogen states,Emax = 856 meV,

and Gaussian broadening� = 1 meV and � = 10 meV. In our earlier work [60],

we chose� = 20 meV, that showed a very good agreement with the results ofthe

(ordinary) Green's function method with constant � EN , predicting a continuous

CB with no gap in the DOS. However, our current calculations (by considering

the SCGF approach) do not con�rm this assumption. Considering higher values

for Gaussian broadening in the supercell calculation makesthe density of states

much smoother, but it obscures the presence of an energy gap.The DOS calcu-

lated with � = 1 meV (solid red line) shows very good agreement with the one

calculated by the SCGF method, con�rming the presence of thegap in the two-

level model. The noisy behaviour in this spectrum arises because we only carry

out our calculations for superlattice wavevectorq = 0. The DOS could be further

smoothed either by carrying out calculations over the full superlattice Brillouin
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Figure 5.3: The density of states for GaNxAs1� x with x = 0:2%, calculated by
the SCGF approach (green circles), compared with the resultof the supercell
calculation for a box with L = 100a0, M = 8000 and Emax = 856 meV, with
broadening parameter� = 1 meV (solid red line), and � = 10 meV (dashed blue
line).

zone (jqx j,jqy j,jqzj < �=L ), or else by further increasing the box size,L. We chose

the same cut-o� energies in both the SCGF and the supercell calculations, as

using a higher cut-o� energy shifts the gap to lower energy, and makes it smaller.

Figure 5.4 shows the density of momentum states for GaNxAs1� x with x=1%,

calculated by the SCGF method and using the supercell approach. Very good

agreement is observed between the SCGF and the supercell calculations with

� = 1 meV for the whole range of nitrogen concentrationx. The gap between the

lower and upper bands increases with increasingx. For higher concentrations we

�nd that even larger values of the broadening parameter� do not obscure the

gap.

In the SCGF calculations shown in Fig. 5.3, we have assumed that the CB

energy is cut-o� at Emax = 856 meV, in Eqs. (5.6) and (5.8). We note however

that the DOS for an in�nite CB can be obtained using Eq. (5.16). The red

solid line in Fig. 5.5 shows the DOS calculated by Eq. (5.16) with Emax = 1 ,

in comparison with the DOS calculated by Eq. (5.8) withEmax = 856 meV,
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Figure 5.4: The density of states for GaNxAs1� x with x = 1:0%, calculated by
the SCGF approach (green circles), compared with the resultof the supercell
calculation with broadening parameter� = 1 meV (solid red line), and � = 10
meV (dashed blue line), for GaNxAs1� x with x = 1:0%, L = 70a0, M = 13720
and Emax = 1:45 eV.

equivalent to kmax = 1:23� 109 m� 1 (shown by the blue dashed line). Note that

in both plots, � EN (E) has been calculated for a �nite CB in Eq. (5.6). It is seen

that, due to the contribution of higher momentum states in the in�nite CB, the

DOS calculated by Eq. (5.16) has a singularity at the localised state energy,EN .

This di�erence is very similar to what we observed in our previous non-self-

consistent GF calculations (in agreement with calculations using a modi�ed BAC

model). In order to illustrate the e�ect of the energy dependent � EN (E) (that

includes both real and imaginary parts), the results of the previous GF model

are also shown in this �gure. The green dots and the dash-dotted brown line in

Fig. 5.5 display the DOS calculated by the ordinary GF methodassuming a �nite

(Emax = 856 meV) and an in�nite CB, respectively. In this model, as discussed in

chapter 3 we assume that the N broadening is given by second order perturbation

theory as = [� EN (E)] = 16 meV for all values of energies. Comparison of the

dashed blue line and the green dots in this �gure clari�es theimportance of the

energy-dependent broadening �EN (E) used in the self-consistent calculations. It

can be seen that the self-consistent approach predicts a gapbetween the lower
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Figure 5.5: The DOS projected onto GaAs CB states for GaNxAs1� x with x =
0:2% calculated by the SCGF approach of Eq. (5.12) (blue dashedline: CB cut
o� at 856 meV), and Eq. (5.15) (solid red line: in�nite CB), compared with the
results of similar calculations but with constant � EN (E) = 16i meV, for the CB
with Emax = 856 meV (green dots), and for in�nite CB (dash-dotted brownline).

and upper mini-bands in GaNAs, in contrast with our earlier calculations in

Chapter 3.

The DOS calculated by the SCGF method, for an in�nite band, issimilar

but not identical to the results obtained using the simple BAC model (without

N broadening). For example, in the usual BAC model the maximum of the lower

band is constant and equal toEN = 0:23 eV. By contrast, the energy of the

highest state in the lower band decreases with increasingx in the SCGF method.

The DOS calculated by SCGF method, for in�nite band, is similar to the result

of the simple BAC model (without N broadening). However, ourcalculations

show that the gap calculated by the SCGF and the supercell calculations are

smaller than the gap predicted by the usual BAC model.

In the usual BAC model the maximum of the lower band is equal toEN =

0:23 eV. However, we have assumed that each N state can interactwith only one

supercell host matrix state, and therefore the volume of k-space included should

be equal to the volume of the full Brillouin zone times the N concentration, x,
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Figure 5.6: The maximum of the lower band,E max
l , and the minimum of the

upper bandE min
u for GaNxAs1� x versus nitrogen concentrationx, calculated by

the self-consistent Green's function and the BAC model, with Emax = 0:6 eV.

and the maximum allowed wave vector is given bykmax = x1=32�=a 0, where a0

is the GaAs lattice constant1. Fig. 5.6 compares the concentration dependence

of the energy of the top of the lower band and the bottom of the upper band,

calculated by the BAC model (withkmax ) and the SCGF approach , for the range

of x in GaNxAs1� x . In both cases the band-edges are linear with respect tox. In

the BAC model the gap between the lower and upper bands is larger than that

in the SCGF approach. In SCGF method, in contrast with the BACmodel, no

gap is observed for very low N concentrations (x < 0:08%).

In the BAC model in chapters 3 and 4 we included the real part ofthe energy

shift of localised state energies, given by Eq. (3.2), whichhas not been considered

in Fig. 5.6. Including this shift, pushes the minimum of the upper band of BAC

model E min
u to higher energies and gives similar results as SCGF method.

We previously calculated the projected DOS onto single momentum states in

the supercell and BAC models (including complex N energy,EN � i �) and found

quite good agreement between the two approaches in chapter 3.

The DOS projected onto a single CB state with momentumk is given by

�= [Gkk (E)]=� , where Gkk (E) can be calculated from Eq. (5.5) once �EN (E)

has been determined. In Ÿ 4.4 we calculated this projected DOS onto single

momentum states in the supercell and BAC models (including complex N energy,

1See Sec. 6.2 for more more details.
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Figure 5.7: The DOS projected onto selected GaAs momentum states, calculated
using the BAC model (dash-dotted green lines), the supercell calculation for a
box with L = 100a0, and 8000 N states (solid blue lines), and the SCGF model
(dashed red lines) for GaN0:002As0:998. Green and black arrows show the energy
Ek of the original k state (Ek = 113:3; 226:6, and 347:9 meV), and the N energy
EN , respectively. Note the di�erent scale in the lower part of y-axes.

EN � i �) and found quite good agreement between the two approaches. Fig. 5.7

shows how the DOS projected onto the individualk states varies with increasing

energy Ek , in the BAC, supercell, and the SCGF approach, where the green

arrow Ek indicates the energy of the host matrix state in each of the 3 cases

considered. The dashed green lines in Fig. 5.7 show the result predicted by the

BAC model for GaN0:002As0:998, while the solid blue curves display the numerical

results for a supercell with lengthL = 100a0, containing 8000 N (x = 0:2%),

and Gaussian broadening� = 3 meV. Note the change in scale in Fig. 5.7 in the

middle of each �gure. Despite the very good agreement between the BAC and

the supercell models in the peaks of the DOS (upper panels), the details of the

DOS far from the peaks di�er (lower panels). However, the DOScalculated by

the SCGF method (shown by dashed red lines), is in a very good agreement with

the supercell calculations both in the peaks of the DOS and inthe details far from

the peaks. The BAC (usual Green's function) model does not predict a gap in

DOS, while the SCGF method in agreement with supercell calculations con�rms
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Figure 5.8: The fractional � character for GaN0:002As0:998 predicted by the 2-level
SCGF method by Eq. (7.14) (blue dots), compared with the supercell calculations
for a box with length L = 100a0 containing 8000 N (x = 0:2%).

the existence of a gap in DOS. These results again con�rm the presence of a gap

in the two-band model, and demonstrate that the SCGF method provides an

accurate description of the DOS for individualk values.

5.3.2 Fractional � character

In analysing the band structure of dilute nitride alloys, itcan be very useful both

for transport and optical properties to determine the fractional � character, f � ,

of a given state, wheref � equals the fraction of the state which projects onto the

host matrix extended statesjki .

As we have shown in Appendix A, the Hamiltonian of the system can be

written by Eq. (A.1), where � M and � j are the weights of CB andj -th localised

state, respectively. The fractional � characterf � , that is given by j� M j2, measures

the host matrix character of a given state. For the two-band model Eq. (A.6)

becomes

f � =

2

41 �
V 2

Nc�
�
�E � EN � � EN (E)

�
�
�
2

3

5

� 1

: (5.18)

Figure 5.8 compares the fractional � character calculated by Eq. (5.18) with

the results of supercell calculations, for GaN0:002As0:998. We observe excellent

agreement, over the full energy range, between the SCGF result obtained from
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Figure 5.9: The total DOS for GaN0:002As0:998 obtained from; (i) a supercell with
L = 100a0, containing 8000 N, andEmax = 856 meV, with broadening parameter
� = 1 meV (dash dotted red line), (ii) the SCGF as a summation of DOS projected
onto extended and localised states (solid blue line), and (iii) the SCGF asDcb=f �

(dashed green line). The inset displays the results around the peak of the total
DOS.

Eq. (5.18) and the numerical results obtained for a supercell with size L = 100a0

including 8000 N atoms. In our earlier work, presented in Chapter 3, the results

of the GF calculation, with � EN calculated by second order perturbation theory,

did not agree with the supercell calculation results in particular for energies close

to the N state energy,EN , as we neglected the energy dependence of �EN in

that study.

5.3.3 Total density of states

The Green's function for the N states, for the 2 band model, isgiven by

Gj j (E) =
1

E � EN � � EN (E)
; (5.19)

and the density of states projected onto the localised states, D loc(E) can then be

calculated by Eq. (5.9). The total DOS shown by the solid blueline in Fig. 5.9,

can be obtained by adding the DOS projected onto the host matrix CB states to
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the result of Eq. (5.9). Excellent agreement, over the full range of energies, is seen

between this result and the supercell calculation obtainedin Chapter 4, shown

by the dash-dotted red line in Fig. 5.9. The DOS projected onto the N states is

clearly much larger than the DOS projected onto the host CB states for energies

close to the N state energy,EN . The total density of states can also be obtained

from Dcb(E)=f � . The DOS calculated in this way (dashed green line) is in very

good agreement with the solid blue line in Fig. 5.9. Again theagreement between

the SCGF and the supercell method is much better than what we observed in

Chapter 4 for GF calculations with constant � EN , including that the peak of

the total DOS calculated by the previous GF model showed a shift with respect

to the supercell calculation result, which is now removed when including the

energy-dependent shift in the real part of �EN (E).

5.4 The LCINS model

The two-band model is oversimpli�ed, because it omits the direct interactions

between N states, which are present in actual GaNAs samples.Lindsay and

O'Reilly have previously used a tight-binding-based modelto calculate the dis-

tribution of N states expected in random GaNAs alloys, treating explicitly the

interactions between a Linear Combination of Isolated Nitrogen States (LCINS)

in this model [11, 17, 24]. This approach takes account of theformation of N pair

and cluster states with increasing N composition,x, where a N pair is formed

when a Ga atom has 2 N nearest neighbours, and a cluster consists of 3 or more

N atoms linked to each other through shared Ga neighbour sites. The LCINS

model also takes into account that interactions between isolated N atoms which

are close to each other in the alloy contributes to a broadening of the N spectral

energy. These interactions lead to mixing between the N states on di�erent sites

and a broadening of the N spectral energy (E j no longer just equal toEN ), and

of the interaction valuesVj . The inclusion of this distribution of N states has

previously been shown to be critical both to obtain good quantitative agreement

between the theoretical and experimental variation with N composition x of the

conduction band edge e�ective mass and electron gyromagnetic ratio [25, 28] and

also to explain the conduction band density of states measured experimentally

using scanning tunnelling spectroscopy [29].

The density of localised N states calculated by the LCINS approach, with

each state weighted byV 2
j =Nc (the square of its interaction matrix element with

the CBE), is shown in Fig. 5.10. We investigate below how the inclusion of
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Figure 5.10: The density of localised LCINS states, weighted by jVj j2=Nc for each
state, versus their energies, for GaNxAs1� x with di�erent values of x. Each energy
level is broadened by a Gaussian of width 5 meV. The vertical arrows display the
calculated CBE energies at room temperature, with respect to the top of the
valence band, given in Ref. [13]. Zero of energy is taken at top of GaAs valence
band.

this distribution of N states modi�es the band dispersion and density of states

calculated using the SCGF method with Eqs. (5.2) and (5.3).

5.4.1 The DOS for the LCINS model

The dashed blue line in Fig. 5.11 displays the DOS of GaN0:0036As0:9964 with

the full LCINS distributions, calculated by solving Eqs. (5.2) and (5.3). The

zero of energy for these calculations is taken at the top of the GaAs valence

band and we use room temperature values for the GaAs energy gap and N state

energies [6]. The solid red and dash-dotted green lines in this �gure show the

results of the ordinary GF model (Eq. (5.7); without iteration) with constant N

broadening � j = 16 and 1 meV, respectively2, where the � j = 1 meV results

allow to see the calculated DOS with minimal broadening included. It can be seen

2Using � j = 1 in Eq. (5.7) is equivalent to taking � E j (E ) = 0 + 1 i in Eqs. (5.3) and (5.2),
where i =

p
� 1.
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Figure 5.11: The density of states for GaN0:0036As0:9964 calculated by the ordinary
Green's function method, with constant energy shifts= [� E j (E)] = 16 meV (the
solid red line) and= [� E j (E)] = 1 meV (the dash-dotted green line) compared
with the SCGF method result with 10 iterations (the dashed blue line).

that including the full distribution of N states causes the gap in the conduction

band to disappear, even for � = 1 meV, in agreement with experiments [29].

Several features can be seen in the unbroadened spectrum (� =1 meV) associated

with the N states, including a dip just around 1:45 eV associated with N pair

states (close to the same energy in Fig. 5.10), as well as several further features

associated with di�erent N environments between 1:55 and 1:65 eV. Most of these

features get washed out for the spectrum with �j = 16 meV. We saw earlier that

the broadening in the SCGF calculations is proportional to the DOS,Dcb(E) in

the 2-band model (whereE j and Vj are constant). Similar behaviour can be

expected when using the LCINS approach. The SCGF broadeningthen smears

out most of the features observed in the � = 1 meV spectrum, although the dip

in the spectrum remains clear just above 1:65 eV, and a shoulder is also observed

in the DOS below 1:45 eV due to the N pair states. The dip in the SCGF DOS

is shifted to lower energy compared to the �j = 1 meV case, due to the energy

dependence of the real part of �EN (E) in the SCGF case.

Figure 5.12 shows the CB density of states for GaNxAs1� x for x = 0:1; 0:5; 1:2

and 2:0%, calculated using Eq. (5.8) whereGkk is calculated by Eqs. (5.2) and

(5.3), including the full distribution of N state energies and interactions from

Refs. [11, 67] as shown in Fig. 5.10. Increasing the N concentration pushes the

bottom of the CB to lower energy and makes the peak around the isolated N
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Figure 5.12: The density of states for di�erent values ofx in GaNxAs1� x , calcu-
lated using the SCGF method and the full LCINS distribution of N states.

states wider.

5.4.2 Total density of states

In the LCINS model, as shown in Appendix A,f � can be calculated by general-

ising Eq. ( 5.18) to take account of the distribution of N states, using

f � =

0

@1 +
1

Nc

X

j

jVj j2

jE � E j � � E j (E)j2

1

A

� 1

: (5.20)

The fractional � character calculated by the LCINS approach, for

GaN0:0036As0:9964, is given in the inset of Fig. 5.13. As is seen in the �gure,

the overall behaviour is similar to the 2-level calculations.

However, the inclusion of the full LCINS distributions leads to a sharp reduc-

tion in f � at energies close to the N pair state energy (close to the CBE), thereby

leading to an increased electron mass near the CB minimum compared to that

which would be predicted using the 2-level BAC model of Eq. (3.1). There is

in addition another small shoulder in the value off � just below E = 0:2 eV,
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Figure 5.13: The total density of states in comparison with the DOS projected
onto the host CB states for GaN0:0036As0:9964 (dashed blue line), predicted by
the SCGF method and the full distribution of LCINS approach. The red line
shows the result ofDcb + D loc, and the dash dotted green line displays the total
DOS given byDcb=f � . The inset shows the fractional � character calculated by
Eq. (5.20) for GaN0:0036As0:9964. The zero of energy is taken to be at the CBE of
GaN0:0036As0:9964.

associated with the N levels just below the isolated N state peak at 1:6 eV in

Fig. 5.10.

The total DOS for the LCINS model can again be calculated by summation

of the DOS projected onto the GaAS CB states,Dcb, and the density of localised

states, D loc. This total DOS is shown by the solid red line in Fig. 5.13, in

comparison withDcb for GaN0:0036As0:9964. The DOS projected onto the localised

N states is now clearly much larger than the DOS projected onto the host CB

states over a wide energy range. The dash dotted green line inthis �gure presents

the total DOS calculated byDcb=f � , which again shows excellent agreement with

the summation ofDcb + D loc.

5.5 Band structure

The DOS projected onto selected momentum states was presented in Fig. 5.7.

By calculating the DOS projected onto momentum states for all k values, we are

able to plot the band dispersion for GaNAs. Fig. 5.14 shows the conduction band
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Figure 5.14: Energy- and momentum-projected density of states for GaNxAs1� x

with x = 0:36% calculated with the two-level SCGF method. The dashed white
lines show the band dispersion calculated using the BAC model [Eq. (3.1)] with
the zero of energy taken at the bottom of the BAC CBE at room temperature.

dispersion for GaN0:0036As0:9964, calculated by the two-level SCGF method, where

the energy spectrum for eachk state is given by�= [Gkk (Ek)]=� . It can be seen

that overall the band dispersion is similar to the results ofthe BAC model of

Eq. (3.1) (shown by the white dashed line in this �gure). The peaks at eachk

point are broadened in the SCGF method, with this broadeningincreasing close

to the nitrogen resonant energy,EN . Similar behaviour was previously observed

using the Anderson single impurity approach [18], althoughthe broadening � j

was taken to be independent of energy in that approach. The conduction band

character of the states also decreases towards zero whenEk approachesEN . How-

ever, in contrast to the GF calculations with constant � EN presented in Fig. 3.4,

this �gure, in agreement with Figs. 5.3 and 5.7, con�rms thatthe energy broad-

ening in the two-level SCGF model does not provide a continuous spectrum of

states for electrons in the lower band to scatter into the upper band. The two-

level model, however, is not complete, as it ignores the detail of the N distribution

in actual GaNAs samples.

Fig. 5.15 shows the conduction band dispersion for GaN0:0036As0:9964, calcu-

lated by the SCGF method in the framework of the LCINS approach to include
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Figure 5.15: Thek-projected density of states for GaNxAs1� x with x = 0:36%,
calculated by the SCGF method and including the full distribution of localised
states, showing the band dispersion and broadening. The dashed white lines show
the BAC band dispersion calculated by the BAC model of Eq. (3.1).

the full N distribution. It can be seen that the overall behaviour is similar to what

we saw in Fig. 5.14, but with two notable di�erences. First, the band dispersion

and broadening show clear features related to N pair states.Also, the energy

broadening at eachk point has been increased by the inhomogeneous broadening

of the N states, leading to a �lling of the gap predicted by theBAC model. This

result, in agreement with the DOS shown in Fig. 5.11, shows that there is a route

by which carriers, which are being accelerated in the lower sub-band, can scatter

to the higher sub-band.

5.6 Discussion and conclusions

We have implemented a self-consistent Green's function method to calculate the

density of states in dilute nitride alloys. Our results showthat the SCGF method

provides an excellent description of the electronic structure in GaNAs alloys. In

this model, the nitrogen energy shift, �E j (E), due to interaction with the contin-

uum states, was taken as a complex energy dependent parameter, calculated self-
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consistently. In Chapter 3 we calculated this parameter using second order per-

turbation theory, with the real and imaginary parts representing a constant shift

in the nitrogen energy, and a constant energy broadening of the localised states,

respectively. We considered two di�erent models, namely the 2-band model (as-

suming all N states located at the same energy), and the LCINSmodel, which

includes a full distribution of N states. We compared the results of the 2-band

model with those calculated by the supercell and the BAC models.

In the 2-band model, the DOS calculated by the SCGF approach is in very

good agreement with the results of calculations of supercells with a random spatial

distribution of N states. Both models predict a gap in the conduction band DOS,

in contrast with the DOS calculated by the usual Green's function model (or

equivalently the BAC model with constant N broadening). Overall the BAC

model gives a good qualitative description of the calculated band structure but

with a number of minor di�erences between the calculated results, including that

the BAC model without N broadening also predicts a gap that iswider than the

one given in the SCGF method. Turning to the band dispersion,the density

of states projected onto the individualk states calculated by the 2-level SCGF

method is in excellent agreement with that calculated by thesupercell model.

In addition the fractional � character and the total DOS calculated by the two-

level SCGF method show excellent agreement with the supercell calculation in all

energy ranges, con�rming the accuracy of this method. The non-self-consistent

Green's function method, which assumed that �EN was energy-independent, did

not show the same level of agreement.

Including the full distribution of N states, using the LCINS model [11, 17],

has a number of important e�ects on the calculated band structure and density

of states. Firstly, it inhibits the gap in the density of states of GaNxAs1� x for

all x values considered. Secondly, it leads to an increased mixing between N and

conduction states across a wider energy range, causing a reduction in the host

matrix � character of many of the states, consistent with the increased band

edge mass observed in many GaNxAs1� x samples [10, 17]. Finally, it can also

lead to the observation of additional features in the conduction band density of

states, such as the shoulder observed in Fig. 5.11 and in the scanning tunnelling

spectroscopy measurements of [29].

In summary, we have presented a self-consistent Green's function approach to

study the band structure and density of states of dilute nitride alloys. The results

of the model are in excellent agreement with supercell calculations that we have

undertaken. Although in this paper we investigated GaNxAs1� x , this method can
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be easily applied to other highly mismatched semiconductors, including di�erent

dilute nitride alloys and dilute bismide semiconductors, containing bismuth (Bi).

We conclude that the SCGF approach, in conjunction with the use of a realistic

distribution of localised N states provides a very powerfultool to examine the

details of electronic structure of GaNAs and related materials.

We turn in the next two chapters to consider consequences of Nincorporation

on carrier scattering and electron mobility. We will �rst in Chapter 6 investigate

the mobility assuming that the band dispersion is either parabolic or gives by

the 2-level BAC model. We then in Chapter 7 extend the work presented in this

chapter to use the SCGF method to calculate the band dispersion, scattering rate

and mobility of carriers in GaNAs alloys, where the carrier energies and decay

rates are taken to correspond to the complex poles of the self-consistent Green's

function.
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Chapter 6

Intermediate and high �eld

mobility

6.1 Introduction

The quantitative analysis of electron transport and mobility in dilute nitride

alloys is a di�cult problem. It is well established that replacing a fraction x

of the arsenic atoms in GaAs by nitrogen atoms to form GaNxAs1� x strongly

perturbs the conduction band structure. In previous chapters we have seen that

the introduction of a single N atom in place of an As atom introduces a N resonant

defect level, about 230 meV above the conduction band edge (CBE) at room

temperature. Such a state can act as a resonant scattering centre [68], leading

to strong elastic scattering of electrons with energy closeto the resonant state

energy [13]. The introduction of a N pair into GaAs, where twoof a given Ga

atom's neighbours are N, leads to a resonant defect level which is closer to the

CBE [7], and therefore strongly scatters electrons whose energy lies close to the

band edge [13].

Models for electron transport and mobility need to include the scattering

due to such a distribution of N states above the CBE in GaNxAs1� x . However,

in addition to acting as scattering centres, the N-related states also strongly

perturb the conduction band dispersion. It is possible to treat this change in

band dispersion in a reasonably straightforward way for low-�eld transport and

mobility calculations [13], but we describe below how it is considerably more

di�cult to do so in the intermediate and high-�eld case.

There are two aspects of the BAC model which introduce errorsthat become

signi�cant when treating high-�eld mobility. Firstly, the BAC model in Eq. (3.1)

implicitly assumes an in�nite density of N atoms. Because there is no maximum
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cut-o� wavevector, kc, Eq. (3.1) requires an in�nite density of N levels interact-

ing with the host matrix extended conduction states. Secondly, application of

Eq. (3.1) leads to an energy gap in the conduction band, just above the N reso-

nant state energy,EN . The presence of this energy gap con�nes carriers to the

lower of the two energy bands given by Eq. (3.1), placing an absolute upper limit

on the energy to which carriers can be accelerated in the BAC model.

More detailed analysis [34, 35, 60] and measurement [29] shows that this

energy gap does not occur in actual Ga(In)AsN samples. Instead, as shown

in earlier chapters, the gap is washed out because of disorder e�ects and the

distribution of N levels. We calculate that the disorder dueto the predominantly

N-related states which �ll the BAC energy gap leads to the states in the gap

being localised [60], in agreement with the conclusions of low temperature high-

�eld electron transport measurements [15, 53�55].

A full model for high-�eld transport in dilute nitride alloy s would therefore

need to treat a conduction band structure which has extendedstates at energies

away from the N resonant levels, and bands of localised states at energies close to

the N resonant levels. It is very di�cult to treat such a continuous band of states

in conventional transport models, and we do not attempt to doso. Instead we

use and compare the results of two approaches, one of which islikely to provide a

lower bound on the e�ects of N incorporation, while the second approach clearly

overestimates the e�ects of N on the band structure.

For the �rst approach, we ignore the e�ect which N has on the conduction

band dispersion in GaNxAs1� x . We assume that the conduction band retains a

parabolic dispersion, but includes explicitly the strong resonant scattering asso-

ciated both with isolated N atoms and also with a full distribution of N states.

Our previous calculations have shown that the N resonant scattering leads to a

very short mean free path close toEN in GaNxAs1� x [13]. The consequences of

this short mean free path should be equivalent to those of carrier localisation.

The parabolic band dispersion allows carriers in this case to be accelerated at

su�ciently high �eld through the distribution of N levels up to higher energies

where the drift velocity is then limited by scattering from the � valley into the L

valleys [69, 70].

For the second approach, we calculate the intermediate and high-�eld electron

transport properties of GaNxAs1� x using the BAC model to describe the band

structure. As noted above, this approach must fail at high �elds, because it limits

the maximum energy to which carriers can be accelerated.

We present in the next section an overview of the band dispersion in GaNAs,
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based on using a Green's function method to analyse the interaction between N

states and the GaAs host matrix conduction band states. We show how the cal-

culated band dispersion displays aspects of the two band structure models which

we use, supporting their use in transport calculations. We then present in Ÿ 6.3

a description of the Boltzmann transport equation method which we use to cal-

culate the electron mobility and velocity-�eld characteristics in GaNxAs1� x . We

follow a method similar to that used by Conwell and Vassell [71, 72], solving the

Boltzmann equation using an orthogonal polynomial expansion of the angular

distribution of momenta to investigate the carrier transport with increasing elec-

tric �eld. The comparison of the results calculated by this asymptotic solution

with the Monte Carlo method, for silicon, has already con�rmed the validity of

this method [73]. Moreover, we will show that this method, bythe modi�cations

that we made, leads to a very similar results to those calculated by the Monte

Carlo method in the case of GaAs [74]. The earlier works approximated polar

optical relaxation by a simple Taylor series expression that causes inaccuracy in

the results [71]. In addition it solved the Boltzmann equation by expanding the

energy distribution function in a Taylor expansion. We use amore accurate ap-

proach here that avoids both these approximations, as described in Ÿ 6.3. We

also include in Ÿ 6.3 a description of the di�erent scattering processes included

in the calculation. These are all included completely in ourformalism, avoid-

ing unphysical low-�eld approximations used in the original application of the

method [71]. We present our main results in Ÿ 6.4, analysing the in�uence both

of N composition and of applied �eld on the carrier transportcharacteristics. We

consider scattering both by isolated N atoms and also by a full distribution of

N states. We �nd that it is necessary to include the full distribution of levels in

order to account for the small low-�eld mobility and the absence of a negative

di�erential velocity regime observed experimentally withincreasing N composi-

tion x. The model using the BAC model breaks down at intermediate and high

�eld, due to the unphysical constraint of limiting carriers to the lower BAC band.

We �nd for the parabolic band model that carrier scattering into the L bands is

reduced at intermediate electric �elds but is comparable athigh �elds to that

observed in GaAs, with the calculated high-�eld mobility and carrier distribution

then also being comparable to GaAs. Overall the results account well for a wide

range of experimental data. Finally we summarise our conclusions in Ÿ 6.5.
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6.2 Band structure of GaN xAs 1� x

It has been shown in Chapter 5 that the conduction band structure of GaNAs

can be well described using the Green's function method. We observed that

the energy broadening in Fig. 5.15 allows a means for electrons which are being

accelerated in the lower band to scatter into the upper band,consistent also with

there being a distribution of localised N-related states within this energy gap

region [60]. It can be seen that the band dispersion of Fig. 5.15 is intermediate

between the two models that we use. The �rst model assumes a parabolic band

dispersion, with strong resonant scattering by N states. The E-k relation is given

in this case by
~2k2

2m�
= 
 (E); (6.1)

where


 (E) = E � Ec: (6.2)

This model underestimates the e�ect of N on the band dispersion, but should

give a good description of the strong N scattering.

In the second approach, the E-k relation in Eq. (6.2) is givenfor the BAC

model by


 (E) = E � Ec �
V 2

Nc

E � EN
; (6.3)

with the density of statesD(E) given in terms of 
 by

D(E) =
m� 3=2

p
2� 2~3


 1=2(E)
d
 (E)

dE
: (6.4)

This relation overestimates the e�ects of N on the band structure near EN . Ide-

ally, one should use the smeared band dispersion of Fig.5.15with the Boltzmann

transport equation to describe the transport properties, but this is beyond the

scope of the present chapter. Instead, the Hamiltonian of Eq. (2.1) is very useful,

because it allows the analytical solution of the Green's function model.

Determining the cut-o� energy, Emax , in the BAC model is very critical [60].

As Emax approaches the nitrogen state energy the density of conduction states

and the integrated density of conduction states both diverge. We assumed that

each N state can interact with only one supercell host matrixstate. As a result,

the volume of k-space included should be equal to the volume of the full Brillouin

zone times the N concentration,x. The maximum allowed wave vector is then

given by kmax = x1=32�=a 0, wherea0 is the GaAs lattice constant. Therefore, the

maximum energy of the lower band in the BAC model depends on N concentration

Dilute Nitride Semiconductors 74



6.3 Transport calculation method

as

Emax =
1
2

(

EN + Ec;max �
q

(EN � Ec;max )2+4V2
Nc

)

; (6.5)

whereEc;max = Ec + ~2k2
max =2m� .

6.3 Transport calculation method

6.3.1 Boltzmann equation

We solve the Boltzmann transport equation to determine the response of the elec-

tron distribution to an applied electric �eld. The distribu tion function f (k) gives

the probability that a band state at energyEk will be occupied by a carrier. We

assume that, in the absence of an external �eld the carriers are in thermal equi-

librium, so that f (k) is then given by the Fermi-Dirac distribution function. The

application of an external �eld perturbs the distribution, with the distribution

evolving in time as

@f(k)
@t

=

 
@f(k)

@t

!

scatt

+

 
@f(k)

@t

!

F

; (6.6)

where the �rst term on the left describes the e�ects of carrier scattering, while

the second term describes the evolution of the distributiondue to the applied

electric �eld, which is related to the applied �eld F as

 
@f(k)

@t

!

F

= �
eF
~

:r k f (k): (6.7)

The scattering term in Eq. (6.6) is given by [56]

 
@f(k)

@t

!

scatt

=
Z (

S(k0; k)f (k0)[1 � f (k)]

� S(k; k0)f (k)[1 � f (k0)]

)

d3k0;
(6.8)

whereS(k; k0) and S(k0; k) are the scattering ratesk to k0 and vice versa.f (k)

is the probability that the state k is occupied and (1� f (k0)) is the probability

that k0 is not occupied. For the steady state, the rate at which electrons gain

energy from the �eld must be equal to the rate at which they lose it to the lattice.

In order to solve the Boltzmann equation, Eq. (6.6), we assume that it is
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possible at each arbitrary �eldF to expand the distribution function f in a series

of Legendre polynomials

f (k) =
1X

j =0

f j (E)Pj (cos� ); (6.9)

where Pj (x) is the Legendre polynomial of orderj and � is the angle between

wavevectork and electric �eld F. The unknown functionsf j can then be obtained

by solving the equations resulting from substituting forf in the above series.

Following the approach of Bara� [75] and of Conwell and Vassell [71], we assume

that it is possible to drop all terms beyondj = 1 in this expansion, so that the

distribution function f (k) is then given by

f (k) = f 0(E) + kF g(E); (6.10)

wherekF is the component ofk along the direction of the �eld F. From Eq. (6.7)

and by replacing~2k2
F =m� by its average 2
= 3, the rate of change of the distri-

bution due to the electric �eld can be written as
 

@f(k)
@t

!

F

= �
eF
~

(

g +
2
3



(d
=dE )

g0+
~2kE

m� (d
=dE )
f 0

0

)

; (6.11)

where g0 and f 0
0 are the energy derivatives ofg and f 0 respectively. Within the

relaxation time approximation, we assume that the net e�ectof the collision

processes is to causeg(E) to relax with a time constant �

 
@f(k)

@t

!

scatt

=

 
@f0
@t

!

scatt

�

 
kF g
�

!

: (6.12)

Therefore the asymmetric part of the distribution functioncan be calculated from

g = �
~eF
m�

�
(d
=dE )

f 0
0: (6.13)

Hence the rate of change of the symmetric part of the distribution function is

given by  
@f0
@t

!

F

=
2e2F 2

3m� (d
=dE )
 (E)1=2

d
dE

 

 (E)3=2�
(d
=dE )

f 0
0

!

; (6.14)

and where� is the net relaxation time

1=� =
X

1=� i ; (6.15)
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where � i is the relaxation time associated with thei th scattering process con-

sidered. We note that although we refer to relaxation times in Eq. (6.15) and

elsewhere in this chapter, these are all energy dependent relaxation times, de�ned

as the inverse of a scattering rate and including (for polar optic phonons below)

inelastic scattering between initial and �nal states at di�erent energies.

6.3.2 Scattering processes

We consider four di�erent scattering processes when modeling electron transport

in GaNAs, namely scattering by (i) N resonant states, (ii) polar optical phonons,

(iii) acoustic phonons, and (iv) intervalley scattering between the � valley and

the four L valleys. Previous work [13] has shown that scattering by localised

N states plays a signi�cant role in carrier transport in GaNAs. Also, similar to

GaAs, phonon scattering, especially longitudinal optical(LO), scattering must

be considered as an important collision process [33, 34]. Weadditionally consider

intervalley scattering between the � valley and the four L valleys, which becomes

increasingly important at higher �elds. Finally, we also include scattering by

acoustic phonons (AP), which is important particularly in the L valley of GaAs,

and also important in the BAC model.

6.3.2.1 Nitrogen scattering

We saw in Ÿ 6.2 that N strongly perturbs the conduction band ofGaAs, introduc-

ing a distribution of resonant N states above the conductionband edge. These N

states act as resonant scattering centres. Using Fermi's golden rule, the scatter-

ing rate for carriers at energyE due to a N resonant state at energyE 0
N is given

by Eq. (2.13). We use two di�erent models for N scattering in our calculations.

Firstly, we presume that all N states are at the same energy, so that the scattering

strength due to M nitrogen atoms is then just M times the rate for a single N

atom, as given in Eq. (2.13). Secondly, we use the distribution of N states, de-

termined from tight-binding calculations [13] to calculate the scattering rate due

to this distribution of states. Fig. 2.4 shows the calculated energy dependence of

the scattering rate for several di�erent N compositions, with the zero of energy in

each case taken to be at the bottom of the GaNAs conduction band (equivalent

to setting the lower eigenvalue of Eq. (3.1) as the zero of energy).
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6.3.2.2 Polar optical scattering

Using Eqs. (6.8) and (6.12), the polar optical scattering operator of the symmetric

part of the distribution function is given by [71]
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(6.16)

and the general form of the momentum relaxation rate, neglecting the wavevector

dependence of the cell periodic part of the Bloch function, is given by calculating

the rate of change of the asymmetric part of the distributionfunction, as [71]
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(6.17)

where � (E � ~! ) is the step function, ~! is the optical phonon energy, and

the phonon mode occupation numbern(! ) is given by the Bose factorn(! ) =

1=[exp(~!=k B TL ) � 1] wherekB is Boltzmann's constant andTL is the absolute

temperature of the lattice, and� p is given by

1
� p

=
1
� 0

� 1
� 1

�
1
� 0

�

: (6.18)

Here � 0 is the permittivity of free space and� 0 and � 1 are the low and high fre-

quency dielectric constants respectively. Conwell and Vassell had to approximate
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Figure 6.1: Polar optical scattering rate calculated for parabolic central valley of
GaAs and lower BAC band of GaNxAs1� x with x = 1:2%.

Eq. (6.17) by including terms just to lowest order of (E � ~! ) in the Boltzmann

equation. Later Monte-Carlo calculations [74] showed thatthis is not a good

approximation, so we use Eq. (6.17) with no approximation inour calculations.

The dashed blue line in Fig. 6.1 shows the polar optical scattering rate for a

parabolic band (
 (E) = E and d
=dE = 1), while the solid red curve shows

this scattering rate when using the nonparabolic band dispersion from the BAC

model of Eq. (6.3) for a N compositionx = 1:2%.

6.3.2.3 Intervalley scattering

In GaAs the four degenerate L valleys are located about 0:3 eV above the central,

�, valley. In high electric �eld, carriers are accelerated to high energies in the

� valley. When the carriers are above the L valley minimum energy, then inter-

valley scattering becomes possible, including both �-L andL-L scattering. For

scattering from the initial valley i to the �nal valley f , the intervalley phonon

energy,~! if , can be assumed to be constant and its value is given in Table 6.1,

with the intervalley scattering rate given by [71, 76]

1
� if

=
�D 2

if Z f

2�! if

 

n(! if ) +
1
2

�
1
2

!

D f

�
E � � E f i � ~! if

�
; (6.19)

whereD f is the density of states in the �nal valley,Z f is the number of �nal valleys

available for scattering,n(! if ) is the number of intervalley phonons (given by the

Bose-Einstein factor), and � E f i is the energy separation between the �nal valley
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rates for parabolic � and L valleys in GaAs

f and initial valley i band edges. (�E f i is zero for intervalley scattering between

equivalent valleys.) Fig. 6.2 shows the calculated intervalley scattering rates for

parabolic bands in GaAs.

Also using Eq. (6.8), the term due to intervalley scatteringfrom initial valley,

i to �nal valley, f is given by [71]
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(6.20)

6.3.2.4 Acoustic phonon scattering

We can reasonably assume that the acoustic phonon (AP) scattering is elastic

near room temperature, with the AP scattering rate given by [49, 76]

1
� AP

=
�D 2

A kB TL

~cl
D(E); (6.21)
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Figure 6.3: Acoustic phonon scattering rates for � and L parabolic bands in
GaAs, and lowest BAC band for GaNxAs1� x with x = 1:2%.

whereDA is the electron acoustic deformation potential, andD(E) is the density

of states de�ned in Eq. (6.4). The elastic constant,cl , is related to the sound

velocity, vs, and mass density,� by: cl = � � v2
s . Fig. 6.3 shows calculated acoustic

phonon scattering rates, using parameters given in Table 6.1, in parabolic � (solid

red curve), and L (dashed blue line) valleys. As we see in the �gure, because of

the heavier e�ective mass in the L valley, the relaxation time associated with AP

scattering is much smaller there than in the � valley. Finally, the green dotted

dashed line in Fig. 6.3 shows the calculated AP scattering rate in the lower band

of the BAC model for x = 1:2%. The strong increase in scattering rate seen at

all energies arises because of the increased density of states in the BAC model

compared to the parabolic band model.

6.3.3 Transport calculation method

We describe here the calculation method which we use, takingas an example the

case of GaAs with parabolic � and L bands. The Boltzmann equation for the �

valley can be written as

 
@f�
@t

!

=

 
@f�
@t

!

F

+

 
@f�
@t

!

P O

+

 
@f�
@t

!

� � L

; (6.22)

where f � is the symmetric part of the distribution functions in the central (�)

valley of GaAs. The rate of change of the distribution function due to the electric
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�eld is given by Eq. (6.14), while the change due to the polar optical and inter-

valley scattering terms are given by Eqs. (6.16) and (6.20) respectively. Because

we assume a parabolic � valley for GaAs,
 (E) = E, and d
=dE = 1.

The relaxation time in Eq. (6.11) is then given in its most general form by

1
� �

=
1

� P O
+

1
� � L

+
1

� AP
+

1
� N

; (6.23)

with the last term on the right hand equal to zero for GaAs.

The Boltzmann equation for the symmetric part of the distribution function

in the L valley can likewise be written as

 
@fL
@t

!

=

 
@fL
@t

!

F

+

 
@fL
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where  
@fL
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!

F

=
2e2F 2

3m�
L (E � EL 0)1=2

d
dE

�
(E � EL 0)3=2� L f 0

L

�
; (6.25)

and where the collision operator is found by summing over thedi�erent scattering

Table 6.1: transport parameters in GaAs

P arameter Symbol V alue

Mass density [77] � 5:36 (g=cm3)
Lattice constant [77] a0 5:462 (Å)
Dielectric constant [77]

High frequency � 1 10:92
Low frequency � 0 12:90

Sound velocity [77] vs 5:24� 105 (cm/s)
Electron e�ective mass [78]

� valley m� 0:067(m0)
L valley m�

L 0:286(m0)
Acoustic deformation potential [76]

� valley DA; � 7:01 (eV)
L valley DA;L 9:2 (eV)

Optical deformation potential [76]
� � L D � � L 1:0� 1011 (eV/m)
L � L D L � L 1:0� 1011 (eV/m)

LO phonon energy [76] ~! 35:36 (meV)
Intervalley phonon energy [76]

� � L ~! � L 27:8 (meV)
L � L ~! LL 29:0 (meV)

Energy separation between
� and L valleys [79] � E � L 284 (meV)
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processes as
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with the relaxation time then given by

1
� L

=
1

� AP
+

1
� � L

+
1

� LL
; (6.27)

To calculate the distribution functions in the � and L valley s, we have solved

the time dependent coupled di�erential equations, Eqs. (6.22) and (6.24) us-

ing the �nite di�erence method. We assume a Maxwell-Boltzmann distribution,

exp(� E=kB T), for the distribution functions f � (E) and f L (E), in zero electric

�eld, F = 0. We then calculate how the distribution evolves with increasing �eld,

using the calculated distribution at the i th �eld value, F = Fi as the starting

distribution for �eld Fi +1 = F + � F , and then integrating the coupled equations

until we reach the steady state distribution at �eld Fi +1 . We use an energy step

size �E = 0:1~! , and set Emax = 1:06 eV. i.e. for energies higher than that,

f � (E) = f L (E) = 0. The time step size and the number of time loops varies with

the shape of the band, the electric �eld strength, and the scattering processes

included.

Figure 6.4 shows the calculated distribution functions in the parabolic � and

L valleys in GaAs at di�erent values of electric �eld strength, from zero up to

F = 70 kV/cm. All distributions are normalized to f � (0), and we have used

the transport parameters given in Table 6.1. The lowest (red) lines show the

distribution functions in the � band (dashed red line), and L band (solid red

line) at zero �eld. For �elds up to about 20 kV/cm, f (E) remains parallel to

that for F = 0 above the bottom of the L valley, indicating that �elds up to

this value do not cause any signi�cant acceleration of higher-energy electrons.

Despite ignoring the band nonparabolicity in GaAs and minordi�erences in the

transport parameters that we use, the results in Fig. 6.4 arevery similar to those

previously calculated using the Boltzmann equation [71, 80], and the Monte Carlo

method [74, 81], con�rming that our method therefore provides a good basis to

investigate the e�ects of N on intermediate and high �eld transport in GaNxAs1� x .
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Figure 6.4: Distribution functions in � (dashed lines), and L valley (solid lines)
of GaAs for increasing values of electric �eld. The numbers on each curve denote
the electric �eld strength in kV/cm.

6.4 Transport results

We investigate in this section the in�uence of N scattering on the overall room

temperature transport characteristics of GaNxAs1� x alloys for a range of N com-

positions, from x = 0:1% to x = 2:0%. We �rst use the parabolic band model,

described in Ÿ 6.2, to analyse the in�uence of N scattering, including its e�ect

on the carrier distribution functions, carrier mobility as a function of applied

�eld, and variation of drift velocity with applied �eld up to high electric �elds

(F = 70 kV/cm). We then repeat the analysis using the BAC model, in order

to see whether there are any signi�cant di�erences between the two approaches.

Although the overall energy distribution of carriers is clearly very di�erent at

high �eld in the two models, we �nd very similar overall conclusions regarding

carrier mobility and drift velocity as a function of �eld using the two approaches.

6.4.1 Carrier energy distribution

Figure 6.5 shows the calculated distribution functions in the parabolic � and L

valleys at F = 20 kV/cm, and including various scattering processes. This �eld

was chosen because, in the absence of N scattering, it gives an almost constant

electron distribution function in the � valley, as shown by the highest (dashed

red) line in Fig. 6.5. The middle (blue) lines show the calculated distribution

functions when scattering by isolated N states is included (all N resonant states
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Figure 6.5: (color online) Distribution functions in � (dashed lines), and L valley
(solid line) in GaNxAs1� x (x=1.2%), at F = 20 kV/cm without N scattering (thin
red lines), including only isolated N scattering (blue lines), and scattering by the
full distribution of N states (thick green lines).

assumed to be at the same energy,EN ). The lowest (green) lines show the � and

L distribution functions, including scattering by the full (LCINS) distribution of

N states shown in Fig. 2.4. These results con�rm that the inclusion of elastic

scattering by N states can, at intermediate electric �elds,strongly suppress the

acceleration of electrons to higher energies in GaNxAs1� x , with the proportion of

carriers in the L valley down by over two orders of magnitude in this case.

This conclusion is con�rmed by Fig. 6.6, which shows the calculated average

energy of electrons in the � band in GaNxAs1� x as a function of electric �eld

strength up to F = 30 kV/cm, for di�erent values of x, and including resonant

scattering by the full LCINS distribution of N states. It can be seen forx = 0

(GaAs) that the average energy initially increases much more rapidly with F

than is the case forx > 0, and remains consistently higher at all �elds. Using

these distribution functions, we can calculate the ratio ofthe number of carriers,

n� in the � valley to the total number of carriers, n� + nL as a function of

applied �eld. Fig. 6.7 shows the evolution of this ratio as a function of �eld for

the di�erent values of x considered, again including resonant scattering by the

full LCINS distribution of N states. It can be seen that the calculated onset of

scattering into the L valley occurs at a higher �eld in GaNxAs1� x (� 6 kV/cm)

compared to GaAs (� 2 kV/cm) and also that the transfer occurs over a much

wider �eld range in GaNxAs1� x , with 50% of the carriers estimated to be still in
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Figure 6.6: Average energy versus electric �eld in the central band of GaNxAs1� x

for di�erent value of x, in parabolic band model with scattering by full distribution
of N states.

the � valley at � 25 kV/cm, compared to 50% having transferred by� 5 kV/cm

in GaAs. This con�rms the initial suggestion by Adams [14] that the presence of

N should suppress carrier acceleration to higher energy in GaNAs compared to

GaAs. However, the threshold �eld for signi�cant impact ionization in GaAs is

estimated to be of order 100 kV/cm, and it can be seen from Fig.6.7 that the

majority of electrons are calculated to have been transferred into the L valley

by this �eld in GaN xAs1� x . This is consistent with the experimental observation

that the electron multiplication rate is not strongly modi� ed in GaNAs compared

to GaAs [52].

6.4.2 Electron mobility and drift velocity: parabolic band

model

Given the carrier distribution function, the current density associated with valley

i can then be calculated as

j i = �
2
3

e2F
Z 
 i (E)� i

m�
i (d
 i =dE)2

df i (E)
dE

N i (E)dE; (6.28)

wherem�
i and � i are respectively the e�ective mass and total relaxation time in

the band. Given the current density, we can then calculate the mobility � as a

function of �eld F as � = j tot =ntot eF, where j tot is the current density andntot

the carrier density summed over all valleys.
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Figure 6.7: Fraction of carriers in the � valleys, for di�erent values of x in
GaNxAs1� x , and parabolic � and L bands.

Figure 6.8 (a) shows the calculated variation of mobility with applied �eld

F for several values ofx, assuming scattering by isolated N states only, while

Fig. 6.8 (b) shows the calculated variation when scatteringby a full distribution

of N states is included. In the absence of N scattering, the low �eld mobility,

around 12000 cm2=Vs, is higher than the accepted value for GaAs carrier mobility

(� 8000 cm2=Vs). This overestimate of the mobility has a number of causes,

including our ignoring the nonparabolically of the bands. It can be seen that

inclusion of even a small amount of nitrogen causes a drasticreduction in the low

�eld electron mobility. Although the calculated mobility v alues for GaNxAs1� x

remain larger than those calculated by Fahyet al. for the case of scattering

by isolated N states [46, 47] they are in very good agreement for the case of

scattering by the full LCINS distribution of N states [13]. It can be seen that

the calculated mobility decreases with increasing �eld forall N concentrations,x,

both due to the strong e�ects of N scattering at higher energies in the � valley,

and also due to increased electron scattering into the lowermobility L valleys.

There is no evidence whether N-related resonant scatteringis of importance in

the L valley, so we therefore do not include any such scattering in the calculations

here. Inclusion of N scattering in the L valley could lead to afurther reduction in

the overall mobility, but this e�ect is unlikely to be signi� cant, given the strong

e�ect of other scattering mechanisms in the L valley. However, we note that the

proximity of the N resonance to the L-valley minimum, along with the relatively

large e�ective mass and density of states there, would give rise to a substantially
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Figure 6.8: Electron mobility, for di�erent values of x in GaNxAs1� x in parabolic
band model including; (a) scattering by isolated N states, and (b) scattering by
a full LCINS distribution of N states.

larger N-related scattering rate for carriers in the bottomof this valley, compared

to the �-valley. There is considerable interest in the variation of the drift velocity

vd with applied electric �eld in GaAs and in GaNxAs1� x , and in particular the

extent to which a negative di�erential drift velocity may be possible in the latter

case [15, 22, 55]. The total drift velocity can be calculatedas

vd =
j � + j L

e(n� + nL )
; (6.29)

Figure 6.9 shows the calculated �eld dependence of the driftvelocity in

GaNxAs1� x with x = 1:2%, for parabolic � and L valleys, without and with

N scattering.

The dot-dashed red line in this �gure shows the calculated variation of vd

for GaAs, assuming a parabolic � band and no N scattering. This curve shows a

very similar behaviour to that previously calculated [71, 74] and measured [82] for
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Figure 6.9: Calculated variation of drift velocity with electric �eld for GaAs in
comparison with GaN0:012As0:988 with scattering by isolated N, and full LCINS
distribution of N states in parabolic band model.

GaAs, with the drift velocity showing a rapid linear increase at low �elds, before

it reaches a peak value and then decreases rapidly, to less than 40% of its peak

value, as scattering into the L valley becomes important close to F = 5 kV/cm.

When we include scattering due to isolated N atoms (dashed blue line), the peak

in the drift velocity occurs at a lower velocity and higher �eld value. Including

scattering by a full distribution of N states suppresses thenegative di�erential

velocity. There is still a small calculated decrease in velocity at higher �eld, but

the maximum magnitude of this calculated decrease,jdvd=dFj, is down by over

an order of magnitude compared to the N-free case. Given thatthe model we

are using overestimates the low �eld mobility compared to previous calculations,

we conclude that a �eld region with negative di�erential velocity is then highly

unlikely for x = 1:2%, in agreement with experimental analysis [57].

Figure 6.10 presents the calculated variation of drift velocity with �eld for

several nitrogen concentrations,x, where we include in this case scattering by

the full distribution of N states. It can be seen that the inclusion of even just

0:1% of N causes a reduction in the peak value, and shifts it to higher �eld, with

an even stronger reduction and complete elimination of the negative di�erential

�eld region at higher compositions, as we see no NDV for 1:2 and 2:0%.
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Figure 6.10: Drift velocity versus electric �eld in GaNxAs1� x for di�erent values
of x in parabolic band model, including scattering by the full distribution of
nitrogen states.

6.4.3 Electron mobility and drift velocity: BAC model

The parabolic band model used to this point correctly allowselectron acceleration

to higher energies, but ignores the conduction band non-parabolicity expected in

dilute nitride alloys. To investigate the e�ects of band non-parabolicity, we now

use the BAC model to calculate the �eld dependence of the carrier distribution

function, mobility and drift velocity.

The distribution function for electrons con�ned in the lower band of the BAC

model can be calculated by solving the Boltzmann equation as

 
@f0
@t

!

BAC

=

 
@f0
@t

!

F;BAC

+

 
@f0
@t

!

P O;BAC

; (6.30)

where the electric �eld and scattering terms are given by Eqs. (6.14) and (6.16),

respectively. The nonparabolicity factor,
 (E), is given in this case by Eq. (6.3),

and the relaxation time can be obtained as

1
� BAC

=
1

� P O
+

1
� AP

+
1

� N
: (6.31)
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Figure 6.11: Distribution function in the lower band of BAC model in
GaN0:012As0:998 at F = 20 kV/cm, in the absence of N scattering (dashed-dotted
red line), including scattering by isolated N (dashed blue line), and full distribu-
tion of N states (solid green line).

The polar optical and acoustic phonon scattering rates are given by Eqs. (6.17)

and (6.21), respectively. Also, 1=�N = R(E) represents the assumed N scattering

rate, which varies depending on whether we just include scattering by isolated

nitrogen levels, or treat the full distribution of N levels,as presented in Fig. 2.4.

We solve the time dependent equation for the distribution function, Eq. (6.30),

in a similar way to that done for the parabolic band model, with the maximum

(cut-o�) energy of the band Emax , given by Eq. (6.5), e.g.Emax = 361 meV for

x = 1:2%.

The dashed-dotted red line in Fig. 6.11 shows the symmetric part of the

distribution function calculated using the BAC band structure for GaNxAs1� x

with x = 1:2% and F = 20 kV/cm, with no N scattering included. The middle

(dashed blue) line shows the calculated distribution function including scattering

by isolated N states, while the lowest (solid green) line shows the distribution

function calculated assuming scattering by the full distribution of N states. These

results show a greater suppression of electron acceleration, compared to the results

calculated using the parabolic band model (see Fig. 6.5).

Figure 6.12 shows the mobility calculated for di�erent nitrogen concentra-

tions, x, using the BAC band structure model, including resonant scattering by

a distribution of N states. It can be seen that the calculatedlow-�eld mobility is

reduced here, in most cases by about 40%, compared to the values in Fig. 6.8 (b).
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Figure 6.12: Electron mobility in the lower Band of BAC model, including scat-
tering by full distribution of N states, for di�erent values of x in GaNxAs1� x .

This reduction arises due both to the band nonparabolicity in the BAC model,

and also due to the increased band edge mass in the BAC model compared to the

parabolic band model used in Fig. 6.8 (b), which assumed an electron mass equal

to that in GaAs. These low-�eld mobilities are very similar to those calculated

by Fahy et al. [13] using the full distribution of N states and a parabolic band

model with the BAC band edge e�ective mass. The mobility again decreases

with increasing �eld in the BAC model, associated in this case with electrons

approaching the �at band dispersion at the top of the BAC band. Since the

localised state spectrum and the position of the conductionband edge change

substantially with nitrogen concentration, the observed trends in the variation of

mobility is not monotonic, i.e. the mobility may not necessarily increase when

the nitrogen concentration decreases, as seen in Figs. 6.8 and 6.12.

Figure 6.13 shows the electric �eld dependence of the drift velocity in

GaNxAs1� x for x = 1:2%, calculated using the BAC model. The dashed-dotted

red line shows the drift velocity calculated in the BAC model, omitting the e�ects

of N scattering. It can be seen that the BAC band nonparabolicity, and �nite

cut-o� energy, Emax , lead in this case to a negative di�erential velocity above a

�eld F = 7 kV/cm. This behaviour is similar to that calculated previously us-

Dilute Nitride Semiconductors 92



6.4 Transport results

0 10 20 30 40 50 60 70
0

0.5

1

1.5

F (kV/cm)

v d (
10

5  m
/s

)

 

 

no N scattering
Isolated N
LCINS

Figure 6.13: Electric �eld dependence of drift velocity in the lower band of BAC
model in GaN0:012As0:998, in the absence of N scattering (dashed-dotted red line),
including scattering by isolated N (dashed blue line), and full distribution of N
states (solid green line).

ing detailed balance equations [15] and assuming energy-independent scattering

times. The blue dashed line shows the calculated drift velocity including scatter-

ing by isolated N levels, while the solid green line shows thee�ect of including

scattering due to the full LCINS distribution of N levels. It can be seen that both

of these reduce the calculated peak velocity value, shifting it also to a slightly

higher �eld, and leading to a substantial reduction in the velocity-�eld slope value

in the negative di�erential velocity region.

Figure 6.14 shows the drift velocity versus electric �eld calculated for various

values ofx in GaNxAs1� x using the BAC model, and including scattering due

to the LCINS distribution of N states. For comparison, the solid red line shows

the drift velocity of GaAs, calculated using the parabolic band model. It can

be seen that using the BAC model and including nitrogen scattering leads to

a much reduced peak velocity for all N compositions. It can benoted that,

whereas the calculated drift velocity begins to increase again with increasing �eld

in GaAs, it continues to decrease to higher �eld in the N-containing samples. This

continued reduction occurs because the BAC model used in Fig. 6.14 includes the

unphysical assumption that carriers cannot be acceleratedto energies aboveEmax .

An increasing proportion of carriers are then found near to the top of the BAC

band with increasing �eld, where the large mass and strong N scattering then

limit the calculated drift velocity value.
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Figure 6.14: Electric �eld dependence of drift velocity in BAC model, including
scattering by full distribution of N states, in GaNxAs1� x with di�erent values of
N concentration x.

6.5 Discussion and conclusions

It is well recognized that modeling of electron transport properties in dilute nitride

alloys is di�cult [83], because N introduces such a strong perturbation to the

conduction band dispersion, with the in�uence of N often described using the

band-anticrossing model [9]. The low-�eld mobility of GaNAs has previously been

calculated using both parabolic band [13, 16] and BAC [16, 34, 35] approaches.

Both methods predict a strongly reduced electron mobility in GaNAs compared

to GaAs, in good agreement with experiment, for which typical mobility values

are in the range� 100� 200 cm2/Vs.

There is also interest in the intermediate and high-�eld transport properties

of dilute nitride alloys, both for potential negative di�erential (NDV) devices [15],

and also for suppression of electron multiplication in avalanche photodiodes [14].

Theoretical analysis of such structures requires an understanding of the behaviour

of higher energy electrons in GaNAs alloys.

In order to address this problem, we therefore �rst considered here the band

structure of dilute nitride alloys, using a Green's function model in Ÿ 6.2 to address

the conduction band dispersion in random alloys. We showed that the BAC model
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describes well the band dispersion away from N resonant state energies, but that

the energy gap predicted by the BAC model does not occur in actual Ga(In)AsN

samples. Instead, the gap is washed out both because of disorder e�ects and also

because the N levels are broadened, due to their being resonant with the host

matrix conduction band levels.

It is very di�cult to treat the Green's function band structu re exactly in

conventional transport models, and we did not attempt to do so. Instead we use

and compare the results of two approaches, one of which is likely to provide a

lower bound on the e�ects of N incorporation, while the second approach clearly

overestimates the e�ects of N on the band structure.

For the �rst approach, we assumed that the conduction band retains a

parabolic dispersion, but included explicitly the strong resonant scattering as-

sociated both with isolated N atoms and also with a full distribution of N states,

calculated using a tight-binding approach. We showed that the N-related elastic

scattering strongly limits the mobility and the acceleration of electrons to higher

energy, with the initial transfer of carriers to the L bands occurring at higher �eld

than for GaAs, and with a much higher �eld also being requiredto achieve close

to total carrier transfer to the L bands.

This reduction in low-�eld mobility and slower rate of carrier transfer to the

L bands leads to a suppression of the strong negative di�erential velocity (NDV)

e�ects observed in GaAs, consistent with NDV only being observed to date in

GaNAs at very low N composition (x � 0:2%) and temperature.

We nevertheless �nd at the high �elds required for avalanchemultiplication

that the calculated fraction of carriers in the L bands is comparable in GaNAs

and in GaAs, consistent with the experimental observation that electron multipli-

cation in GaNAs samples shows similar behaviour to that observed in GaAs [52].

The results of this parabolic band model were then compared with calculations

using the highly non-parabolic band dispersion given by theBAC model, where

the carriers are constrained to remain in the lower BAC band,at energies below

the normal N resonant state energy. These calculations showthat the inclusion

of a strongly non-parabolic band dispersion with N resonantscattering further

reduces the low-�eld mobility compared to the parabolic band case. The results

of the BAC-based calculations are not however expected to berelevant at high

�elds, because of the unphysical constraint of limiting theelectron acceleration

to a maximum cut-o� energy.

We conclude for lower N concentration, in agreement with previous Monte-

Carlo calculation [16, 58] and experimental results [15], that NDV can still be
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present, but at higher electric �elds than those where NDV occurs in GaAs.

However, for higher N concentration NDV disappears, in agreement with experi-

mental measurement [57].

Overall, we conclude that it remains a challenging problem to describe exactly

intermediate- and high-�eld carrier transport in dilute nitride alloys, including

details of the conduction band dispersion such as we presented in Ÿ 6.2. Never-

theless, the combination of information from the two modelswhich we use here

provides a clear analysis of the strong in�uence of N scattering on electron trans-

port in dilute nitride alloys, consistent with the observedexperimental behaviour

across the complete range of electric �elds considered. In Chapter 7 we will fur-

ther investigate the band structure of GaNAs by �nding the complex poles of the

SCGF method presented in Chapter 5. We then calculate the band dispersion,

scattering rate and mobility of carriers using this method.
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Chapter 7

Band dispersion, scattering rate

and carrier mobility using the

poles of the Green's function

7.1 Introduction

In Chapter 6, we calculated electron mobilities using two approximate models

of the carrier band dispersion and scattering: the parabolic band model and the

BAC model. In the parabolic band model, we ignored the e�ectsof the localised

states on the band dispersion and included only their e�ect on the carrier scat-

tering rate. In the BAC model, we included principally the e�ect on the band

dispersion, while calculating the nitrogen scattering rate approximately from sec-

ond order perturbation theory. In this chapter we calculatethe carrier band

dispersions and scattering rates in a self-consistent manner from the (complex)

poles of the Green's functionGkk discussed in Chapter 5. This allows us to take

into account the e�ects of nitrogen-induced states on both the band dispersion

and carrier scattering. We �nd poles ofGkk at complex energies"p(k). We in-

terpret the real part of "p(k) as the physical (average) energy of a carrier state

of momentum k and the imaginary part (multiplied by � 2=~) as the scattering

rate due to disorder.

We then use these band dispersions and scattering rates in a semiclassical cal-

culation of the carrier mobility, obtained from the Boltzmann Transport Equation

in the relaxation time approximation, in an approach formally similar to that used

in Ref. [13], where a parabolic model of the band dispersion was used. Our results

show a shorter carrier mean free path and lower carrier mobility for GaNAs, com-

pared with those obtained in Ref. [13], agreeing more closely with experimental
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measurements of the carrier mobility.

To �nd the poles "p(k), where G� 1
kk ("p(k)) = 0, we need to solve for the self-

consistent Green's function (SCGF) at complex energies. In�nding the density

of states in Chapter 5, we determined the self-consistent Green's function for real

values of the energy using an iterative search method to solve the self-consistent

equations (Eqs. (5.2) and (5.3)) involved. We found that this iterative search

method converged well for the range of energies of interest.However, there is

no general guarantee that such a method will converge for arbitrary complex

energies. (Indeed, there was no guarantee in advance that itwould converge

for real energies, but we found empirically that it did.) In �nding the complex

poles, it turns out that we can simplify the problem, making use of a particular

property of the integrated Green's function,Gcb(E) =
R

Gkk (E)d3k, namely that

it depends on theE only through the quantity 
 = G� 1
kk + Ek , where Ek =

~2k2=2m� . Thus, for eachk, sinceG� 1
kk = 0 at the pole, the (self-consistent) value

of 
 that we require at the pole energy is simplyEk . (We note that this approach

is valid only at the poles and does not allow determination ofthe Green's function

at other values of the complex energy.) This substantially simpli�es the numerical

problem of determining the pole energies,"p(k), as discussed in Ÿ 7.3.1, below.

The object of this chapter is to calculate charge transport properties taking

into account the scattering rates and energy shifts of the carrier bands, calculated

in a self-consistent manner. Band dispersions and scattering rates are obtained

from the poles of the Green's functions, and compared with simple parabolic and

BAC models of the bands.

We present in the next section the SCGF method with complex energy, and

then in Ÿ 7.3 and Ÿ 7.4 we calculate the poles of Green's function, for two-level

and LCINS models, respectively. Thereafter in Ÿ 7.5, we calculate the rates for

electron scattering by N states, and derive the n-type carrier mobility and mean

free path for GaNx As1� x alloys in Ÿ 7.6. Finally we summarize and conclude in

Ÿ 7.7.

7.2 The poles of the SCGF

7.2.1 The self-consistent Green's function method

We have already shown in Ÿ 5.2 that the Green's function for extended statesk

and localised statesj are given by Eqs. (5.2) and (5.4), respectively. Also the

(complex) energy shift of each localised statej is given by Eq. (5.3).

We solved equations (5.2) and (5.3) self-consistently by aniterative search
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numerical procedure, as they do not in general admit an analytical solution.

Having calculated � E j (E), the density of states projected onto extended and

localised states can be calculated by Eqs. (5.8) and (5.9), respectively. The results

in Chapter 5 for the DOS, calculated in the two-level SCGF method, showed

excellent agreement with the DOS, calculated by numerical diagonalisation of

the Hamiltonian of random supercells, and con�rms the validity of this method.

Once we have the Green's function, we can calculate a varietyof physical

properties of our system. Of particular importance in transport calculations are

the poles of the Green's function, whereG� 1
kk ("p) = 0, in the lower-half complex

plane: the real part of"p equals the energy of the state with momentumk and

the (negative) imaginary part is � ~=(2� k), where � k is the lifetime [84, p. 275].

Having these poles" k of the Green's function, we are then able to determine the

group velocity and decay rate of carrier states and, using these in a semi-classical

Boltzmann transport equation, we can calculate the carriermobility.

To calculate the poles of the GF, we consider a complex energy, " = E + i� ,

instead of real energyE in Eqs.(5.2) and (5.3), whereE = < [" ] and � = = [" ].

We then have the self-consistent equations for complex"

Gkk (" ) =

8
<

:
" � Ek �

1
Nc

X

j

jVj j2

" � E j � � E j (" )

9
=

;

� 1

: (7.1)

and

� E j (" ) =
jVj j2

Nc

X

k

Gkk (" ); (7.2)

We have considered two di�erent methods of �nding the poles of Green's func-

tion. In the �rst method, we �nd "p using acomplex eigenvalue methodwhich is

explained in the next section. We present an alternativeiterative search method

(analogous to that used in Chapter 5) of �nding the poles in Appendix B. In this

method we search numerically for zeros ofG� 1
kk , by �nding � E j (" ) for all values

of real and imaginary part of the complex energy" by an iterative search method.

Where both methods converge their results agree well, but the convergence of the

second method tends to fail near band edges.

7.3 The two-band model

Here we �rst consider the two-level model, assuming all localised states have the

same energyEN . This model provides a good understanding of the e�ect of the

isolated N states in GaNAs alloys. We are also able to comparethe results of the
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SCGF approach calculated for the two-band model with the BACand supercell

models.

7.3.1 Complex eigenvalue method of �nding the poles in

the 2-band model

The broadening � EN (" ) in the two-level model, using Eq. (5.3), is given by

� EN (" ) =
� 2

Nc

Z Emax

0
Gkk (" )D0(Ek)dEk : (7.3)

Employing Eqs. (5.12) and (5.13), this can be written as

� EN (" ) = � 2 (2m� )3=2a3
0

16� 2~3

8
<

:

q

 (" ) ln

" q

 (" ) +

p
Emax

q

 (" ) �

p
Emax

#

� 2E 1=2
max

9
=

;
; (7.4)

whereEmax is the maximum energy of band states coupling to the localised states

and 
 is de�ned in Chapter 5. The condition for the pole"p of the Green's function

is

"p �
V 2

Nc

"p � EN � � EN ("p)
= 
 ("p) = Ek : (7.5)

Thus, substituting Ek for 
 ("p) in Eq. (7.4) gives a single value of the localised

state energy shift for each momentumk as

� EN ("p) = � 2 (2m� )3=2a3
0

16� 2~3

8
<

:

q
Ek ln

" p
Ek +

p
Emaxp

Emax �
p

Ek

#

� 2E 1=2
max � i�

q
Ek

9
=

;
;

for 0 � Ek � Emax (7.6)

and there is no need to determine �EN by an iterative search. Solving Eq. (7.5)

and using the value of �EN ("p) in Eq. (7.6) the complex band energies for the

2-level system are then given by the closed formula

"p =
Ek + EN + � EN ("p)

2
�

vu
u
t

�
Ek � EN � � EN ("p)

� 2

4
+ V 2

Nc : (7.7)

This is very similar to Eq. (3.4) that we used in the modi�ed BAC, in Chapter 3.

The only di�erence is that here the (complex) broadening parameter is given

explicitly by Eq. (7.6).

In Appendix B we present an iterative search method as an alternative way of

�nding the poles of the Green's function. The iterative search method of �nding
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Figure 7.1: The real and imaginary parts of the broadening parameter � EN (" ) for
the two-band model of GaNx As1� xwith x = 0:2%. The green dashed lines, and
red dots show � EN ("p) calculated by complex eigenvalue approach and iterative
search method, respectively. The blue line shows the value of � EN (E) for the
corresponding real values ofE = < ("p). The horizontal lines display the values
obtained using the second order perturbation theory.

the poles fails to �nd � EN ("p) for energiesE very close to band edges. In contrast

to the complex eigenvalue method, which calculates �EN ("p) only at poles of the

Green's function, the iterative search approach calculates � EN (E + i� ) for all

values of real,E , and imaginary, � , parts of the complex energy surface.

Figure 7.1 displays the imaginary and real parts of �EN (" ) at poles, "p, and

at the real energyE. Dashed green lines in this �gure show the imaginary and

real parts of � EN ("p) calculated by Eq. (7.6) assumingEmax = 0:857 eV and

varying CB energy from 0 to 0.7 eV. The red dots in this �gure show the same

quantities calculated using the iterative search method. Very good agreement is

observed between the results of �EN ("p) in two methods. However, we see that

the iterative search method does not converge and is unable �nd any value of

� EN ("p) for energies close toEN , whereas the complex eigenvalue method does

not have this problem. In contrast to the iterative search method, in the complex

eigenvalue method the upper sub-band starts fromk = 0.

The real and imaginary parts of � EN (E) at real axis of energy (� = 0) are

shown by the blue solid line in Fig. 7.1. Within the bands, forthe energies far

from localised N states, �EN ("p) is apparently equal to � EN (E) (at real axis),

but this is not the case close toEN .

The results calculated at the poles deviate from those calculated at the real
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Figure 7.2: The imaginary part of poles of the Green's function Gkk calculated
for 2-band model in GaNx As1� x with x = 0:2%, using iterative search method by
� EN ("p) (red dots) and � EN (E) for real E (blue stars), and complex eigenvalue
method (green dashed line) forEmax = 857 meV and varying CB energyEk from
0 to 0:7 eV.

axis, both at the bottom of upper and top of the lower band. From Eqs. (5.6)

and (5.8) the density of states can be obtained by

Dcb = � (Nc=�� 2)= [� EN (E)]: (7.8)

So the blue solid line in Fig. 7.1.(b) is proportional toDcb (green circles in

Fig. 5.3). Later in this chapter we will compare some resultsof considering

� E j at real axis, � E j (E), and on the complex surface, �E j (" ).

In Fig. 7.2 the dashed green line displays the imaginary partof the poles,

"p versus its real value, calculated using complex eigenvaluemethod. The blue

stars and red dots in this �gure show the poles,"p, of Green's function calculated

in iterative search method using �EN given on the complex surface (the green

dashed lines in Fig. 7.1), and at the real axis (the blue solidlines in Fig. 7.1),

respectively. As we see, ignoring the� dependence of �EN (assuming � EN ("p) =

� EN (E)), pushes= ["p] to zero for the energies just below the N energy,EN .

This plot again con�rms the agreement between the two methods of �nding

the poles. The complex eigenvalue method not only �nds polesfor all energy

ranges, but also it is much faster than the iterative search method, as we do not

need any iteration to �nd � EN at the poles of Green's function. However, we

note that if the maximum of CB energyEk approaches toEmax the logarithmic
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term in the bracket in Eq. (7.6) tends to in�nity. This arises due to abrupt change

of coupling (from � to zero) to states with energy greater thanEmax . That is

why we avoidEk very close toEmax in calculating � EN ("p) using Eq. (7.6).

7.3.1.1 Exact solution for localised state with Lorentzian inhomoge-

neous broadening

We can extend this 2-band solution given in Eq. (7.7) to the case of an inhomo-

geneously broadened level if we assume that the inhomogeneous broadening is

given by a Lorentzian distribution, centered at energyEN with energy width � .

In this case � EN ("p) in the previous formula for"p is replaced by � EN ("p) � i� ,

to give

"p =
Ek + EN + � EN ("p) � i�

2
�

vu
u
t

�
Ek � EN � � EN ("p) + i�

� 2

4
+ V 2

Nc : (7.9)

Note that, unlike the case for the localised level without broadening, the imagi-

nary part of "p does not tend to zero ask �! 0 . If the momentum band collides

with a continuous distribution of localised states, the lifetime of the band state

is �nite at k = 0.

As the momentumk is varied, the lower energy band at smallk will connect

continuously, either with the lower energy band or with the upper energy band at

largek. Which band topology occurs depends on the behaviour of the square root

in Eq. (7.9): if the localised state concentrationx is very small or the broadening

� is large, then the (complex) argument of the square root winds once around the

origin in the complex plane ask goes from 0 to1 and the lower band (for small

k) connects continuously with the upper band (for largek). An approximate

condition for this is (
�= [� EN ] + �

2

) 2

> V 2
Nc ; (7.10)

when Ek = EN + < [� EN ]. This then gives that

� 2 (2m� )3=2a3
0

16� ~3

q
Ek + � > 2�

p
x: (7.11)

Thus, localised states of very low concentrationx distort the band dispersion of

the original parabolic band but do not alter its topology, leaving the upper and

lower sections of the original parabolic band connected to each other. For higher

concentrations, the lower band does not connect continuously to the upper band,

giving an anti-crossing type of band topology.
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Figure 7.3: Energy versus wavevector for GaNx As1� x with x = 0:2% predicted by
the 2-level SCGF method. The blue stars display the result assuming � EN (E +
i� ) = � EN (E), while the red circles show the result with �EN ("p) using the
iterative search method. The green line shows the band dispersion calculated by
complex eigenvalue method.

7.3.2 The dispersion relation

The dashed green line in Fig. 7.3 shows the band dispersion for GaNxAs1� x with

x = 0:2% calculated by Eqs. (7.6) and (7.7). HereEmax = 857 meV and andEk is

varied from 0 to 0:7 eV. The blue stars show the result of estimating �EN ("p) by

� EN (E) (given by blue solid lines in Fig. 7.1). The dispersion relation calculated

at the real axis of energy is similar to the one calculated by the BAC model.

The band dispersion calculated using the iterative search method is very sim-

ilar to the result of the complex eigenvalue approach. But due to the problem

with the stability of iterative search method of determining � EN ("p), the upper

band in this method does not start from zero, whereas the complex eigenvalue

method does not have this problem.

7.3.3 Fractional � character

As we have shown in Appendix A, the fractional � character of band states is

given by

f � = j� M j2 =

0

@1 +
1

Nc

X

j

jVj j2

j"p � E j � � E j ("p)j2

1

A

� 1

: (7.12)
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Figure 7.4: The fractional � character for GaN0:002As0:998 predicted by the 2-level
SCGF method by Eq. (7.14) (blue stars), and by Eq. (7.13) green squares, com-
pared with the supercell calculations for a box with lengthL = 100a0 containing
8000 N (red circles).Emax = 0:857 eV in both calculations andEk is varied from
0 to 0:75 eV.

By analogy with the corresponding result for exact eigenstate, we might expect

to obtain f � from < [d"p=dEk ], that as shown in Appendix C to be given by

<

2

4 d"p

dEk

3

5 = <

2

4

8
<

:
1 �

1
Nc

X

j

jVj j2

["p � E j � � E j ("p)]2

�

 

1 �
d� E j ("p)

d"p

! 9
=

;

� 13

5 : (7.13)

In the next section we will see that the results of Eq. (7.12) and (7.13) are very

similar for energies far from N state energies. However, although< [d"p=dEk ] is a

good approximation forf � , the two quantities are not strictly identical for states

with complex energies.

In the two-band model Eq. (7.12) becomes

f � =

2

41 +
V 2

Nc�
�
�"p � EN � � EN ("p)

�
�
�
2

3

5

� 1

: (7.14)

Figure 7.4 compares the fractional � character calculated by the two-level SCGF

and the supercell calculations presented in Chapter 4, for GaN0:002As0:998. Here
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Green's function

blue dots and green diamonds show the result calculated by Eqs. (7.14) and

(7.13), respectively, while the poles of Green's function are calculated by complex

eigenvalue approach.

We observe that the self-consistent result calculated by Eq. (7.14) agrees very

well with the numerical results obtained for a supercell with size L = 100a0

including 8000 N atoms. It is seen that the result of< [d"p=dEk ] is in very good

agreement with f � calculated by SCGF and supercell models, for energies far

from EN . But just before N energy< [d"p=dEk ] deviates fromf � calculated by

Eq. (7.14). Therefore, we again emphasize that, in contrastto the calculation at

the real axis,< [d"p=dEk ] (at the poles) does not always give the correct fractional

� character. However, we will use< [d"p=dEk ] in calculating group velocity, as

discussed in the following section.

7.3.4 Group velocity

The group velocity is proportional to the derivative of energy with respect to

wave vector and can be written as

vg =
1
~

<

"
d"p

dk

#

=
1
~

<

"
d"p

dEk

#
dEk

dk
=

 
2Ek

m�

! 1=2

<

"
d"p

dEk

#

; (7.15)

where< [d"p=dEk ] is given by Eq. (7.13). In the BAC model the energies of the

BAC upper and lower conduction subbands, denoted byE+ and E � , are given

by

E � =
1
2

8
<

:
EN + 
 bac(E) �

q
(EN � 
 bac(E))2 + 4V 2

Nc

9
=

;
; (7.16)

where
 bac(E) = Ek = ~2k2=2m� . Using the chain rule with the general de�nition

of group velocity, Eq. (7.15) can be written as

vg(E) =
1
~

dE
d
 bac

d
 bac

dk
; (7.17)

where d
 bac=dk = ~(2
 bac=m� )1=2. Therefore

vg(E) =
� 2

m�

� 1=2 
 1=2
bac(E)

d
 bac(E)=dE
; (7.18)

where in the BAC model


 bac(E) = E �
V 2

Nc

E � EN
: (7.19)
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Figure 7.5: The group velocity of GaN0:002As0:998, calculated by the ordinary BAC
model (brown dashed line) in comparison with results of the 2-level SCGF method
with � EN (E) (blue stars) and � EN ("p) using iterative search (red circles) and
complex eigenvalue (green diamonds) methods.Ek is varied from 0 to 0:6 eV and
Emax is taken to be 0:857 eV.

Actually Eq. (7.18) could be given by substituting Ek and (d"p=dEk) in

Eq. (7.15) by 
 bac and (d
 bac(E)=dE), respectively. Fig. 7.5 compares the group

velocity calculated in the BAC and the two-band SCGF methods. The brown

dashed line in this �gure shows thevg calculated by Eq. (7.18) (BAC model),

while the blue stars represent the group velocity calculated by SCGF method (by

Eq. (7.15)) using � EN (E) at the real axis (the blue stars in Fig. 7.2). It is seen

that the two-level SCGF at the real axis of energy gives a narrower gap, compared

to the BAC model. However, as we have already seen, the SCGF method at the

poles"p of Green's function calculated by either complex eigenvalue (green dia-

monds) or iterative search (red circles) methods gives a wider gap than the SCGF

method at the real axis of energy. In this case, we see that thelower band disap-

pears before the group velocity vanishes. This is physically acceptable, bearing

in mind that in this region large imaginary energy (Fig. 7.2)implies very strong

scattering.

The excellent agreement between the two-level SCGF approach and the su-

percell calculations con�rms the validity of using the SCGFto study the band

structure of dilute nitride alloys. However, the complete model should include

the full distribution of localised states, as we will consider in the next section.
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Green's function

7.4 The LCINS model

In the previous section we assumed all localised states werelocated at the same

energyEN . This provided insight into the e�ect of N states on the CB andwe

could compare the model with the supercell calculation results. However, a more

accurate model is required to consider the full distribution of nitrogen-induced

localised states, which arise when we consider the direct interaction between

localised states.

7.4.1 The complex eigenvalue method

If we represent the full distribution of localised states asa sum of N Lorentzians,

each centred at (real) energyE j with weight x j and width � j , so that for real E,

D loc =
1
�

NX

j =1

x j � j

(E � E j )2 + � 2
j

; (7.20)

and assuming that the states of typej have an interaction parameter� j with the

conduction band, then using the integrated conduction bandGreen's function for

each momentumk

Gcb(k) =
(2m� )3=2a3

0

16� 2~3

8
<

:

q
Ek ln

" p
Ek +

p
Emaxp

Ek �
p

Emax

#

� 2E 1=2
max

9
=

;
; (7.21)

we obtainN +1 band energies at the complex roots of theN +1 order polynomial

equation obtained from

"p �
NX

j =1

x j � 2
j

"p � E j � � 2
j Gcb(k) + i� j

= Ek : (7.22)

In order to solve the roots of these equations we map the problem onto the

corresponding (complex) eigenvalue problem

Hn = "p;nn; (7.23)

wheren is the eigenvector ofH corresponding to the eigenvalue,"p;n , H00 = Ek ,

H j j = E j + � 2
j Gcb(k) � i� j and H0j = H j 0 =

p
x j � j , and H ij = 0 for i 6= j . By

varying Ek from zero to its maximum value we are able to calculate the poles

"p;n(Ek) for each sub-bandn.
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Figure 7.6: Calculated density of localised LCINS states for GaN0:0036As0:9964

versus their energies with respect to the CBE of GaAs, while each energy level is
broadened to a Gaussian of width 1 meV (solid green line). Thedashed red line
shows the summation of 9 Lorentzians �tted to this distribution. The Lorentzian
parameters are given in Table 7.1.

7.4.2 The band dispersion calculated using the complex

eigenvalue method

The solid green line in Fig. 7.6 represents the distributionof localised LCINS

states calculated for GaNxAs1� x with x = 0:36% [11]. Our analysis shows that the

summation over 9 Lorentzians, given by the dashed red line inFig. 7.6 is su�cient

to provide a distribution very close to the LCINS distribution. The energy peak

E j , weight x j , width � j and interaction parameter� j for each Lorentzian is given

in Table 7.1. � j 's are calculated by averagingVj =
p

Nc for each given Lorentzian.

Having these Lorentzian parameters we can build the Hamiltonian of Eq. (7.23)

and calculate the eigenvalues of this equation, which are the poles of Green's

function.

In Appendix B the details of �nding the poles for the LCINS approach is

Table 7.1: Lorentzian �tting parameters (Eq. (7.20)) of theLCINS distribution
for GaN0:0036As0:9964.

j 1 2 3 4 5 6 7 8 9
E j (meV) 21.9 168.9 215.6 232.8 242.1 251.8 265.1 286.8 301.7
x j (� 10� 4) 0.7 0.7 0.9 11.0 10.2 7.1 3.7 1.3 1.3
� j (meV) 2.00 1.84 1.77 5.64 1.26 4.55 4.96 4.70 5.39
� j (eV) 2.66 2.43 1.94 1.17 1.75 2.26 3.01 2.49 1.83
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Figure 7.7: The dispersion relation of GaN0:0036As0:9964 calculated by the SCGF
approach using the full distribution of nitrogen localisedstates from the LCINS
method. The pink circles show the band dispersion when the poles "p are calcu-
lated using the iterative search method while the dotted lines display the results
when the poles of Green's function,"p, are calculated by Eq. (7.23).

presented for the iterative search method. Fig. 7.7 compares the band dispersion

of GaN0:0036As0:9964 using the SCGF method and using the iterative search and

complex eigenvalue approaches. The dotted lines in this plot show the disper-

Table 7.2: Lorentzian �tting parameters (Eq. (7.20)) of theLCINS distribution
for GaN0:001As0:999.

j 1 2 3 4 5 6 7 8 9 10 11 12 13
E j (meV) 22 169 217 229 235 243 252 259 263 267 286 300 305
x j (� 10� 4) 0.06 0.07 0.10 0.30 1.01 7.10 0.81 0.18 0.10 0.15 0.10 0.05 0.04
� j (meV) 1 1 1 2 2 1 2 1.5 1 1 1 0.4 3
� j (eV) 2.7 2.6 2.5 0.6 0.9 1.9 2.5 2.7 2.9 2.9 0.6 0.2 1.8

Table 7.3: Lorentzian �tting parameters (Eq. (7.20)) of theLCINS distribution
for GaN0:012As0:988.

j 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
E j (meV) -74 -50 -41 22 27 41 168 210 229 241 253 270 291 308 335
x j (� 10� 4) 0.1 0.1 0.3 2.3 2.3 1.5 4.6 7.6 18.2 21.3 12.1 19.7 10.6 9.1 1.8
� j (meV) 3 3 3 5 5 5 5 5 7 6 7 10 10 10 5
� j (eV) 3.6 3.0 2.9 2.4 2.4 2.8 2.0 1.3 1.1 1.3 1.5 2.3 2.8 2.9 2.7
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sion relation calculated by Eq. (7.23). As we have considered 9 Lorentzians to

�t with LCINS distribution, this band dispersion consists of 10 subbands. As

we mentioned earlier, in the complex eigenvalue method for large momentumk,

the bands are bent towards higher energies because at highk values,Ek becomes

close to assumedEmax (= 1 eV). Very good agreement is observed between the re-

sults calculated by iterative search method (pink circles)and the band dispersion

calculated using the complex eigenvalue method of Eq. (7.23). The only di�er-

ence is that in the complex eigenvalue approach each sub-band starts from k = 0

and continues to the maximumk considered. However, �nding the summation

of Lorentzians to �t with LCINS distribution is tricky as sma ll di�erences in the

distributions lead discrepancies in the band structure.

7.4.3 Fractional � character

The fractional � character can be calculated using Eq. (7.12). Pink stars in

Fig. 7.8 display the fractional � character, calculated by SCGF including the

full LCINS distribution using the iterative search method for GaNxAs1� x with

x = 0:1%, x = 0:36% andx = 1:2%. The parameters for sum of the Lorentzian

�tted to LCINS distribution, including the energy peak E j , weight x j , width � j

and interaction � j are given in Tables 7.1, 7.2, and 7.3 forx = 0:36%,x = 0:01%

and x = 1:2%, respectively.

In the complex eigenvalue method of �nding the poles, the fractional � charac-

ter, for each sub-band, can also be obtained by the square of the �rst component

of the eigenvector of Eq. (7.23). The contribution of each (Lorentzian broadened)

localised statej can also be obtained by calculatingj -th component of the eigen-

vector of Eq. (7.23). Circles in Fig. 7.8 showf � calculated using the eigenvectors

of Eq. (7.23) for GaNxAs1� x with x = 0:1%, x = 0:36% and x = 1:2%. For

x = 0:1% and 1:2% we have considered sum of 13 and 15 Lorentzians, respec-

tively, to �t to the LCINS distribution shown in Fig. (2.2).

It is seen in this �gure, that the inclusion of the full LCINS distributions leads

to sharp reductions inf � at energies corresponding to pair N (close to the CBE),

and higher clusters (just below the isolated N states). The states with low f � ,

located about localised N states, have more localised character, while the state

at the bottom of the CB, in the middle of lower band, (after N pairs), and above

0:3 eV have higherf � , implying that they are more extended in nature. Fig. 7.8

shows that the states close to the mini-gaps have a very small� contribution.

As shown in Fig. 7.9, for low nitrogen composition (x = 0:1%) only one

Lorentzian-broadened component of the LCINS distribution(that corresponding
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Figure 7.8: The fractional � character for GaNxAs1� x for di�erent values of N
concentration x, calculated by the SCGF approach and the full distribution of
LCINS method. The pink stars showf � calculated using the iterative search
method in comparison with those calculated by the complex eigenvalue method,
shown by the dotted lines.

to isolated N states) has su�ciently large concentrationx j to disrupt the topology

of the parabolic band and open a gap between upper and lower bands, as discussed

in Ÿ 7.3.1.1. For the other types of localised state (N-N pairs, etc.), the parabolic

band connects continuously from energies below to energiesabove the localised

state as the momentumk increases.

Figure 7.9 shows the energy variation with respect to the wavevector in

GaNxAs1� x with x = 0:1, 0:5, 1:2 and 2:0%, calculated by the SCGF method

in the framework of the LCINS approach to include the full N distribution and

using the complex eigenvalue approach. In this plot the energy spectrum for

eachk state is given by a sum of Lorentzians centred at< ("p;n) with broadening

= ("p;n) and weighted by j� M;n j2 for each sub-bandn. It is seen that the over-

all band dispersion is similar to BAC model dispersion, but the inhomogeneous

broadening of localised states leads to an increased energybroadening at eachk

point. The dispersion at eachk point is broadened over a range of energy values,

with the broadening increasing around the nitrogen resonant state energies. The
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Figure 7.9: The band dispersion of GaNxAs1� x with x = 0:1, 0:5, 1:2 and 2:0%,
calculated by the SCGF method and including the full distribution of localised
states, while eachk state its broadened by a Lorentzian with broadening equal
to its decay rate and weighted byf � . The white dots show the (N+1)-band
dispersion calculated by Eq. (7.23).

� character of the states decreases toward zero around the gaps. Also Fig. 7.9

indicates the existence of a distribution of localised N-related states within these

energy gaps. This plot also indicates that in the region thatthe iterative search

method (Fig. B.2) fails to �nd the poles, the bands have a verysmall weight in

the host conduction band but are primarily localised in character.

7.4.4 Group velocity

Figure 7.10 shows the group velocity for GaN0:0036As0:9964 calculated by Eq. (7.13),

and using the full distribution of localised states from theLCINS model. The

circles with di�erent colors in Fig. 7.10 indicate the groupvelocity calculated

using (1=~)< (d"p;n=dk) for n-th sub-band.

Overall group velocity is similar to BAC model's result, butwith correspond-

ing dips at energies near the N pair energy and larger clusters of N states. Moving
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