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TECHNICAL APPENDIX

Inference in the spatial autoregressive efficiency model with an

application to Dutch dairy farms

(Corresponding) Author: Ioannis Skevas, Lecturer, Department of Food Business and Development,
University College Cork, O’Rahilly Building, College Rd, T12 K8AF, Cork, Ireland, Tel: +353 21
4902750, email: ioannis.skevas@ucc.ie

1 Spatial autoregressive efficiency model

1.1 Setup

Consider the model:
yt = a + Xtβ + vt + log(TEt) (1)

st = ρWst−1 + Zδ + ξt (2)

s0 = (I− ρW)−1Zδ + (I− ρW)−1ξ0 (3)

where st = log
(

TEt
1−TEt

)
. This relationship implies that TEt = est

1+est and log(TEt) = st − log(1 + est).

The following assumptions are made for the model’s error components:

• vt ∼ N (0, τI)

• a ∼ N (0, ωI)

• ξt ∼ N (0, φI)

• ξ0 ∼ N (0, φ(I− ρW)2)

where τ , ω and φ are precision parameters, while I is a N ×N identity matrix1.

Let θ = [ω,β, τ, ρ, δ, φ]′. Based on this setup, the complete-data likelihood is written as:

p(yt, {a}, {st}|θ,Xt,Z) = p(yt|{a}, {st},β, τ,Xt)× p({st}|ρ, δ, φ,Z)× p({a}|ω)

=
τNT/2

(2π)NT/2
exp

{
− τ

2

T−1∑
t=0

[yt − a−Xtβ − log(TEt)]
2

}

× φ
N/2
0

(2π)N/2
exp

{
− φ0

2
[s0 − (I− ρW)−1Zδ]2

}

× φN(T−1)/2

(2π)N(T−1)/2
exp

{
− φ

2

T−1∑
t=1

(st − ρWst−1 − Zδ)2

}

× ωN/2

(2π)
N
2

exp

{
− ω

2
a2

}
(4)

where φ0 = φ(I− ρW)2.

1Note that in contrast to the manuscript where the second moment of the Normal distribution is parameterized in terms
of variance (as this is more familiar to the audience), the current technical appendix uses the precision parameterization
because it is customary in Bayesian analysis to work with precisions instead of variances. In practical terms, the precision
is simply the inverse of the variance. Specifically, τ = 1

σ2
v

, ω = 1
σ2
α

and φ = 1
σ2
ξ
.
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1.2 Priors

The following priors are imposed on the model’s parameters:

• p(β) = |P|1/2
(2π)K/2

exp
{
− 1

2(β −m)
′
P(β −m)

}
• p(δ) = |R|1/2

(2π)L/2
exp

{
− 1

2(δ − q)
′
R(δ − q)

}
• p(τ) = baττ

Γ(aτ )τ
aτ−1e−bτ τ

• p(ω) = baωω
Γ(aω)ω

aω−1e−bωω

• p(φ) =
b
aφ
φ

Γ(aφ)φ
aφ−1e−bφφ

• p(ρ) = ρa−1(1−ρ)b−1

B(a,b)

1.3 Posterior

The posterior density of the model’s parameters and the latent data is:

π(θ, {a}, {st}|yt,Xt,Z) ∝ p(yt, {a}, {st}|θ,Xt,Z)× p(θ) (5)

where p(yt, {a}, {st}|θ,Xt,Z) is the complete-data likelihood defined in subsection 1.1 and p(θ) is the
product of all prior densities defined in subsection 1.2.

1.4 Full conditionals

For convenience, the following are defined: y∗t = yt − a − log(TEt), s
∗
t = st − ρWst−1, d∗t = st − Zδ,

g∗t = yt − a−Xtβ.

The full conditionals of the structural parameters and the latent states are:

• The full conditional for β is a multivariate Normal:

π(β|·) =
|P̃|1/2

(2π)K/2
exp

{
− 1

2
(β − m̃)

′
P̃(β − m̃)

}
where:

– m̃ = (τX
′
tXt + P)−1(τX

′
ty
∗
t + Pm)

– P̃ = τX
′
tXt + P

• The full conditional for δ is a multivariate Normal:

π(δ|·) =
|R̃|1/2

(2π)L/2
exp

{
− 1

2
(δ − q̃)

′
R̃(δ − q̃)

}
where:

– q̃ = (φZ
′
Z + R)−1(φZ

′
s∗t + Rq)

– R̃ = φZ
′
Z + R
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• The full conditional for τ is a Gamma:

π(τ |·) =
b̃ãττ

Γ(ãτ )
τ ãτ−1e−b̃τ τ

where:

– ãτ = NT
2 + aτ

– b̃τ = 1
2(y∗t −Xtβ)

′
(y∗t −Xtβ) + bτ

• The full conditional for ω is a Gamma:

π(ω|·) =
b̃ãωω

Γ(ãω)
ωãω−1e−b̃ωω

where:

– ãω = N
2 + aω

– b̃ω = 1
2a

2 + bω

• The full conditional for φ is a Gamma:

π(φ|·) =
b̃
ãφ
φ

Γ(ãφ)
φãφ−1e−b̃φφ

where:

– ãφ = NT
2 + aφ

– b̃φ = (I−ρW)2

2 [s0 − (I− ρW)−1Zδ]2 + 1
2(st − ρWst−1 − Zδ)2 + bφ

• The full conditional for ρ does not belong to any known family:

π(ρ|·) = exp

{
− φ0

2

[
[(I− ρW)−1Zδ]2 − 2s0(I− ρW)−1Zδ

]}

× exp

{
− φ

2

T−1∑
t=1

[
(ρWst−1)2 − 2d∗tρWst−1

]}
× ρa−1(1− ρ)b−1

• The full conditional for a is Normal:

π(a|·) =
t̃N/2

(2π)N/2
exp

{
− t̃

2
(a− c̃)

}

where:

– c̃ = τ
t̃

∑T
t=1[yt −Xtβ − log(TEt)]

– t̃ = τT + ω

• The full conditional for s0 does not belong to any known family:

π(s0|·) = exp

{
− τ

2

[
[s0 − log(1 + es0)]2 − 2g∗0[s0 − log(1 + es0)]

]}

× exp

{
− 1

2

[
s2

0(φ0 + φρ2W2)− 2s0

[
(I− ρW)−1Zδφ0 + φρW(s1 − Zδ)

]]}
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• The full conditional for st does not belong to any known family:

π(st|·) = exp

{
− τ

2

T−1∑
t=0

[
[st − log(1 + est)]2 − 2g∗t [st − log(1 + est)]

]}

× exp

{
− φ

2

T−1∑
t=1

[
s2
t (I + ρ2W2)− 2st

[
(I− ρW)Zδ + ρW(st+1 + st−1)

]]}

• The full conditional for st−1 does not belong to any known family:

π(st−1|·) = exp

{
− τ

2

T−1∑
t=1

[
[st−1 − log(1 + est−1)]2 − 2g∗t [st−1 − log(1 + est−1)]

]}

× exp

{
− φ

2

T−1∑
t=2

[
s2
t−1 − 2st−1[Zδ + (I− ρW)st−2]

]}
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